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The quantile coupling between the Bin(n, 1
2) and theN (n/2, n/4) distribu-

tions has played a surprisingly important role in probability and statistics. For
example, it is the basic ingredient in the KMT coupling of the empirical process
with a Brownian Bridge. More recently, it has emerged as a tool for bounding
the Le Cam distance between density and white noise models.

The talk will sketch some applications and explain a simple method for
deriving bounds for the quantile coupling.

http://www.stat.yale.edu/˜pollard/Paris2001
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Bin(n, 1
2) ≈ N

(n

2
,

n

4

)

De Moivre (1733)
...

...

Peizer & Pratt (1968); Molenaar (1970)
...

Komlós, Major & Tusnády (1975)
...

Tusnády (1977)
...

Csörgő & Révész (1981, Section 4.4)
...

Bretagnolle & Massart (1989)
...

Carter & Pollard (2000)
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Tusnády bound

There existX ∼ Bin(n, 1
2) andY ∼ N (n/2, n/4) with

|X − n/2| ≤ |Y − n/2| + 1

and

|X − Y| ≤ 1 + (Y − n/2)2

2n

Note:

X − n

2
is of order

√
n

Y − n

2
is of order

√
n

Tusnády: X − Y is of orderOp(1)
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Coupling empirical process with Brownian Bridge

P = Lebesgue measure on [0, 1].

Haar basis forL2(P):

� = {1} ∪ {ψi,k : 0 ≤ i < 2k, k ∈ N0}
f − P f =

∑∞
k=0

∑
i
ψi,k〈 f, ψi,k〉,

Brownian Bridge:
ν( f ) =

∑∞
k=0

∑
i
ηi,k〈 f, ψi,k〉

with ηi,k = ν(ψi,k) independentN(0, 1).

Empirical processνn := √
n(Pn − P):

νn( f )
?=

∑∞
k=0

∑
i
νn(ψi,k)〈 f, ψi,k〉.

Use Tusn´ady to coupleνn(ψi,k) with ηi,k.

KMT: f ∈ { [0, t ] : 0 ≤ t ≤ 1}
cf. UGMTP §10.6
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Contribution from coupling down a path

(i0, 0), (i1, 1), (i2, 2) . . . , (im, m) :

m∑
k=0

2−k/2|νn(ψi k,k) − ηi k,k| ≤ C√
n

m∑
k=0

(
1 + η2

i k,k

)
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Quantile transformation

Find
−∞ = β0,n < β1,n < . . . < βn,n < βn+1,n = ∞

with
P

{
Bin(n, 1

2) ≥ k
} = P

{
N

(n

2
,

n

4

)
> βk,n

}
.

Put
X = k whenβk,n ≤ Y < βk+1,n

n = 2m, even

n/2

βm,n βm+1,n

n/2

βm+1,nβm,n βm+2,n

n = 2m+1, odd
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Bin(5, 1/2) example

0 0.89 1.86

10/32 5/32 1/32

N(5/2,5/4) cutpoints:

0.42 1.51 2.50 3.49 4.58

N(0,1) density
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βk,n − (k − 1/2) versusk
for

n/2 ≤ k ≤ n and 1≤ n ≤ 20
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n=20

k=15, n=15

k

P{X ≥ k} ≈ P{Y ≥ k − 1
2} and βk,n ≈ k − 1

2 ?
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Approximations for k > n/2

Tusnády, via Bretagnolle & Massart (1989, Appendix):

k − 1 ≤ βk,n ≤ 3n/2 − n
√

1 − εk with εk := (2k − n)/n

= k + (k − n/2)2

2n
+ . . . for k � n

Carter & Pollard (2000):

k − 1
2 + fk,n − C√

n
≤ βk,n ≤ k − 1

2 + fk,n + C logn√
n

with

fk,n = (k − n/2)3

3n2
+ . . . for k � n

Compare when|k − n/2| = o(n2/3) or k ≈ n.
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Extreme tail, for fixed B

βn−B,n = 1 + c

2
n − 1 + 2B

4c
logn + O(1)

where

c =
√

2 log 2≈ 1.177 and
1 + c

2
≈ 1.088

Tusnády:

βn−B,n ≤ 3n

2
−

√
2nB
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Theorem

Standardized cutpoints:

zk,n := 2(βk,n − n/2)/
√

n

uk,n := 2
(
k − 1/2 − n/2

)
/
√

N whereN := n − 1.

Uniformly in (n + 1)/2 ≤ k < n,

zk,n = uk,nS
(
uk,n/

√
N

)
+ log

(
1 − u2

k,n/N
)

2c|uk,n| + Rk,n

with

− O

( |uk,n| + 1

n

)
≤ Rk,n ≤ O

( |uk,n| + logn

n

)

where S(ε) :=
√

1 + 2ε2γ (ε), for the increasing functionγ (·) defined for
0 < ε < 1 by

γ (ε) := (1 + ε) log(1 + ε) + (1 − ε) log(1 − ε) − ε2

2ε4

=
∞∑

r =0

ε2r

(2r + 3)(2r + 4)
.

Note: γ (0) = 1/12 and 1+ 2γ (1) = c2 := 2 log 2.
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Method of proof

P{X ≥ k} = n!

(k − 1)!(n − k)!

∫ 1/2

0
tk−1(1 − t)n−k dt.

Put N := n − 1 andK := k − 1 and

α := 1 + ε

2
:= K/N := 1 − α.

H(t) := α log t + α log(1 − t)

Stirling:
n!

(k − 1)!(n − k)!
≈

√
N

2παα
exp(−N H(α))

P{X ≥ k} ≈
√

N

2παα

∫ 1/2

0
exp(N H(t) − N H(α)) dt

≈
√

N

2παα

∫ 1/2

0
exp

(
−Nε4γ (ε) − 2N

(
s + ε

2

)2
)

ds.
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Interpretation of Nussbaum (1996)

Qδ := N
(n

2
+ nδ,

n

4

)
and Pδ := Bin(n, 1

2 + δ)

Under quantile coupling,X ∼ P0 andY ∼ Q0, and

Y | X = x ∼ Kx := Q0
( · | [βx,n, βx+1,n)

)
Define Q̃δ as the distribution of̃Y, where

X ∼ Pδ and Ỹ | X = x ∼ Kx

Hellinger distance:

H2(Q̃δ, Qδ) = O(δ2) for δ = O(n−1/2).

Carter (2000, 2001)
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