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The Minimum Distance Method of Testing' )

By D. Pollard, New Haven?)

Abstract: In this paper a method is developed for generalising tests of Kolmogorov-Smirnov and
Cramér-von Mises type to cases where parameters have to be estimated. The procedures are based
on comparing the empirical distribution function F,,, as a random point in a normed linear space,
with a parametric surface {F(9): § € ®} which represents the family of possible underlying distri-

butions. Asymptotic results are proved for the distribution of the minimum distance \/n_ inf {| F —
0

— F(8) Il and for the corresponding minimizing value of ¢. The results are extended to cases where
It + It is replaced by a parameter dependent norm || - § 8 and where the underlying distribution is
replaced by a sequence of alternatives. The basic assumptions require convergence in distribution of
NS [F,, — F(8,)] and differentiability in norm of the map 8 — F (9).

1. Introduction

The subject of this paper is the problem of goodness-of-fit testing based on the empi-
rical distribution function, in the case where unknown parameters have to be estimated.
The results provide a means for extending the scope of the test procedures associated
with the names of Kolmogorov, Smirnov, Cramér and von Mises, i.e. tests based on the
asymptotic behaviour of some type of distance between the empirical distribution func-
tion F, and its specified underlying distribution F.

For situations where F depends on an unknown parameter €, a natural procedure
would be to form an estimate § ,» then compare the distance between F,, and F(-, ) )
Some of the most far-reaching results of this type have been obtained by Durbin [1973,
19761, using methods involving convergence in distribution of random elements of

D[0,1]. Estimating the inverse of the underlying distribution function by F~! (-, [ nh
Durbin proved that the random functions v/ n(E, (F (-, [ n)] — *) converge in dlstn-
bution to a Gaussian process with specified covariance structure (which in general de-
pends on the unknown parameter). Goodness-of-fit statistics such as the supremum
norm distance between F,, and F(-, [ ) can be recovered by applying various contin-
uous functionals to these random functions.

Alternative measures of fit can be constructed by choosing the estimate of § to
minimize the distance between F,, and F {-, #), this corresponds to using the so-called
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44 D. Pollard

minimum distance estimator @ ;. Asymptotic results for the distribution of 8 % itself
have been proved by Bolthausen [1977], who chose § to minimize
| F,{F~'(-, 8)]— + |i for some suitable norm on D[0,1]. For example, use of an L?

1
norm leads to statistics of the Cramér-von Mises type, since [ (F, [F~'(z, 0)] —#)*dt =
0

= [ (F,(x) — F(x, 8))2F(dx, 0). The reader will recognise a number of extensions of
Bolthausen’s ideas in the present paper.

The essence of my method consists of reducing the problem to a geometric one of
minimizing the distance of a random point in a normed linear space (X, || * ) to a
prescribed parametrised surface. Instead of a sequence of empirical distribution func-
tion in a space such as D[— oo, =], | consider the more general situation of a sequence
of random elements {F, } in (X, || + I}). The role of a parametric family of possible un-
derlying distributions is taken over by a map § - £(8) from a subset © of R® into X.
This formulation has the advantage that the same norm || - || can serve three different
purposes. Firstly, it is involved in the measure of fit i(r;fll F, —F(8)Il. Secondly, it

enters into the definition of convergence in distribution of the random elements
G, = \/E(Fn — F(8,)). Since X need not be separable (e.g. D[— o0, o] under its sup
norm), a slightly modified concept of convergence in distribution must be employed;
further details are given in Section 3. Finally, the norm is needed to specify a natural
differentiability requirement, viz. that F(8) should be approximable by a linear func-
tionF(B8o)+ (8 — 8y, D) with an error whose norm is of order o(] 8§ — 6 1) near
8. This concept is discussed in Section 2.

Roughly speaking the method consists of justifying the approximation of
N F, —F(8) |l for § near the “true value” §, by Vn Il [F(80) +
+ 112G, ] = [F(80) + (0 — 80, DI =11 G, —/n (6 — 80), D} |l. If G,
converges in distribution to some random element G of X, and if the minimum is
achieved at a distance of order Op (n'l/ 2) from 6, then the distribution of
Vrinf || F, —F(8)llshould be close to that of inf||G —(t, D||. This heuristic argu-

6 t

ment is given a rigorous justification in Section 4. Section 5 concerns some slight ex-
tensions needed to cover the Cramér-von Mises type of statistics where the distance
depends on the parameter §. A method for deriving the asymptotic power under se-
quences of alternative hypotheses is described in the next section, followed by some of
the asymptotic theory for minimum distance estimators. The paper concludes with
some comparison with the other method of testing goodness-of-fit mentioned at the
start of this introduction.

2. Norm Differentiability

It is my contention that differentiability in norm is the most natural form for the
linear approximation property required in the study of minimum distance estimation
and testing. Indeed, the regularity conditions to be found in the literature are often
only necessary insofar as they imply this property; when X happens to be a space of
real functions, norm differentiability can frequently be deduced from various condi-
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tions on the existence and regularity of partial derivatives 0 F/90; in the usual sense.
The following examples illustrate this point. [ find it preferrable, however, to frame the
main results in terms of the more general concept, rather than fragment the conditions
into a number of assumptions about such partial derivatives.

Recall that § - F(0) is a map from ® C R® into X. This map is said to be norm dif-
ferentiable at 0 if there exists a column vector D € X® such that
NF(@)~F(8o)—<8— 80,0 =0(| 8 — 8, |)near 9. Here {¢, D) denotes the sum
}i:tl.Dt. where ¢ € RS has components ¢, ..., A and D has components D, , . . . ,DS.
Differentiability ensures that () may be approximated by the linear function
F(8o)+<8 — 08y, D)near §,. In order that the corresponding affine plane in X not be
over parametrised, the derivative vector D must be non-singular, i.e. the components
Dy, ..., D should be linearly independent elements of X. Put another way, if ¢ # 0
then (¢, D) # 0. Since the function ¢ -~ (¢, D) is continuous and non-zero on the com-
pact set {r €R®: | £ | = 1}, it follows that nonsingularity of D is equivalent to the
existence of a constant C' > 0 for which |} (#, DY{| = C | t | for all ¢ € R®. Nonsingular-
ity will be used in this form.

2.1 Example

Consider the location parameter problem as treated by Blackman [1955] and Pyke
[1970]. Here F(8) denotes the translation H(+ —8) of a known distribution function
H on R through a distance specified by the real location parameter 6. A convenient
choice for X is the space D[ — oo, 0] of all real functions on R which are right contin-
uous with left limits everywhere, and have finite limits at + e. Equip this space with
its supremum norm.

For norm differentiability it suffices that A should possess a uniformly continuous
density cf. Pyke [1970]. Indeed, since — h(x — 8,) must converge to zero as | x | > o
this function belongs to D[— o0, o] and satisfies

sup |H(x—8g —8)—H(x —0p)+th(x- 60)]
X

) —hx—00)]dy |

= sup |
x X-0,

<|tisup {1 A —hO) 1y —y I<|t]}

= o(|lt)).

A similar differentiability property holds for the two parameter scale/location family
H{[y(- — w)];in this case it would suffice to have a uniformly continuous density 4 for
which h(x) =o(x ') as | x | oo O
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2.2 Example

In treating the multidimensional case of Cramér-von Mises statistics under parameter
estimation, Newhaus [1973] adopted the approach of regarding distribution functions
as elements of the Hilbert space L2(R¥, F(dx, 8,)). The family {F(-, 8)} of possible
underlying distributions was specified by density functions f(-, #) with respect to some
o-finite measure u. The assumptions made by Neuhqus included the requirement that
there should exist a neighbourhood U, of 8 in which f had continuous partial deriva-
tives 0/d0; satisfying the domination condition: there exists a function g, with
S gody <ecand | 3f/36; | <go on U,. Such a condition guarantees not only differen-
tiability of F(-, 8) at 8, in L2 norm, but also in the stronger supremum norm sense.
Consider for example the case where § is a two-dimensional parameter.

The vector function D (x) from R¥ into R? having components
( f ](af/aoi) (7, 8o) u(dy), fori=1, 2, is an element of the space [D [, wo]F )2

—oo X

and hence square integrable, and

”

sup | F(x, 8o + 1) = F(x, 00) —<£. D(x) |
X

b} b
STIAQ. 80 + D=1, 80)= 11 302, 80) =12 - (2.00) L1 @)

Two applications of the Mean Value Theorem show that the integrand has the form

3
AETor +L*)~5%(-,Qo)] oy [5—9’;(-,@0 + 1) =3 (. 00)
where | £* f and | £** | are both less than | ¢ |. Since the two terms in square brackets
are both dominated by 2g,, and they converge to zero as | ¢ | = 0, it follows that the
integral is of order o(] t ), as required.

Notice that the above argument actually shows that § - F(-, 8) is norm differen-
tiable as a map into D[— oo, °°]k when that space is equipped with its supremum
norm. [

2.3 Example

In order to prove very general forms of the functional central limit theorem for
empirical measures, Dudley [1978] has introduced a class of spaces which incorporates
the essential features of spaces such as D[0,1] and D[— oo, 0]* His space Dy (C, \)
can be defined for any class C of measurable subsets of any probability space (M, M, ¥).

First define Cp, (C, M) as the set of all bounded real functions on C which are contin-
uous with respect to the L2(X\) norm on C. Continuity of a function f on C in this sense
is equivalent to the requirement that f(C,,) > f(C) whenever A\(C,, AC) = 0. For a prob-
ability measure P absolutely continuous with respect to \, Dudley [1973; Theorem 2.1]
has given conditions ensuring the existence of a version of the so-called “tied down P
noise process” Gp having sample paths in Cy, (C, A). This process, which generalises the
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notion of a tied down Brownian motion (= Brownian bridge) in C[0, 1], is a Gaussian
stochastic process with index set C, with zero mean and having covariance kernel

P(C N D)—P(C) P(D). 1t often occurs as the limit in distribution of a sequence of
normalised empirical measures formed by sampling from the distribution P.

Now define Dy (C, M) as the linear space of real functions on C generated by € (C,\)
together with the functions C > ¢,, (C), where €,, ranges over all the point masses on
M. Equip this space with its supremum norm. Notice that Dq (C, A) contains enough
functions to accommodate the sample paths of empirical measures together with the
continuous paths of the Gaussian limit processes. The closure of this space under uni-
form limits corresponds to the usual D[0,1] type of space. As an example, consider the
class C of all semi-infinite intervals of the form (— oo, x], including those where some
of the coordinater of x are + o, in R¥. The classical result on convergence in distribu-
tion of the multidimensional empirical distribution function could be formulated in
terms of this Dy (C, P). Observe that, if P does not have nonatomic marginal distribu-
tions, the space Cy, (C, P) in this case includes members corresponding to functions with
discontinuities (in the usual sense}) at certain fixed points and along certain hyperplanes.

Suppose now that {P, }is a family of probability measures on M dominated by A.

The evaluation C = P, (C) defines an element of Cp, (C, ) for each 8, and hence a
map 9 - F(6) from © into Cy(C, ). Write £(0) for the square root of the density func-
tion f(8) := dP, /d\. I shall show that norm differentiability of (@) follows from the

condition of quadratic differentiability of ¢ which was exploited by Le Cam [1970] in
one of his studies of the asymptotic theory of maximum likelihood estimation. Assume
then that there exists an s X 1 column vector £ of functions in L2()) for which

£(8) = £(80) + (0 — 8. £ + R(8 — o) (*)

where [ [R? (8 — 00)dN]'/% = o(1 6 — 8, ) near 0.
The function D(C) := é 2£(00) £dX certainly defines a column vector of elements

of €, (C, N) since £(8,) and all the components of g are square integrable with respect
to A, and

sup | F(8o + )= F(80) —<£ D) |
ceC
= S 1 L8 (G0 + )= § (B0) = 2£(Bo) (L. DM |

UKL B P HR (D) +21E @) R [+2 (L DR(2) [ d\
=o(lL )
as may be seen by applying the Schwarz inequality to each of the last two terms in

the last integrand.
The above result may be formally interpreted as one of “taking a derivative under
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the integral sign”. For if we write E in the more suggestive form (9/98) f 1/ 2(_0) and
carry out the formal differentiation to give (1/2) f~ 1/2¢ (8o) - (8/38) f(8,), then we
obtain (3/36) éfd)x = { (3/08) fdA uniformly with respect to C.

C

Notice also that to check (*) it suffices to verify quadratic differentiability of
(@)= (dP(9 /du)1 12 for any dommatmg measure (L absolutely continuous with re-
spect to \. For then (*) is satisfied with g = (d/.t/d)\)l/2 . O

3. Convergence in Distribution in Non-Separable Metric Spaces

The space D{0,1] under its supremum norm topology is not separable. Partly be-
cause of this fact, we encounter difficulties when trying to analyse the asymptotic be-
haviour of empirical distributions as random elements in that space: these functions
are in general not Borel measurable, cf. Billingsley [1968, Section 18]. This problem
provided the motivation behind Dudley’s [1966, 1967] introduction of a slightly mo-
dified concept of convergence in distribution for random elements in a non-separable
metric space.

Dudley defined weak convergence for measures defined only on the smaller o-algebra
Bo generated by the class of all closed balls in any metric space X. For the case of
D[0,1] under its supremum norm, this o-algebra coincides with the cylinder o-algebra.
Empirical distribution functions are therefore By measurable.

The corresponding definition for convergence in distribution of a sequence {X, } of

B, measurable random elements to a variable X (written X, — X) consists of two re-
quirements:

(i) the distribution of X concentrates on a separable subset of X;
(ii) Ef(X,)~ Ef(X) for each bounded, continuous, B, measurable, real valued func-
tion fon X.

When the topology is separable this definition reduces to the usual one, since B, then
coincides with the Borel g-algebra.

Apart from eliminating the measurability problem, this modified concept does not
differ all that much from its more well-known counterpart; the two theories run clo-
sely parallel cf. Pollard [1979a]. The usual results on convergence of the partial sum
process to Brownian motion, and of convergence of empirical processes to the Brow-
nian bridge, carry over readily to this setting. The multivariate form of the second of
these results even seems more naturally suited to the space D[— oo, o] * under its sup-
remum norm topology. What is more, we still have at our disposal a form of the
Skorokhod representation, a result whose usefulness has been amply demonstrated by
Pyke [1969, 1970].

3.1 Theorem

D - -
Suppose X, = X in Dudley’s sense. Then there exist versions X, and X, defined on
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some new probability space, for which X, %" X, a
As usual, ‘“‘version’ means that the new variables induce the same distributions on
Bo as do the original X’s. The theorem is a simplified form of a result of Wichura
[1970].
This theorem is especially well adapted to proving results related to the continuous
mapping theorem. The typical sort of argument goes something like this.

Suppose X, =X and that {h, } is a sequence of functions converging in some sense
to a function 4. When does &, (X, ) = h(X)? Switch to a.s. convergent versions X and
X. Find conditions on {h, } ensuring that i ()?n) L h(X). This implies the weaker
form of convergence A, (X, ) >h(X). But b, (X, ) and h, (X, ) have the same distribu-

tion, and so 2(X, ) P>h(X) follows. I shall be using arguments of this type several times,
without spelling out all the details each time. Once an a.s. convergence statement for
one version of the process has been reached, the remainder of the argument will be

left to the reader.

In this paper the starting point for such a procedure will generally be a convergence
assertion involving an empirical distribution function. This could either be obtained by
adapting known results [e.g. Theorem 16.4 of Billingsley] to our setting, or by appeal-
ing to one of the powerful theorems recently proved by Dudley [1978]. For future re-
ference, 1 shall describe here one of Dudley’s results.

Let F,, be the empirical measure obtained by i.i.d. sampling on a probability distri-
bution P. Regard \/n (F,, — P) as a random element of the space Dy (C, P) discussed in
Example 2.3. ] ignore the question of measurability (with respect to By ), to which
Dudley has devoted some effort. Suffice it to say that, for all of cases we shall encoun-
ter, Dudley’s measurability criteria will prove adequate. A sufficient condition for
\/n(F, —P) to converge in distribution to the tied down Gp of Example 2.3 can be
framed in terms of the concept of metric entropy with inclusion. This quantity depends
on the measure P and on the particular class C C M chosen. For each ¢ > 0 define L (¢€)
as the logarithm of the smallest value of » satisfying: there existnsets4,,...,4, €M
having the property that to each C € C there correspond an 4; and 4 ; with
A4;C CgA]. andP(A]. \A4)<e

3.2 Theorem

1
If [ L(e?)!/2de < oo then/n (F, —P)P»GP. m]
0

This is Theorem 5.1 of Dudley [1978], but with the question of measurability ignored.
The entropy condition here also guarantees the existence of a version of Gp with sam-
ple paths in C; (C, P); use of this version is understood in the theorem above. It should
also be noted thaty/n {(F,, —P) and Gp can be interpreted as random elements in
Dy (C, \), for any probahility A dominating P, and that the convergence in distribution
still holds under this interpretation.

By way of illustration, consider the classical situation where
C= {(— 0, x]:— o< x < oo} and P is any probability measure on R. To bound L (¢),
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determine points — oo = xq <x; <...<Xx,, | <X, =+ o inductively by
X;yp =sup {x: P(x;, x] < ¢€/2}. Since P(x;, X;44 ] > ¢/2 we have m < 2/e. The collec-
tion of sets {@, (— o0, x;), (— o, x; ], (—°° X2), ..., (—=,x, 1], R} will serve as our

A;’s. Convergence of the entropy integral f L(€* )l /2de follows from the convergence
off [log (4/e )]1/2de Theorem 3.2 then gives the classical result for convergence in

dlStrlbUthﬂ of (normalised) empirical distribution functions on the real line. Exten-
sion to the multivariate case can be carried out by techniques similar to those employed
by Elker/Pollard/Stute [1979] for obtaining the multivariate extension of the classical
Glivenko-Cantelli Theorem.

In the theorems to follow the reader will notice that the main requirement regarding
F, is that Vn (F,, —F(80)) should converge in distribution. In principle then, the re-
sults could be applied in various case of dependent sampling where such a central
limit result holds. I leave such further developments to the reader.

4. Distribution of the Minimum Distance

Let us first agree on the formulation of the basic model. The following assumptions
are to remain in force for the rest of the paper. Given are a normed linear space
(X, I = !I) and a map 8 ~ F(8) from a subset ® of R’ into X. This map will be assumed
continuous {(and even norm differentiable later). The statistical information comes from
a sequence {F,,} of random elements of X, defined on a probability space (£2, &F.P),
each of which is assumed to be measurable with respect to the g-algebra B, generated
by the balls in X. In some sense F,, should converge to F(8,) where , is some fixed
(but unknown) point in the interior of ©; if 8, were a boundary point of © then the
results would have to be modified along the lines followed by Chernoff [1954]. To
preserve the analogy with the classical situation I shall sometimes refer to 8, as the
“true value” of 8. Qur initial concern will be with the limiting distribution of
N eing £, —F(8)li. Notice that, because of the continuity assumption on F(6),

€

there are no problems with measurability here.

As with many problems in asymptotic theory, the argument naturally breaks into
two pieces: a global part needed for justifying restricting our attention to values of 8
within arbitrarily small neighbourhoods of the true value (cf. consistency); and a local
argument, based on the shape of || F’ w — F(0) |l near g, which determines the actual
form of the limiting distribution. It will prove advantageous to maintain this separation.

The idea behind the global half of the argument is closely related to the one devel-
oped by Wolfowitz [1957] for proving consistency of minimum distance estimators.

4.1 Lemma

Suppose that || F,, — F(8,) |l E 0 and that, for every neighbourhood N of §,,
inf || F(8) —F(8o) I > 0. Then, again for every neighbourhood of 8,,
oeN
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P {inf IIF, —F(@)I>IF, —F(0)l}~1
oaN

and consequently

P{inf ||F, —F(®)l= inf |F, —F(6)Il} 1.
€0 8EN

Proof: From the triangle inequality
N, —F@OIZIFEO)—F@)ll — I F, —F(8o)l

and therefore

inf |F, —F(O) | —I1F, —F(0)I
9N

=2 inf (|F(0)—F@o)ll—2IIF,—F(0o)ll
o&N

B inf 1F@)—F@8o)
9N

> 0.

The second part follows from the fact that §, EN. O

To verify the separation requirement of this lemma it suffices to show that
F(8) % F(8,) whenever 8  8,, and that there exists at least one compact neighbour-
hood N, of §4 for which inf || F(8)— F(8,) |l > 0. For then, given an /V, the con-
9&N,

tinuous function § — || F(8) — F(8,) |l must be bounded away from zero on the
compact set Ny \ int ¥, and hence also on the set (@ \Ny) U (N \int V) C O\ N,

Once it has been established that the values of § determining the asymptotic distri-
bution of the global infimum lie withing a small neighbourhood of 8, the analysis
then depends only upon the form of F(8) near §,. When the convergence in probabil-
ity in Lemma 4.1 is strengthened to an assertion concerning the behaviour of the dif-
ference v/n (F,, — F(6,)), this gives first a result corresponding to the v/a-consistency
of the location of minimising values of ¢, then the desired asymptotic distribution for
the infimum itself.

4.2 Theorem

Suppose the following assumptions hold:
(1) inf N F(8)—F(80) Il > 0 for every neighbourhood N of 8y ;
0EN

(ii) F is norm differentiable with non-singular derivative D at 8,;
(iii) there exists a random X valued element G for which
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G, =V (F, ~F@,) %6,

in the sense described in Section 3 for the metric induced by the norm |} - il.

Then the limiting distribution of the goodness-of-fit statistic is given by
Vn inf ||F, —F(6) ||—Q inf 1G—(¢DIl.
1) teRS

Proof

Step I Because of Lemma 4.1 it suffices to consider only values of 8 lying within any
particular neighbourhood of 84. My choice for this neighbourhood will be governed
by the remainder term

R(0) = F(6) — F(80)— (6. — 8o, D).
Assumption (ii) can be expressed by saying that there exists an increasing function
A(e)of ordero(1) ase 4 O for which | R() I <18 — 8o |- A(19 — 8o [),and a
positive constant C such that || (¢, D) || = C | ¢ | for all z € R®. Choose the neighbour-
hood N, of §, such that A(] 8 — 8¢ |) < (1/2) C whenever § € N,. Now for any value
of 9,

WF, —F@) Il =11F, —F(o)—<8 —8o,D)—R() Il

26— 80, D2l —IIR@) NI = I F,, —F(8o) Il.

Thus for § €N,

NF, =F@)I—lIF,—F@)II=5Cl0—600 |—2IlF, —F(8o)Il.

[

Define p,, := 4 N Fn —F(86) Il / C. [By assumption (iii) this random variable con-
verges in distribution to 4 || G || / C, and so it must be of order OP (1).] This last ine-
quality then implies that the infimum of || F,, — F(8) || over N, agrees with its infimum
over Ny N{8:vn18—8, 1< 0, }. Upon taking Lemma 4.1 into account we deduce
that

P{gigglan—F(Q)llz\/_ inf _IF, —F(O)I}~>1.

nlg—0, 1< Py

Step II. In view of the above it makes sense to rescale and work in terms of
t=+/n(8 — 8,). Define the random setJ, := {t:1t|<p, and §, + t/\/nEB].
Over this set /7 || F,, — F(8) |l can be approximated by a simple convex function:

Sup [VRILE, —F(60 +£/V/mII=11G, =<1 D) |
- n
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= swp IV (F, —F@)~(t D ~VrR(Go + £ /[Vm I G, — (L DI
~~n
<th; VrllR@o +2//n )

<tSél}>\/ﬁ~|L/\/Fl'A(iL/\/ﬁl)

A

p, A, [\/n)

0,(1) since p, =0, (1) and p, /\/—=op(l).

Now the continuous convex function ¢ = || G, — (¢, D} || achieves its overall minimum
atapointin {¢:{¢ | <pn};for if | 2| >p,, then

1G, — DI>CILi—IIG, |
>31G, |
>1G, =0, D).

With probability tending to one, this minimizing value lies in J,, because 8, € int ©.
We thus have two functions which, with high probability, are uniformly close over ./,
and whose unrestricted infima are the same as their infima over J,,. This implies that

Vrinf |F. —F@)ll=inf |G, —<t, D) +0o_(1).
see " terRS 7 4

Step IIl. To prove that inf || G —<{¢, D) || —D> inf || G — <z, D) || we have only to
ter’ " ter’
apply the continuous mapping theorem for the functional m(x) := inf || x —(£, D) Il
teR

This functional is both By measurable (take the infimum over a countable dense set
of ¢ values) and continuous (since | m(x) — m(¥) | <l x —y ||). [The continuous map-
ping theorem in this simple form follows directly from the definition of convergence in
distribution given in Section 3.] 0

From this theorem we can deduce results of the Kolmogorov-Smirnov type without
much trouble. More importantly, though, the method of proof will serve as the model
for the various extensions to be presented in Sections 5, 6 and 7.

4.3 Example

Consider once more the location problem described in Example 2.1. Take F), as the
empirical distribution function based on random sampling from H(+ — 6,). As discus-
sed in Section 3, the process v/ [F, —H(* —0)] can be shown to converge in distri-
bution, as a random element of D{— oo, ], to a Gaussian process. This limit process
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may be identified with W® (H(+ — 8,)), where W° denotes the usual Brownian bridge
on [0,1] [see Theorem 16.4 of Billingsley].

If H has a uniformly continuous density / then, as was shown in Example 2.1, the
function — i (- — 04 ) plays the role of the derivative D. The parameter space R being
one dimensional, no problems with singularity of this derivative can arise. Notice also
that lim inf | H(- — @) — H(- — 0,) || > 0, which shows that the separation property

|6 |— o0

holds.
It follows therefore that

Viinf || F, = H(-=0)] P»i?fn WOH(- —00)) + th( —80) .

The right hand side can be further simplified to inf || W® (H(+)) + th(*) ||, a variable
whose distribution does not depend on the unknown 8. O

4.4 Example

Using the results of Example 2.3 and Theorem 3.2 (or one of the other theorems
proved by Dudley, 1978) a general asymptotic result for statistics of the form
\/n inf supC I F,(C) =Py (C) | could be obtained. Even for the relatively simple cases
a8 Ce -

where C consists of intervals (—, x] in R¥ though, several difficulties remain which
make the results far from satisfactory. Firstly it appears difficult to give general criteria
ensuring non-singularity of the derivative D — this is a common problem with theorems
of this type. Also, the separation assumption would have to be checked by means of
some special features of the class C and the family {P,}. Worst of all, the limit distri-
bution will depend on the unknown parameter g, in‘a possibly complicated fashion.

If this dependence on 8, were continuous then there would certainly be asymptotic
procedures available for constructing tests of fit, cf. Chernoff/Lehmann [1954], Neu-
haus [1973] or Cso'rgé) et al. [1974]; but these procedures would involve a prohibitive
amount of calculation. a

5. Minimization with Parameter Dependent Norms

The methods of the previous section can be modified to cover situations where the
distance between F,, and F(8) is measured by anorm || - || , depending on 8, and it is
the quantity || F,, — F(8)lly which should be minimized. Two procedures of this type
come to mind: Cramér-von Mises tests where the measure of fit is taken as
J[F, (x)— F(x, 8)]*F(dx, 8);and the method of minimum x? in the classical x*
goodness-of-fit test. The local parts of the argument for both these procedures can be
handled by a generalised form of Theorem 4.2; the global aspects seem to require two
distinct, but clearly related, approaches. An alternative method, based on the use of a
preliminary consistent estimate for 8, is given by Theorem 5.6.

The basie setting of random elements F,, in a normed linear space (X, |l + |l) and a
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continuous map § — F(§) from © into X etc. as described in Section 4, remains the
same. In addition X will be equipped with a parametric family {|| * lly: 0 €6} of
norms which must satisfy the following regularity conditions. -

5.1 Assumptions on || - ||,

(i)  there exists a neighbourhood N * of 0, for which || x |l; <|| x || for all x € X and
al g EN*; -
(i) for each fixed 8, the map x > || x llg is By measurable;
(iii) for each fixed x, the map § — || x II; is continuous;
(iv) the mapx —~ einf® lx—F(8)llg is ‘Bo measurable.
p )

In view of (ii), assumption (iv) would be redundant if the infimum could be replaced

by an infimum over a countable dense subset of ®. Because of the continuity of

8 = F(8), such would be the case if the map (x, 8) =l x |l, were continuous. Assump-

tions (i) and (iii) in fact imply the slightly weaker property, that this map is continuous

on X X N*,since | [ x lly —I1x"lgr I<IlIxlly —1lxllg: | +1lx—x" || when g’ EN*.

This ensures B, measurability of quantities like eian lx —F(8)l, whenever N C N*.
c (i

5.2 Lemma

Suppose that || F" —F( )l 50. Then

P, {inf I1E, —F(O)lly > F, =F(@)Il , } 1.

under either of the following assumptions:

a) for each neighourhood N of §, there exists a constant k > 0 such that
kllxll<|x]l, for all x whenever § &N;also inf || F(8)—F(8,) 1> 0;
2 8N

b) for each neighourhood N of 8, there exists a constant k£ > 0 such that
kllx |l =[xl , for all x whenever § €N also inf [| F(8) —F8,) llg > 0.

Proof: The argument in both cases is similar to that in Lemma 4.1. For part a) use the
inequality

Qireltgvlan—F(Q)HQ—IIF,,—F(Qo)ll_(,0
>k-;IéfNIIF(Q)—F(Qo)”-—(kﬂLI)HF,, —F(8o) I,
and for part b) -
Qing WF, —F@lly —I1F, —F(8o)ll,,

> inf IF©®)=F(80)ll, = (k + DIl F, =F(8) . =
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Once again the asymptotic distribution of the minimum distance can be obtained by

strengthening the convergence in probability to convergence in distribution of

Vn (F,, — F(80)), and introducing the norm differentiability (with non-singular deri-
vative) condition for F(8) at 8,. Both of these requirements are to be interpreted as

for Theorem 4.2, i.e. in terms of the norm || « ||. This time though, non-singularity of
the derivative D can be used to prove the existence of a positive constant C such that
il (¢, DY l,=Citl for all £ € R® and all 6 near enough to §,. For, without loss of

generality, we may suppose that the neighbourhood N * of Assumption 5.1 (i) is com-
pact. Continuity of (x, 8) = [l x Il , on X X N* implies continuity of the
map (¢, 8) - |I1{¢, D” ”e on R¥ X N*; this function must therefore be bounded away

from zero on the compact set { ER%:| t | = 1} X N*. We can choose C as the lower
bound over this set.

5.3 Theorem

Suppose that

(i) at least one of the assumptions a) and b) of Lemma 5.2 holds;
(ii) F is norm differentiable with non-singular derivative D at 8, ; D
(iii) there exists a random X valued element G for which G,, := Vn(F w —F(80)) =G

The the limiting distribution of the goodness-of-fit statistics is given by
Vr inf ||F, —F(9) Il B inf |1G—<¢, D, -
oce ¢ ter’ 20

Proof
Step I. Use the same definition of R(§) and A(e) as in Step [ of Theorem 4.2, but this
time take C as the constant defined in the discussion above. Then choose the neighbour-
hood Ny CN*sothat A(] § — 8o 1)< (1/2) C on N;. As before we have

I F, —F@) I, =<8 — 8o, D), =N R@)Il, —I| F,, —F(8o) ll,,
and thus for § €Ny,

WE, =F@lly =W F, =F(Bo)lly,=(1/2)C18 — 8o | =211 F, —F(8o) .

Defining p,, := 4 || Gn [l / C as in Theorem 4.2, we then conclude that the search for the
infimum of || F, — F(8)ll, may be restricted to values of § of the form 8, + ¢/ Vv,
where t €J = {1:|£|<p andf, +1/\/nEN*}.

Step II. The same argument as before shows that

sup |\l E, —F (8o + £/Nm)lly 1y m —11G, =L DMl y ) s

=,
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is of order o o (1), and therefore that

/n inf lan—F(Q)Ho: 1nf G, —<z, DY +0,(1).
As]:) = J,

8o+ t/\n

We cannot replace the infimum on the right hand side by an unrestricted infimum at
this stage, because of the presence of the ¢in || « || po+ £ /7 However this small com-
plication will disappear in the limit. o

Step III. This time a slightly more complicated form of the continuous mapping
theorem will be required. The easiest approach is via the use of a.s. convergent versions
together with a convergence theorem for convex functions. By Theorem 3.1 there exist
versions of the G,, and G processes for which G,, %3 G. All of the preceding argu-
ments still apply when p,, is replaced by its corresponding p,,, and J,, by J,, etc. As ex-
plained in Section 3, it suffices to prove an a.s. convergence result for the new process,
in order to obtain the distribution convergence result for the original G,,’s. With this in
mind, select and fix a point w of the new underlying probability space, a point at which
I G, (w) —G(w) | ~>0.

The first thing to notice is that

sup sup |11 G, (@) — (L DY Iy I G(@) — (L, DY Iy I <11 G, (@) = G(w) Il
teR gEN * = =

Thus it suffices to show that

inf 1 G(@) =L D llg o1y p/m ™ ~ inf NG =@ Dl
1T (&) -

The functions involved in the lefthand side of this last expression need not be convex
in £, because of the presence of the 8, + £/+/n on the norm. To avoid this problem
it will pay to introduce the artifice of a second variable and define functions

and
g =G —LD

For each fixed s, the functions g, (s, *) are convex. Now choose a compact set

K C R containing all the fn (w)’s; this is possible since Py (W)= 41 G(w) I/ C. The
continuity assumption 5.1 (iii) implies that, for each fixed x € X,

;uepK [l x ”Qo YN Il x H20 [ > 0. Taking x = G (w)— (¢, D) we thus obtain the

result that, for each fixed ¢, the sequence g, (s, ) converges uniformly in s €K to
g(?). In particular, the family {g,, (s, *): s€K,n=1,2, ...} of convex functions is
pointwise bounded. Theorem 10.6 of Rockafeilar [1972] thus guarantees the existence
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of a real number A such that

18, (s, 1)—g, (s, L) I<N|t— 1|

for every n, every s € K and every pair of point ¢ and ¢’ in K. With all of these uni-
formity properties we can hardly help but get uniform convergence of g, (s, t) tog(9)
over K X K.

Choose a finite subset K, of K with the property that for each ¢ € K there exists a
1* €K, forwhich A |t — r* | <eand |g(z) —g(t*) | <e. Then

sup
SLEK

lg, (s D)—g@) |
< sup g, (s, D)—g,(s, ¥+ sup g (s, t¥)—g(*) |+
5,teK seK, t*eKo

+sup |g(r*)—g(®) |
tek

from which the desired uniform convergence follows. In particular,

e Gy =<2 Dy, cepgn | G(@) = (LDl -0,

which implies that

inf I G@) =L DMl 4,y ym — Inf _ NG@) =L DYl 0.

teJ (@) t&), (W)

The infimum in the second term can be replaced by an unrestricted infimum because
Il G(w)—<2t, D) 60 certainly attains its overall infimum somewhere in the region

{t: 112 5(&;) I / C, a set which is eventually contained in J—n (ZJ). [Notice that
for £ 1>21G(@)Il/C,

1G (@)=L D) ly, —I1G@) = Q. D) Iy,
>CltI=21G@)l,,

> 0]. O

Since all of the points of interest in the application of this theorem to Cramér-von Mi-

ses type statistics can be brought out through the simple location parameter example, I
shall restrict myself to this case. The reader will assuredly be able to piece together the
appropriate norm differentiability and convergence in distribution results to obtain the
details for the more general cases.
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5.4 Example

Consider yet again the location problem discussed in Example 2.1 and 4.3. This
time the minimization involves || F,, —F(0) ||} = [ [F, (x) — F(x, 8)]*F(dx, 8), where
F (-, 0) denotes the translate H(- — #). For the normed linear space (X, |} * I|) we have
a choice. Perhaps the simpler possibility is D[— oo, o0] under its supremum norm, but it
would also be possible to equip the same space with the (pseudo) norm
[l := sgp I li 0" The latter would have the advantage of leading to a separable

topology. Under the condition on 4 used before, all of the required assumptions are
easily checked. The corresponding limit result then takes the form

n igf JF, (x +0) — H(x))*H(dx) g inf f[W(H(x)) + th(x)]*H(dx).
t

The limit distribution again does not depend on the unknown parameter 8. The ex-
pression on the right hand side can be put in a more explicit form, since the function
to be minimized reduces with a change of variable to the quadratic in ¢:

[ wowydy + 2t(f1) WORRE () dy + 12 (}) RIH () dy

whose minimum equals

1 1 1
gWO(V)Zdy“[(f) We)h(H ™ (v)) dylz/{) h[H™ (»))dy.

Approximations to the distribution of such quadratic forms involving the Brownian
bridge W° may be obtained by eigenfunction expansions into a series of weighted non-
central x? variates; the reader is referred to the papers of Darling [1955], Kac/Kiefer/
Wolfowitz [1955], Neuhaus [1973] plus other references given by Neuhaus [1977].
One slight problem has been overlooked so far, viz. the || « {|,’s might only be
pseudonorms. The only difficulty this could cause would be in the argument leading
up to the existence of the constant C. There it was necessary that || (£, D) |l # 0
whenever | £ j= 1 and 0 is near 5. Convexity of the functions ¢ - || {z, D} ||, ensures

however that sup [/ {z, D} “0 — 1<z, D) ”90 |- 0as @ —8,y. Thus it would suffice to
[t1=1

interpret non-singularity of D as meaning that || (£, D) 1 + 0 whenever ¢ # 0. For the
problem at hand, non-singularity in this sense is easily checked. 0
When application of the general result of Theorem 5.3 to any specific problem is

envisaged, it should not prove surprising if special features of that particular problem
should render parts of the general proof redundant. This is indeed the case with app-
lication to the method of minimum x?, where much of the argument in Step III could
be avoided because of finite dimensionality considerations. Nevertheless, the proof as
it stands still compares favourably with other known methods of approach — see for
example Section 2.7 of Witting/Nolle [1970]. What is more, as | shall show in a future
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paper [Pollard, 1979b], the methods developed above lead to a simple analysis for the
problem of x* goodness-of-fit testing (using the maximum likelihood estimator) with
random cells.

5.5 Example

Observations are taken on a multinomial distribution over k cells, where the proba-
bility p; (8 ) of falling into the i-th cell depends on an unknown parameter 8. The set
© of possible values for 4 is a subset of R which contains the true value 4 in its
interior. Arrange p; (0), . . ., px (8) into a column vector F(6). Taking X as R¥ we
thus have our map 6 - F(8) from © into X. For the i-th component of the random
column vector £, take the proportion of the first # observations which fall into cell i.

With each ¢ associate a diagonal matrix A(8) := diag (p, (8),...,p;(8))and a
norm || x fly = (x'A™*(8)x)!/2 on RK. We must of course assume all the p; (8)'s to be
positive. As the norm || « || on X take a multiple of the usual Euclidean norm large
enough so that || « || = | - lly for all § close enough to 6.

The test of goodness-of-fit derived from the method of minimum x? consists of mi-
nimizing the quantity X7 (6) := n [i F,, — F(8) Il over ©. Under appropriate condi-
tions this mimimum has a limiting Xlzc-s-l distribution. The simplest set of conditions
seems to be those used by Birch [1964] for obtaining the limiting distribution of
Xfl (@n), where Qn is an estimator of maximum likelihood type. These conditions are
essentially equivalent to:

(i) for each neighbourhood N of §,

inf || F(8)—F(80) 1> 0;
0anN

(i1) there exists a non-singular k¥ X s matrix D such that
F(8)=F(@o)*+D(B~8o)+0(l0—00) near 8.

Since each of the p,;(0)’s can be not greater than one, it is easy to verify condition a)
of Lemma 5.2. Continuity of each p;(8) would take care of all the assumptions on
el g+ although the result still holds under somewhat weaker assumptions in this case.
The ordinary multivariate form of the central limit theorem ensures that

Vn (F, —F(8,)) 2 Z, where Z has aN(Q, A(8y) — F(80) F(8,)) distribution. From
Theorem 5.3 it follows under these assumptions that

H 2 H —_ 2
lngn ®~ l?f NZ—=Delig .
Standard techniques of multivariate normal distribution theory show that the right

hand side of this last expression has the desired xf(_ 5.1 distribution. O
As evidenced by the need for Lemma 5.2, the global part of the argument for Theo-
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rem 5.3 has a slightly ad hoc flavour to it. This was caused by the possibility of strange
behaviour of the norm || + It for values of § along way from 8. To some extent this
difficulty can be overcome by using a preliminary consistent estimate 4 , of 8y in the
norm |} ¢ IIgn measuring the goodness-of-fit. Such consistent estimates are generally

regarded as being easily obtainable.

5.6 Theorem

Suppose that

(i)  there exists a neighbourhood N’ of 8 such that, for every other neighbourhood ¥

of §,,we have inf inf || F(@)—F(8o) 1, >0;
0aEN g'EN’ -

(iiy Fisnorm differentiable with non-singular derivative D at §g;
(i) G, =vn(F, —F.) ¢

Then for any sequence of estimators {Qn} with ﬁn g.@o,

Vi inf 1E, —F@)l; ¥ infl 6= DI,
sco Yy eRf go

Proof: By almost the same procedure as before we arrive at the stage where

ninf |F —F@)ll; =inf |G —<t, D)ll» +o (1)
\/—Qegu L —F(0) Iin LeRsn . D ”Qn >

This time there are no difficulties about taking the unrestricted infimum on the right
hand side since, with probability tending to one, én belongs to the neighbourhood V¥
of 8¢ in which the inequality || (¢, D} I, = C'| £ | holds forall ¢.

For the analogue of Step III we need to consider the limiting behaviour of (G,, Qn)
as a random element of the space X X R®. Equip this space with the norm
[l (x, @)1l :=max (|l x Il, | 8 |}. Since the o-algebra generated by the balls for this norm
coincides with the product of B, with the Borel g-algebra on R, no problems with
measurability arise. Very slight modifications of the standard argument [Theorem 4.4
of Billingsley] then show that (G, , _§_ ") Q (G, 8o)). Change over to a.s. convergent
versions (G, §,) *3" (G, 8). The rest of the argument is then similar to that of Theo-
rem 5.3. [Theorem 10.8 of Rockafellar, 1972 can be used to demonstrate uniform
convergence on compact £ sets of || G, (w)—<(t, DYl to || G(w) — (¢, D) llg,]

O

The application of this result to the problems of Examples 5.4 and 5.5. is straight-
forward. Further refinements along the same lines are possible, but I don’t wish to
labour this point. For example, for Cramér-von-Mises statistics the squared “random
norm” f[ « 1*F(dx, én) could be replaced by f{ - |*F, (dx) under appropriate cir-
cumstances.

8,(w)
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6. Power of the Tests Under Alternatives

For a test to be considered as a useable procedure, there should at least be some
method for gauging its power under an alternative hypothesis. When treated as an
asymptotic result for tests of the type considered in this paper, this would lead to the
rather uninformative statement to the effect that the power against any fixed alterna-
tive tends to one as the sample size increases. In order to get around this problem it
has become customary to consider not just a fixed alternative, but rather a sequence of
alternatives approaching the null hypothesis at a rate which produces a non-trivial li-
miting value for the power. This then gives some measure of the discriminating power
(against close alternatives) of the proposed test.

In the framework adopted in this paper such an approach can be handled without
changing the basic setting; the effect of certain sequences of alternatives can be com-
pletely specified by modifying the limit in distribution of N (F,, — F(80)). At least
the parametric alternatives of Durbin [1973] fall into this category. To illustrate the
procedure in a setting which incorporates most of the essential features, I return to the
situation considered in Example 2.3.

Instead of supposing that F, denotes the empirical distribution function obtained
by a sample of size n from a fixed P, o> dssume that the underlying distribution actually
depends on the value of n i.e. F,, represents the empirical distribution function from
n independent observations on a probability distribution Q, . The measure A will be
assumed to dominate each of the Q,’s as well as the family {Pe}'

Write L, (¢) for the metric entropy with inclusion obtained by using the class C and
the measure 0, . For ease of notation write P for P . Suppose that there exists
5 € Dy (C, Q) such that

sup [/ [Q,(C)—P(CO)] —8(C) | > 0. (*)
ceC

Then given that F,, has the appropriate measurability properties it can be shown, by
slightly modifying the proof of Dudley [1978], that a sufficient condition for

f[F — = G as random elements of Do (C, A) is

lim lim supr (e)3ge = 0. (**)

a—0 n—oo

For example, the argument given in Section 3, for the case where C consists of all inter-
vals (— o0, x] in R, demonstrates that the uniform convergence in (**) holds for such a
C. The same argument extends to the multivariate case. We therefore have a result
which will apply to the classical multxdlmensmnal empirical distribution functions.

Once we have thatv/n | F,—0,] —> Gp, it follows immediatley from (*) that

D
ValF n P18 + Gp; that is, a drift term has been added to the limit Gaussian pro-
cess. This then appears in the limit distribution for the test statistic under the alter-
natives {Q, }; it is only necessary to replace G P byd +G p to evaluate the limiting
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power under alternatives of this type.

The added drift term in the limit also appears in the work of Neuhaus [1973, 1976a,
1976b] who considered sequences of contiguous alternatives. Some conditions
under which contiguous alternatives may be expressed in the form (*) can be deduced
from the works just cited.

In the one dimensional case, convergence ofﬁ(Fn —Q,,) can also be proved by
more well-known methods. Working with the space D[0,1], Chibisov [1965] obtained
the result by means of the usual representation of an empirical distribution function in
terms of that for uniformly distributed random variables. His method even incorpora-
tes the use of different metrics on D[0,1], metrics which are more sensitive to the
behaviour at 0 and 1.

Finally, to come back to the situation with which we began, notice that a sufficient
condition for (*) can be expressed in terms of the densities 2; = (dQ, /dN). Exactly

the same argument as in Example 2.3 would show that if\/ﬁ[gn —£(04)] converges
in L*(\) norm to A then (*) holds with § (C') := 2 £(0o) Ad\. In particular, if the
e

underlying model can be embedded in a two parameter family P(-; 8, n), with
PQ(~) =P(*;0,7m0), and the densities for this family satisfy the quadratic differentia-
bility condition (as a function two variables 0 and n at (6, no ) then (*) would be ob-

tained by considering 0, (*) := P(*;00.m0 + n'l/zz) for some fixed y. Such sequences of
alternatives were built into the model considered by Durbin [1973]; the end effect
there was also to add a drift term onto the limit Gaussian process.

7. Minimum Distance Estimators

In general the procedures for testing a hypothesis and estimating parameters speci-
fied by the hypothesis often represent complementary aspects of a statistical model.
This is indeed the case for the model considered in this paper: goodness-of-fit can be
tested by the magnitude of a minimized distance, and the parameter can be estimated
by the value of 8 at which the minimum is achieved (or at least where some value
suitably close to the infimum is attained). In the papers of Blackman [1955] and Bolt-
hausen [1977], as well as in the basic work of Wolfowitz (culminating in his 1957
paper), the properties of such minimum distance estimators have been investigated
for a number of cases. In this section a method for obtaining the limiting distribu-
tion for the minimizing value of 8 in the situation of Theorem 4.2 will be described;
the corresponding results for the cases of norms depending on the parameter may be
derived analogously.

The simplest case occurs when the function t = || G — (¢, D) || achieves its minimum
at a unique value of ¢, for almost all sample paths of G. The functional u(+) which as-
sociates with x &€ X a value of t minimizing || x — (¢, D> || will then be G almost surely
continuous; the argument can be based on the convexity of ¢ = || x — (¢, D} || cf. Propo-
sition 3.2 of Bolthausen [1977]. If then 0% is a measurable function for which
I Fn —F(Q;‘l‘) Il = igf I Fn —F(0) Il (an extra op(l/\/ﬁ) term could be added to the
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infimum without changing the result), the same argument as for the proof of Theorem

4.2 can be used to prove that \/E(Q;'; —084) —D> u(G); in Step 11 the functional x ~ p(x)
rather than the infimum functional should be applied. [ The last part of the argument to
Step I would also need some modification but, since a more general result will be des-
cribed below, the details will be omitted.]

A slight complication occurs if the infimum of || G — (¢, D) || need not be achieved
(almost surely) at a unique point. The most that could be asserted in that case would
be that /n n (8 — 8, ) should behave asymptotically like one of these minimizing
values; but thlS falls short of a true limit theorem for \/_(9* — 8,). To overcome
this difficulty I propose considering the entire set of minimizing values, and proving
a limit theorem for this random set.

Define M, := {§ € ©: IIF —-FOIl< 1nf||F F(_)||+n /\/_}where

{n, } denotes some fixed sequence of random variables, with n, = op(l), chosen to
ensure that M, be non-empty. [This avoids the problem of the infimum not being achie-

ved.] The limit result will assert the existence of a sequence of random compact con-
vex sets {K, } which converge in distribution to the minimum set of ¢t >||G —{¢, D |l,
and for which M, C 8, + n'”an with inner probability converging to one. The use
of inner probability seems necessary since there is no guarantee that the set
M, C 0o+ nt! 2Kn} be measurable. The precise description of the random sets
{K,, } requires some preliminary definitions.

The class of all compact, convex, non-empty subsets of R® will be denoted by K.
For each x € X and each § 2 0 define

fo, t) =lx— DI,
m(x) :=inff(x, 1),
t

and

K(x,B) = {1€R*: flx, ) <m(x) +B}.
First observe that both f(-, 1) and m(*) are B, measurable — the infimum may clearly
be replaced by an infimum over a countable dense set of ¢ values. When the derivative
D is non-singular, the function ¢ — f(x, ) becomes unbounded as | ¢ | > o=. It follows
that K (-, 8) defines a map from X into K.

The natural topology on K is that generated by the Hausdorff metric defined by

d(K,,K;):=inf {6 >0:K} 2 K, and K§ DK, }

where K® denotes the closed set of points at distance less than or equal to & from K.
A general reference for this topology is Eggleston’s [1977] book (note that he has
used a slightly different metric).
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7.1 Lemma
For each fixed § > 0, then map x ~ K (x, ) is Bo-Borel measurable.

Proof: Notice that as § { O the sets K (x, §) decrease to K(x, 0), which implies conver-
gence with respect to the Hausdorff metric topology. Thus it suffices to consider only
the case where § > 0. This case is simpler because each K(x, §) then has nonempty
interior.

Since the Hausdorff metric induces a separable topology on K, it suffices to show
that the inverse image of each closed ball in K belongs to By. Now the inverse image of
the closed ball with centre K, and radius » > 0 may be represented as the intersection
of the two sets A, = {x EX: K(x, ) CKi}and 4, := {x €X: Kq CK(x, 8)}. Con-
sider 4, first.

Let T, be a countable dense subset of the complement of K. I assert that
A = ﬁT {x € X: flx, £) > m(x) + B}. That the latter set contains 4 is clear. On

=¥

the other hand suppose that x € A, . Then K% does not contain int K (x, 8), for other-
wise it would also contain K (x, §) which is the closure of its interior. The nonempty
open set int K(x, 8) \ K}, thus contains a point of T, : that is, f(x, £) < m(x) + 8 for
atleast one r € 7.

For the set 4, start with a countable dense subset {¢1, £,, ...} of K, and choose
T, to be a countable dense subset of the closed ball with centre t,, and radius r.
Simple continuity arguments show that

A;= N0 N U xEX:flx, H<m(x)+8+p~ '}
n=1 p=1 tel,
The B, measurability of the functions f(+, ¢) and m(*), together with the countable
nature of the unions and intersections involved in the above representations for A,
and 4, , leads us to the desired conclusion. [

This takes care of any problems regarding measurability which might have arisen

in the proof of the main result of this section.

7.2 Theorem

Under the conditions of Theorem 4.2 there exists a sequence of real number Bn 10
satisfying

(i) PeiM, C 0o +n12K(G, .8}~ 1,

(i) K(G,, B,) 2 K(G, 0) as random elements of K under its Hausdorff metric topology.

Proof: Most of the proof is already contained in Lemma 4.1 and Steps I and 11 of Theo-
rem 4.2; another variant of the continuous mapping theorem will be needed to replace
Step IH and complete the argument. Once again it will suffice to prove a stronger

result (this time convergence in probability) for a version of the process satisfying

a8 = . S . . . .
G, " G. With this in mind, let us ease the notation and omit the bars denoting the
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use of a different version. I take up the proof from midway through Step I of Theo-
rem 4.2.
From the inequality

1
IE, —F@)I=5C10— 8o [~ I F, —F(8o) 1.
valid for § €N, , it follows that (with inner probability tending to one)
M,C 80 +n 7L,

where L :={t € RS:[e <4l G, I+ 2n,)/C}. Define

r, = rSEulI,) VRl F, —F(80 + t/\/n)ll = G, —<t, D) |l |. By the argument in
- ""n

Step 11 this quantity is of order op(l). We can therefore find real numbers v,, 4 0 for

which P {Fn > 7n} - 0.
Also, since n, = op(l), there exist constants 6,40 satisfying

Pin, >8,}-0.
Finally choose constants €, | 0 for which
PG, ~Gll>e,}~>0.

Define §, := max {2y, +6,, 2e, }. To complete the proof we have only to show that:
P

a) K(G,,8,)~>K(G,0);

b)if 1 €L, and 0 +n'/2r €M, and T, <7, and n, <8, then 1 €K(G, B, ).

For the proof of a) first notice that | f(x, ) —~f(y, 1) | <||x —y | forall

x,y € Xand £ €R’, and hence [ m(x) —m(y) | <|l x —y ||. Thus when
I Gn — G|l <en we have

K(G,0) = {£: (G, ) <m(G)}
C{LfG,, H<m(G,) +21IG, —G |}
CK(G,.B,).

On the other hand, for any given o > 0 and sample point w there exists a value

Ao = Ao (w) for which K(G(w), \) € K(G(w), 0)* whenever A < A, [if a decreasing
sequence {K ,} of compact sets has intersection contained in a given open set U then
K, C Ueventually]. Thusif {A } forms a sequence of random variables converging
a.s. to zero it follows (after a measurability argument similar to that for Lemma 7.1)
that

P {K(G, A) CK(G, 00}~ 1.
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Apply this with )\n = Bn + 2 Gn — G || to see that

K(G,.B,) ={t:f(G,,<m(G,)+B,}
C{:fiGn<mG)+4, +211G, — G}
C K(G, 0)* with probability tending to one.

Part a) is thus proven.
For part b) start from the inequality for t &L

1G, —. DI =>Clt1—IG, |
>30G, |
>1G, —0.D

to deduce that

m(G,)= inf |G, —(t, D).
teL,

Then, since Fn < " and n, < 6n ,

m(G,)> inf VI, —F(@ + LNm)ll =7,
—_ ln

>Vl F, ~F@ +1/vmll—8, v,
>1G, — (.00l —v, =8, —7,,

implying that 7 € K(G,,B,). 0

The procedure used to define the constants 8, has the curious feature that it de-
pends on the choice of a particular version of the {Gn}; the rate of convergence in
probability specified by €, need not be the same for all versions. The final assertion
of the theorem, however, must be valid for all versions. This apparent paradox may be
partly explained by results of Strassen [1965] and Dudley [1968] which connect the
€,’s with the rate of convergence to zero of the Prohorov distance between PG,“1 and
PG ™' ; this rate must indeed be the same for all versions.

The result in the case where || G — (¢, D) || achieves its minimum (almost surely) in
a unique point can be recovered from Theorem 7.2 by noticing that, if K, € K and
K, — {t} in the sense of the Hausdorff metric, then ¢, — ¢ for each sequence of
points ¢, €K, . As Bolthausen [1977] has observed however, only in the case of the
L? type norms is it at all easy to verify the condition of uniqueness of minimizing
values.
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8. The Method Based on Direct Estimation of the Parameter

Let us consider once more the other approach to goodness-of-fit testing where the
estimation of § proceeds by a so-called efficient method. As an example start with a
modified version of the situation treated by Durbin [1973, 1976].

The empirical distribution function F,, is based on n independent observations
Xy,...,X, onthe distribution F(-, ). As the space X use D[— o, o] under its
sup norm. The test statistic is derived from the random function
N (F,()—F(, @n )) where § ., Is an estimator having the following form:

Vi@, 8 =n1? £ 200 +0,(0). *)

When E £ (X,) = 0 and the variance matrix var £ (X,) exists the central limit theorem
ensures asymptotic normality of t, = N (Qn — o), and consequently fn = 0p (1).
Under the conditions that G, (*) := Vn [F,(-) = F(-, 85)] converges in distribution
and that 8 - F(+, ) is norm differentiable at 8, the same arguments as for Theo-
rem 4.2 show that

VA ()= F(,8,0) = (G, (1) —(L,, DM | =0,(1).

This time it will be the jAoint distribution of G, and t , Which determines the asympto-
tic behaviour of G T (¢t n’ D). Durbin proved convergence in distribution of this
random function by the standard uniform tightness plus convergence of fidis argument.
As Neuhaus {1976a] later noted, the uniform tightness follows easily from the fact that
both G, () and (f ,D(+) satisfy the usual condition restraining the oscillation of their
sample paths. The Y convergence results from an application of the multidimensional

n
form of the central limit theorem by writing G, (*) = nli2 3 d(X;, *), where
i=1
dX;,)=1_. .](Xi)—F(-,QO), ForG () —(in,Q(-)) then has the asymptotic

form of a normed sum of i.i.d. random functions: n'1/2 ‘)’.1,1 [dX;, ) —
i-
—( (X)), DCP] + 0, ().

Neuhaus [1973] used a similar representation together with a central limit theorem
for sums of i.i.d. Hilbert space valued random elements to prove the corresponding
weak convergence result for the Cramér-von-Mises type statistics.

It is thus apparent that much the same apparatus can be used for both approaches
to constructing goodness-of-fit tests. Only in the last steps of the method do signifi-
cant differences occur; whereas the minimum distance method essentially depends on
variants of the continuous mapping theorem, the method with direct parameter esti-
mation requires an asymptotic form for ] , asin (*) together with a weak form of
central limit theorem for sums of i.i.d. X valued random elements.

The differentiability conditions required for the second method can usually be in-
terpreted as a means for obtaining differentiability in norm. Also hidden in this method
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though are extra (differentiability) requirements needed to justify the form (*) for

) . usually reference is made to the classical conditions of Cramér [1964] for asymp-
totic efficiency of maximum likelihood estimators (see for example the further com-
ments of Durbin [1973] or Csérgd/Burke [1976]). In this respect it is interesting to
note that Le Cam [1970] introduced the quadratic differentiability condition of Ex-
ample 2.3 in his study of conditions needed to prove asymptotic normality of maxi-

mum likelihood estimators.

Perhaps the most interesting problem for either of these two methods remains that
of freeing the limit distribution of the test statistic from dependence on unknown para-
meters. Apart from the procedure mentioned at the end of Example 4.4, the half-sam-
pte device of Durbin [1976] seems the most promising method to date, although it
has been criticised on the grounds that it requires post-sampling randomisation. Maybe
the corresponding problem in the area of the x* goodness-of-fit tests [cf. Chernoff/
Lehmann; Watson] could give some clue to a more satisfactory solution.
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Note added in proof:

Prof. Lucien Le Cam has kindly shown me some old lecture notes of his, dating from the late
fifties, in which he proved results similar to some of those in my paper. He has also derived some
of the properties of minimum distance estimators on pp. 103—107 of his “Théorie Asymptotique
de la Décision Statistique” (University of Montreal Press, 1969).



