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1. Problem: estimate unknown (3

> Observe independent (y1,x1), (y2,x2), ... with y; | xi ~ Qp,
and (nonrandom or condition) x! = (xj1, xi2,...) and

0 = (xi, B)

dQy

» W convex with ¥(0) =0



1. Problem: estimate unknown (3

» Observe independent (y1, x1), (y2,x2), ... with y; | xi ~ Qy,
and (nonrandom or condition) x! = (xj1, xi2,...) and

i = (xi, 8)
> dQ
o _ _

» W convex with W(0) =0
0
Example: for Qy = Bernoulli (1—|e—e9> on {0,1}

W(G)—Iog(l—;ee>

Example: for Qg = Poisson (ee) on {0,1,2,...}

v(e)=e’ —1
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1. Problem: estimate unknown (3

» Observe independent (y1,x1), (y2, x2), ... with y; | xi ~ Qp,
and (nonrandom or condition) x! = (xj1, X2, ...) and

Hi = <Xiaﬁ>

dQy
— =exp(yf — V(0 R
T = exp (0~ W(0))

» W convex with W(0) =0

» MLE: maximize a concave function of b?
~ 2
b = argmax Zign(y,-<x,-, by — W((x;, b)))

be?

Component of b in span{xi,...,x,}* is unconstrained.



2. Simplify: x; € RN, with N = N,,?

» MLE

by, = argmax Sicn (vixib —W(xib)) (concave)
beRN -
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2. Simplify: x; € RN, with N = N,,?

» MLE
b, = argmax Sicn (vixib —W(xib)) (concave)
beRN -
>
In = D icnxixiV(0)) (information matrix)
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2. Simplify: x; € RN, with N = N,,?

» MLE
b, = argmax Sicn (vixib —W(xib)) (concave)
beRN -
>
In = D icnxixiV(0)) (information matrix)

» Reparametrize: w; = J;1/2x; so that

5w WU (0) = Iy
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2. Simplify: x; € RN, with N = N,,?

» MLE
by = argmax Sicn (vixib —W(xib)) (concave)
beRN -
>
In =D xixiV(0:) (information matrix)

» Reparametrize: w; = J,,_l/zx,- so that
DicaWiwV(0;) = In
T —-1/2> o
> b, =3+ Jn "t where t, = argmax L,(t) for

teRN
Lo(t) =2 icn (y,-w,{t — V(8 + W,-/t)) (concave)
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3. Why reparametrize?

> [from last slide] T, = argmax L,(t) where
teRN

Lo(t) = e (yiwit = w01 + wit) )
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3. Why reparametrize?

> [from last slide] T, = argmax L,(t) where
teRN

Lo(t) = e (yiwit = w01 + wit) )

> To= Ycowi(vi = W(0))) s0 that PT, = 0 and var(T,) = Iy
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3. Why reparametrize?
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= T = 2 icwiw W (0;) — Ro(t)

=T, —t' — small?



3. Why reparametrize?

> [from last slide] T, = argmax L,(t) where
teRN

Lo(t) = e (yiwit = w01 + wit) )

> T, = ZignWi (y,- — \U(Q,-)) so that PT, = 0 and var(T,) = Iy
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3. Why reparametrize?

> [from last slide] , = argmax L,(t) where
teRN

Lo(t) = e (yiwit = w01 + wit) )

> T, = ZignWi (y,- — \U(Q,-)) so that PT, = 0 and var(T,) = Iy
>

L(t) = aath(t)
=D i<n ()/i - ‘T’(9i)> wi—> i, (\71(9,- +wit) — ‘T’(9i)> w}

=T, — >, wiwV(0;) — Ro(t)

=T, —t' — small?



3. Why reparametrize?

> [from last slide] t, = argmax L,(t) where
teRN

La(t) = Yicn (viwlt = W(6; + wit) )

> T, = ZignWi (y,- — \II(H,-)) so that PT, =0 and var(T,) = Iy
>

(e = 2 1,1

= S (3= 90 ) i = i, (9064 wie) - $16,) )

= T O wiwl U (0) — Ro(t)

=T, — t' — small?

» Should have t, =~ T, (even when N, — c0?)



4. Remainder term in L,(t) = T — t' — R,(t)

» Assume
(1 1]

W0+ h)| <V(©O)G(|h)  for all § and h

where G is increasing with G(0) > 1
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4. Remainder term in L,(t) = T — t' — R,(t)

» Assume

| W (6 + h) <\U(9) (1h)) for all § and h

where G is increasing with G(0) > 1
» Then

(6 + h) — W(8) — MU(6)| < h2 W(6)G(Ih)



4. Remainder term in L,(t) = T — t' — R,(t)

» Assume

\W(9+h)]<\ll( )G(|h|) for all § and h

where G is increasing with G(0) > 1
» Then

(0 + h) —W(8) — MU(O)] < 5 V()G )
» With M, := max;<, |w;],
IRa(t)] = [>_i<p (‘T’(Qi +wjt) — Jj(ei) - Wi/tzl;(g")> wi|
< %MnG(Mn’t|)t/Zi§nW"Wl{:l;(9")t
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4. Remainder term in L,(t) = T — t' — R,(t)

» Assume

\W(9+h)]<\lf( )G(|h|) for all § and h

where G is increasing with G(0) > 1
» Then

W0 + h) — V() - hU(0)| < h2 W(0)G(|])
> With M, := max;<, |wi,
Rolt)] = [Tic, (\Tf(e,- Fwlt) V(o) - w;rﬁ?(e,-)) !

1 oo 1
< 5M,,G(M,,|t|)t’z,-§,,w,-w,f\U(9,-)t = EMnG(Mn\tI)\t\z



5. Directional derivatives for L,(t) = T, — t' — R,(t)’

» Define concave L,(s) = L,(T, + su) for fixed unit vector u.
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5. Directional derivatives for L,(t) = T, — t' — R,(t)’

» Define concave L,(s) = L,( T, + su) for fixed unit vector u.
>

° d .
Ln(s) = —Lu(s) = Lo(Tp + su)u=—s — Ry(T, + su)u

T,+su

L, (s) concave along this line
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5. Directional derivatives for L,(t) = T, — t' — R,(t)’

» Define concave L,(s) = L,( T, + su) for fixed unit vector u.
>

° d .
Ln(s) = EL,,(S) =Lo(Tp+su)u=—s—Ry(T,+su)u

» With M, := max;<, |w;| and small ¢ > 0,

1
|Rn(Tn & €u) u| < S MnG(My| Ty & eu|)| T & eul?
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5. Directional derivatives for L,(t) = T, — t' — R,(t)’

» Define concave L,(s) = L,(T, + su) for fixed unit vector u.

>

Lo(s) = %Ln(s) — L o(To + su)u = —s — Ro( T + su) u

» With M, := max;<, |w;| and small € > 0,

1
|RH(TI‘I :l: EU)/U‘ S §MHG(Mn| Tn :l: €U|)| Tn :l: 6U|2
2

4GEl)NG(1) <I:l “2) <3

IN

and | Tal?2 < N/e
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6. Maximization of concave L,(s) = L (T, + su)

» P{|T,|?> > N/e} < € because P|T,|?> = N
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6. Maximization of concave L,(s) = L (T, + su)

» P{|T,|?> > N/e} < € because P|T,|?> = N
> If

2
€

then

Ln(—€) > €e—€/2>0> —e+e/2 > Lp(+e) for all |u| =1
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6. Maximization of concave L,(s) = L (T, + su)

» P{|T,|?> > N/e} < € because P|T,|?> = N
> If

2

€

then
Ln(—€) > e—€/2>0> —e+e€/2 > Lp(+e) for all |u| =1

and N
12 (b — B) = Tol = [tn — Tal <€
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7. General case: 0; = (x;, 3) with x; € RN

» Truncate z = (z1,22,...) = TnzZ + Wﬁz:

1
mwz = (z1,...,2n,0,0,...), 7wz =(0,...,0,2zn11,ZN+2, - - -
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7. General case: 0; = (x;, 3) with x; € RN

>Tmmﬁez:&LQr”):mw+mﬁz

1
vz = (z1,...,2n,0,0,...), wz=(0,...,0,zy41, ZN42, - - -

oy = argmaxzigr,(y,-(X,-, b) — W({x:, b)))

Ty b=0
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7. General case: 0; = (x;, 3) with x; € RN
» Truncate z = (z1,22,...) = TnZ + Wﬁz:

vz = (z1,...,2n,0,0,...), Wﬁz: (0,...,0,zy41, ZN22, - -+ )

by = argmax 3, (vitxi, b) = W((x;, b)) )

7rf\7 b=0

0[* = <X,',7TN[3> = ZjSN ﬁjX,'J and §; =0, — 9?
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7. General case: 0; = (x;, 3) with x; € RN

>

>

/Bn’N = argmaxzign(y;(x,-, by — W({(x;, b)))

Ly
my b=0

0f = (xismnf) = 2 j<n Bjxij and 6; = 0; — 67
(Conditional) distributions for y1, ..., yp:

P, = ®i§nQ6’,-a @n,N = ®i§nQ€f

Bias term ¢; for b, y under P,; no bias under Q, y
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7. General case: 0; = (x;, 3) with x; € RN

>
o = argmax ¥, (vilxi, b) = W((x, b)) )
Wﬁb:O o
» (Conditional) distributions for yi, ..., yu:

IP)n = ®i§nQ9,-7 Qn,N = ®i§nQ@?‘

Bias term §; for /15,,’,\/ under IP; no bias under Q, y
» Theory from N, case (as before) gives

Qn,N{BmN ~ 7TNB} ~1 if ...
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7. General case: 0; = (x;, 3) with x; € RN

» (Conditional) distributions for yi,. ..,y
P, = ®i<nQp;, Qnn = ®i<nQor

Bias term §; for b, y under Pj; no bias under Q, y

» Theory from N, case (as before) gives

Qn,N{BmN ~rnflrl if ...

» Assumptions on N, and on decay of 3;'s needed to make
IPr — Qnnlly — 0 and ;3| suitably small.

7 refs
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7. General case: 0; = (x;, 3) with x; € RN

» (Conditional) distributions for y1,. .., yn:
IP)n = ®i§nQ9,-7 Qn,N = ®i§nQ€?‘

Bias term §; for /I;,,JV under Pp; no bias under Q, y
» Theory from N, case (as before) gives

Qn,N{En,N ~ WNﬁ} ~1 if ...

» Assumptions on N, and on decay of ;s needed to make
IPp — Qnn -y — 0 and |my;3| suitably small.
>

HZ(]P)n:Qn,N) - zignH2(QQ;: QHI*)
< S0 020(0)) (1 + 161]) G (1))
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7. General case: 0; = (x;, 3) with x; € RN

» (Conditional) distributions for y1,. .., yn:
P, = ®i<nQy;, Qnn = ®i<nQor

Bias term §; for /E,,,N under Pp,; no bias under Q, y

» Theory from N, case (as before) gives

QmN{Bn,N ~ 7TN,£} ~1 if ...

» Assumptions on N, and on decay of ;s needed to make
IPp — Qnn -y — 0 and |my;3| suitably small.

» Deduce P,{b,n ~ 7y}~ 1if ...
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