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The quantile coupling between the Bm %) and theN (n/2, n/4) distribu-
tions has played a surprisingly important role in probability and statistics. For
example, it is the basic ingredient in the KMT coupling of the empirical process
with a Brownian Bridge. More recently, it has emerged as a tool for bounding
the Le Cam distance between density and white noise models.

The talk will sketch some applications and explain a simple method for
deriving bounds for the quantile coupling.

http://www.stat.yale.edu/"pollard/Paris2001



Bin(n, %) ~ N (g 2)

De Moivre (1733)

Peizer & Pratt (1968); Molenaar (19:70)
r<0mlés, Major & Tusrady (1975)
Tusrédy (1977)
.Cs')'rgé' & Réwvesz (1981, Section 4.4)
!3retagno|le & Massart (1989)

Carter & Pollard (2000)



TUSNADY BOUND

There existX ~ Bin(n, 3) andY ~ N (n/2, n/4) with

IX—-=n/2| <|Y—-—n/2|+1

and
(Y —n/2)?

X-Yl<1
| | <1+ =

Note:
n.
X — 5 is of ordery/n

Y — g is of ordery/n

Tusrady: X —Y is of orderOy(1)



COUPLING EMPIRICAL PROCESS WITH BROWNIAN BRIDGE

P = Lebesgue measure on,[D.

Haar basis folL2(P):
W= {LU{i:0<i <2 keNg

f—Pf= ZZO Zi Vit vik),

Brownian Bridge:

TOED DT TIEA7
with ni x = v(¥i k) independentN (0, 1).
Empirical process, := /n(P, — P):
? 00
un(F) =) > wa@i(F k).

Use Tusady to couplev, (i k) with n; .

KMT: fe{[0,t]:0<t<1)}
cf. UGMTP §10.6
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Contribution from coupling down a path
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QUANTILE TRANSFORMATION

—00 = fBon < Pin <...<PBnn < Pntin =0

P{Bin(n, ) = k} =P |N (g 2) > P} -

X =k whenBin <Y < Bkiin

n/2
n=2m, even

Bm,n Bm+1,n

n/2
n=2m+1, odd

Bm,n Bm+1,n Bm+2,n



Bin(5, 1/2) EXAMPLE

[— N(0,1) density

10/32 5/32 1/32

N(5/2,5/4) cutpoints:
042 1.51 2.50 3.49 4.58



Bk.n — (k — 1/2) versusk
for
n/2<k<nand1l<n<20

1} k=15, n=15
08 |- \

0.6 |-

04 -

—~n=20

P{X > k} ~ P{Y > k — 3 and  Bun~k—3 ?



APPROXIMATIONS FOR K > n/2

Tusrady, via Bretagnolle & Massart (1989, Appendix):

K—1<pfkn<3n/2—ny1—e with ¢ := (2k — n)/n

k —n/2)?
o KT
2n

fork < n

Carter & Pollard (2000):

C Clogn
k—%+mm—7ﬁsmmsk—%+nm+ Jg
with ) .
—n/2
fun = k=n/2" fork < n
’ 3n2

Compare whernk — n/2| = o(n?3) or k ~ n.



EXTREME TAIL, FOR FIXED B

1+c 1+ 2B
_Bn= n— logn + O(1
Bn-B.n 5 Ic gn—+ O(1)
where 1+c
c=,/2log2~ 1.177 and — ~ 1.088
Tusrady:

3n
Bn-B.n < - = v/2nB
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THEOREM

Standardized cutpoints:

Zk,n = 2(,3k,n - n/2)/\/ﬁ
Ugn :=2(k—1/2—n/2) /¥'/N  whereN :==n— 1.

Uniformly in (n+1)/2 <k < n,

log (1—uZ,/N)
2C|uk,n|

Zyn = Uk,nS<Uk,n/\/N) + + Rkn

with

_0 <|Uk,n| +1) <Rn<O (|uk,n| +|Ogn>

n n

where S(¢) = \/1+ 2¢2y (¢€), for the increasing function/(-) defined for
O<e<1lhby
(1+e)log(l+e€)+ (1—e)log(l—e) —€?

2¢4

y(e) =

2r

> €
- rZ:; 2r +3)(2r +4)

Note: y(0) = 1/12 and 14+ 2y (1) = ¢? := 2log 2.
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METHOD OF PROOF

P{X >k} = n 1/Ztk‘1 1—t)"kdt
> =
X =Kk (k—D!(n —k)! fo ( ) '

PutN :=n—-1 andK :=k -1 and
B 1+ €

2
H(t) .= alogt + o log(l—1t)

n! ’”\/Tex un
k—Din—K! ~ V 2rag SPNHE@)

N 1/2
P{sz}%‘/m/o eXxp(NH(t) — NH(x)) dt
N 1/2 4 €\2
~ 2770@/(; exp(—Ne v (€) — 2N <S-|— E) ) ds.

o =K/N=1-¢.

Stirling:
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INTERPRETATION OF NUSSBAUM (1996)

n n .
Qs ;=N <§ + né, Z) and Ps = Bin(n, 5 + 9)

Under quantile couplingX ~ Py andY ~ Qq, and
Y| X=x~Kyx:i= QO( | [ﬂx,na ,8x+1,n))

Define Qs as the distribution ofY, where
X~P; and Y| X=x~ Ky

Hellinger distance:
H2(Qs, Qs) = O(8®  for 5 = O(n~%2),

Carter (2000, 2001)
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