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1

Collection P of probability measures on (�, A). Functional θ : P → �. Estimator θ̂ : � → �. Loss
function L(t, θ). Constant c(θ0, θ1) is the largest for which L(t, θ0) + L(t, θ1) ≥ c for all t . For quadratic
loss, c(θ0, θ1) = 1/2|θ1 − θ0|2. Minimax criterion: minimize R(̂θ, P) = sup

P∈P PL (̂θ(ω), θ(P)).

2

Density qi = dQi/dµ. Define L1 distance ‖Q0 − Q1‖1 = µ|q0 − q1|. Affinity ‖Q0 ∧ Q1‖1 = µ(q1 ∧ q2) =
inf{Q0 f + Q1 f1 : fi ≥ 0, f0 + f1 ≥ 1} = 1 − 1/2‖Q0 − Q1‖1. Lower bound

R(̂θ, P) ≥ 1/2 inf{c(θ(P0), θ(P1)) : Pi ∈ Pi }α(co (P0) , co (P1))

where α(co (P0) , co (P1)) = sup{‖Q0 ∧ Q1‖1 : Qi ∈ co (Pi )} = 1 − 1/2 inf{‖Q0 − Q1‖1 : Qi ∈ co (Pi )}.
Proof. Put fi (ω) = infP∈Pi L (̂θ(ω), θ(P))/c. Then

2R(̂θ, P)/c ≥ P0L (̂θ, θ(P0)) + P1L (̂θ, θ(P1))/c ≥ P0 f0 + P1 f1, all Pi ∈ Pi .

for all P0 ∈ P0 and P1 ∈ P1. Take convex combinations of measures from Pi , giving measures Qi in the
convex hulls, then invoke definition of the affinity between the Qi .�
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Product probability measure Q0 on Xn and dQλ/dQ0 = ∏
i≤n(1 + Gi (λ)), where Gi (λ) = Gi (xi , λ) is a

function of the i th coordinate xi for which Q0Gi (xi , λ) = 0 for each λ and i . Define Q = ∑
λ∈� wλQλ.

dQ

dQ0
= � =

∑
λ∈�

wλ

(
1 +

∑
i

Gi (λ) +
∑
i< j

Gi (λ)Gj (λ) +
∑

i< j<k

Gi (λ)Gj (λ)Gk(λ) + . . .
)
,

the sums ending with the n-fold product. Use ‖Q − Q0‖2
1 = (Q0|� − 1|)2 ≤ Q0|� − 1|2. Then get

‖Q − Q0‖2
1 ≤ P

∏
i≤n

(
1 + Q0Gi (xi , λ)Gi (xi , µ)

)
− 1 independent λ and µ from prior on �.
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Independent xi ∼ N (ηi , σ
2). Estimate θ(η) = ∑

i βiη
2
i subject to constraints |ηi | ≤ Ai for each i . Use

quadratic loss. Fix ξ in constraint set and σ > 0. Write Q0 for joint distribution of N (0, σ 2). For λ ∈ � =
{−1, +1}n write Qλ for N (λiξi , σ

2). Put Q = 2−n
∑

λ∈� Qλ.

Gi (xi , λ) = {λi = +1}
(

exp

(
ξi xi

σ 2
− ξ 2

i

2σ 2

)
− 1

)
+ {λi = −1}

(
exp

(
−ξi xi

σ 2
− ξ 2

i

2σ 2

)
− 1

)
,

giving 1 + Q0Gi (xi , λ)Gi (xi , µ) = {λi = µi } exp(ξ 2
i /σ 2) + {λi �= µi } exp(−ξ 2

i /σ 2) and

‖Q − Q0‖2
1 ≤=

∏
i≤n

(
1/2 exp(ξ 2

i /σ 2) + 1/2 exp(−ξ 2
i /σ 2)

) − 1 ≤ exp

(
1/2

∑
i

ξ 4
i /σ 4

)
− 1.
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Problem: Maximize
∑

i βiξ
2
i subject to the constraints 1/2

∑
i ξ 4

i /σ 4 ≤ 1 and 0 ≤ ξi ≤ Ai all i . Solution (for
σ small enough): ξi = Ai ∧ √

βi t , where
∑

i A4
i ∧ (β2

i t2) = 2σ 4.


