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Achlioptis and Naor (2005)

random (multi)graph ~ Erdds-Rényi

(i) vertex set [n| :={1,2,...,n}, withn — oo
(ii)) m = cn edges {vy, v}, ..., {vm, v}
with vy, v}, - - - ~ iid uniform on [n]

with prob — 1, chromatic number concentrates on
{k., k. + 1} where k. is smallest integer such that

c < k.log k.

hard part: if ¢ < (k — 1) log(k — 1) show
lim inf P{graph is k-colorable} > 0

n—aoo

A&N used “second moment method” and threshold
property of distribution of chromatic number



e o = all (balanced) ‘k-partitions’ ¢ of [n]; that is,
o :|n| — |k] and

#{v e n|:ow)=1i} =B :=n/k for each i € [k].

e S, = {no edges between vertices with same o}

o=1 o=2 I
[ W *‘. o— red=bad
° / 1 e blue=ok
L / o ol “olle

P{graph is k-colorable} > P{Z > 1} >

o /=) ¢S5, =number of balanced k-colorings
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(by Cauchy-Schwarz)
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o P7? = > PSS,
e Foro,7e8§,withl;; =#{v:0(w)=1,71(v)

PS,S, = 1_2+Z RN
T k i\ n
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o= Lij {i+=B

€+j=B

o cf. H = k x k matrices with nonnegative integer

entries (the ¢;;), each row and column sum = B =



Need to show A, (c) := PZ*?/(PZ)? stays bounded
asn — ooifec < (k—1)log(k — 1)

k2’n

nk—l

(PZ)* ~

by Stirling

Collect o, 7 pairs with same /;;’s:

5 n!
P7E =D, 11 ¢!

leH

H = k x k matrices with nonnegative integer entries (the {;;), each row and

column sum = B = n/k.

The hard work begins.



© FOLKLORE cf. Haberman (1974)

e Compare with k x k table of independent Poisson(n /k?)
counts, Y ={Y;;: 1 <4,5, < k}. For ¢ € K,

e‘”(n/kZ)” n!  nte ™"

Hz,jgij! _Hz’,jgij! n!

© P{Y € H;} ~n 12 Thus

p(l) =P{Y =/} = J.—2n

n!
[1i; 4!
e goodness-of-fit: X7 = >, (Yi; —n/k*)*/(n/k?)

© Under P, conditional distribution, X? approximately
distributed

pll) = B{Y = £] Y € 9} ~

2

Xk2—(2k—1)

e Several substitutions later: A, (c) is bounded by a
constant times



NOTE THE PATTERN:

an
2
(PZ)" ~ k1
n!
>
leX HU i

[defines Ps]

=0(1)  ife< (k—1)log(k —1)?

e Under P, conditional distribution, X2 approximately

Xi2_ (a1, distributed.

e Actually (Hartigan, Pollard, and Tatikonda 2008), a
sharpened y?-approximation (cf. Haberman 1974)
takes care of the contributions from X2 < tiny - n



CONTRIBUTIONS FROM X > tiny - n
o for —1<t,

B(t) = (14 1) log(1 + ) —  — %t%(t)

e Control tail contribution by easy Poisson facts and:
Ifu= (uy,...,u;) € [—1,k —1]* and ) ;uj = 0

then
Zj h(u;) > 10g Z uj

e To reduce to a simpler case we need the inequality

W(t) > 2log(1+2t)/(1 + 2t) forallt > 0
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psi(t) “in black' with 2*log(1+2t)/(1+2t) "in red'
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EASY POISSON FACTS
o for —1<1t,

B(t) = (1+1)log(l + 1) — t — %t%(t)

e N = the set of all nonnegative integers.

LEMMA: Suppose W ~ Poisson(\) with A > 1.

(1) forall £ = A + Au € Ny,
V2mAP{W = ¢}
= exp ( — A(u) — log(1 +u) + O(1/¢))
= exp ( — %)\UZ + O (|u| + )\]u|3)) .
(ii) for all £ = \(1 + u) € Ny,
P{W = £} < exp(—Ah(w))
(i11) For all w > 0,

P{W — Al = Aw} < 2exp(=Ah(w))
=2exp (— 22w’ + O (\w]?))
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