Supplement to
“Agnostic Notes on Regression Adjustments to Experimental Data:
Reexamining Freedman’s Critique”
(Proofs of theorems, corollaries, and selected remarks)

Winston Lin*

1. Additional notation and definitions. In the main paper:

e Section 2 defines the basic notation;

e Section 4.2.1 states Conditions 1-3;

e Section 4.2.2 defines the vectors Q, and Q) and the prediction errors a;
and b}, and introduces the o2 and G,y notation for population variances and
covariances;

e Section 5 defines the vector Q and the prediction errors a;* and b;*.

Let s = na/n [as in remark (iii) after Corollary 1.2].
Extend Section 2’s notation for population and group means to cover any scalar,
vector, or matrix expression. For example:

— 1 1 — 1
abA = —Zaibi, ﬁA = 7Zaizi7 Z/ZA = fZZ;Zi.
NA jca NA ica NA icA
Extend Freedman’s (2008b) angle bracket notation to cover all the finite limits
assumed in Condition 2. For example:

n l n
az) = lim — ) a;z; 7z) = lim - ) zz;.
< > nﬁwnizzll” < > n*)wnizzlll
(The second limit exists since it is a submatrix of lim,_.n 'Z'Z.)
Condition 4 (centering) will sometimes be assumed for convenience. The proofs
will explain why this can be done without loss of generality.

CONDITION 4. The population means of the potential outcomes and the co-
variates are zero: a =b=0and z = 0.

Some transformations of the regressors will be useful in the proofs. Define the
pooled-slopes regression estimator of mean potential outcomes, ﬁadj, asthe 2 x 1
vector containing the estimated coefficients on 7; and 1 — 7; from the no-intercept
OLS regression of Y; on 7;, 1 — T}, and z; —Z. Let (A) denote the vector of estimated
coefficients on z; — Z from the same regression.
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The vector Badj is an estimate of 3 = (@, b)’. By well-known invariance proper-
ties of least squares, fﬁadj is the difference between the two elements of Badj.

Similarly, define the separate-slopes regression estimator of mean potential out-
comes, ,é\imeract, as the 2 x 1 vector containing the estimated coefficients on 7; and
1 — T; from the no-intercept OLS regression of Y; on 7;, 1 — T}, z; — Z, and T;(z; — Z).
Then A/ﬁ?interact is the difference between the two elements of Bimeract.

Let (A)a and 6;, denote the vectors of estimated coefficients on z; in the OLS
regressions of ¥; on z; in groups A and B, respectively.

Conditions 1-3 do not rule out the possibility that under some realizations of
random assignment, the regressors are perfectly collinear. The probability of this
event converges to zero by Conditions 2 and 3, so it is irrelevant to the asymp-
totic results. For concreteness, whenever /TT\Eadj cannot be computed because of
collinearity, let A/ﬁadj =Y4—Y5Q=0,and Badj = (Y4,Yp)’; whenever ATEeract
cannot be computed, let ATEieract = Y4 — ¥, Qu = 0, Qp = 0, and Binteract =
(Y4,Y ). Other arbitrary values could be used.

2. Lemmas. Lemma 1 is a finite-population version of the Weak Law of Large
Numbers.

LEMMA 1. Assume Conditions 1-3. The means over group A or group B of
a;, b;, z;, a,-2, bl-z, zfzi, aib;, a;z;, and b;z; converge in probability to the limits of the
population means. For example:

a5 (),

— 1
a2,=—VYa& L (&
Lya 5@,
aby % (ab),
azy, % (az),
77y 5 (7).

PROOF. From basic results on simple random sampling [e.g., Freedman’s (2008b)
Proposition 1], E(as) = a and

ar(as) = c,.
Asn— oo, g — pa >0 and 62 — (a®) — (a)?

inequality, a4 —a 2, 0. Therefore,

, so var(as) — 0. By Chebyshev’s
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The proofs that ¢ 24 5 (a?) and @A 2, (ab) are similar but rely on Condition 1
to show that var(a?,) — 0 and var(ab,) — 0. First note that

2.) —
var(a?y) = 1 Ol
and
Var(abA) = n—1 ﬁA G(ab)'
By Condition 1, 62 ) is bounded:

(a®

c%az) < a* < L.
Therefore, Var(?A) — 0. Next note that G%Q b) is bounded, using the Cauchy—Schwarz
inequality:

L N RN
> 2,2 4 4
G(ab)ggzaibi < <nzai> (n;b,) <L.

Therefore, var(ab,) — 0.
The same logic can be used to show the remaining results. Those involving z;
can be proved element by element. O

LEMMA 2. The pooled-slopes estimator of mean potential outcomes is

~ ~7!

Buti = |Ya— (74 —7)Q,Y5— (Z3—7)Q

PROOF. The residuals from the regression defining Badj are uncorrelated with 7;
and 1 — 7;. Therefore, the regression line passes through the points of means within
groups A and B, and the result follows. O

LEMMA 3. The separate-slopes estimator of mean potential outcomes is
~ " . o~ — = o~ /
Binteract = [YA - (ZA - Z)Qav Yp— (ZB - Z)Qb] .

PROOF. In the regression defining Bimeract, the coefficient on z; — Z is Qb and
the coefficient on T;(z; —z) is Q, — Qp. (This can be shown from the equivalence
of the minimization problems.) The rest of the proof is similar to that of Lemma
2. O
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LEMMA 4. Assume Conditions 1-3. Then 6 2 Q.

PROOF. We can assume Condition 4 without loss of generality: Let 4 be the
estimated coefficient vector from a no-intercept OLS regression of Y; on 7;, 1 — T;
and z; —Z. Let d; = a; —a and b; = b; — b, so that Condition 4 holds for d; and b;. Let
Y, =aT T+ 131-(1 —T;). By a well-known property of OLS [e.g., Freedman’s (2008b)
Lemma A.1], the estimated coefficient vector from a no-intercept OLS regression
of V;on T, 1 — T;, and z; — Z is § — (@, b,0)’, so Q is unchanged. Similarly, Q is
unchanged. Finally, centering z; has no effect on the slope vectors Q and Q.

By the Frisch—-Waugh—Lovell theorem, 6 can be computed from auxiliary re-
gressions: Let

ei = Y=Y T;-Yp(1-T),
f,' = Zi—iATi—iB(l—T[).

Then

Now note that

Therefore,

S| =
I
D
I

—Z z; —7p) (a; —aa) + — Z z; —1g) (bj — bg)

i=1 zeA tEB
= P4 (azA —ﬁAiA)/ + (] — ﬁA>(bZB —EBiB)/
Ly palaz) + (1 —pa)(bz).
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(Convergence to the last expression follows from Lemma 1 and Conditions 3—4.)
It follows that

Q & (2z) ' [paaz)' + (1 pa)(bz)]

-1 -1
n n n n
= pa r}gl; <Z zfz,) Y ziai| +(1—pa) ,}1_1330 (Z zl’~z,~> Y zb;
' =1 i1 '
1

LEMMA 5. Assume Conditions 1-3. Then aa KN Q. and Qb 2 Qy.

PROOF. The proof is similar to that of Lemma 4 but simpler. Again, we can
assume Condition 4 without loss of generality. By the Frisch—Waugh—Lovell theo-
rem,

~ 1 1

-1
Q = Z(Zi—ZA)’(Zi—ZA)] [Z(Zi—ZA)’(ai—aA)-

nA jca nA jca

Some algebra, Lemma 1, and Condition 4 yield

1 __
— Y (2 —74) (2 —Za) = 224 —ZyZn 2, (2'7)
NA ica
and
1
— Z(Z, —iA) (a,‘ —EA) = (ﬁA —aAiA), — (az>'
nA ica
SO
Q 2 (Z2) " (az)
n —1 n
_ : /. /o] —
= nh_r}r.}o ;zlz, l;zla, Q..
The proof that 61, LN Qy is similar. ]

Lemma 6 is similar to part of Freedman’s (2008b) Theorem 2.
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LEMMA 6. Assume Conditions 1-3. Then

V(Bagi — B) <4 N(O,V)

where
1—pa 1; 2 :
v o limy, 0o O — liMy 00 Ot e
= 1 PA 13 2
limy, 0 O+ o = pn lim,, o G-

PROOF. We can assume Condition 4 without loss of generality: Centering a;, b;,
and z; has no effegt on Q and Q, as shown in the proof of Lemma 4, so it subtracts
(a,b)’ from both B,4j (see Lemma 2) and 3, and it has no effect on the elements of
V.

Condition 4 and Lemma 2 imply that
\/ﬁ(éadj —B8) = Vn(Ya—7Q,Y5—73Q)
= Vn(ax —21Q,b5 —75Q)" — [vnza(Q — Q), vnz(Q - Q)]'.

By a finite-population Central Limit Theorem [Freedman’s (2008b) Theorem 1],

v/nzs and \/nzp are O, (1), and by Lemma 4, Q — Q is 0,,(1). Therefore,
[Viiz4(Q - Q), Viizs(Q - Q)] & .

The conclusion follows from Freedman’s (2008b) Theorem 1 with a and b re-

placed by a —zQ and b — zQ. O

Lemma 7 is an application of the Weak Law of Large Numbers (Lemma 1).

LEMMA 7. Assume Conditions 1-3. Let 0 be any K x 1 vector that is constant
as n — oo, Then

n

iZ:(ai—i—zlﬂ)z LS lile(ai—i—ziO)Z,

A ica e NS
1 2 op Ly 2
Y (bi+20)> = lim =) (bi+26)".
N—NA icp e NS
PRrROOF. Using Lemma 1,
1 — _
— Z(ai-i-ZiQ)Z = a4 +2ﬁA0+0’z’zA0

nA ica
Ly (a®) +2(az)0+ 6 (2'2)6

n

1
= lim - Z(a,-—FZ,H)Z.

n—oo 4
i=1

The proof of the other assertion is analogous. O
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Lemma 8 shows that the sandwich variance estimator for ATE),g; is invariant to
the transformation of the regressors that was used to define 3,g;.

LEMMA 8. Let

I
—_

W= (X% (Z éfigii> (X'%)"!

where X is the n x (K +2) matrix with row i equal to %; = (T;,1 — T;,z; —Z) and
é; is the residual from the no-intercept OLS regression of Y; on X;. Then Vadj =
Wii + Wa — 2Wio, where Wjj is the (i, j) element of W.

PROOF. By definition, V,q; is the (2,2) element of

-

I
—_

(X'X) " 'X'diag(&2,...,8)X(X'X)"! = (X’X)—1< é%x;x,) (X'X)"!

1

where X is the n x (K 4 2) matrix whose ith row is x; = (1,7;,2;) and §; is the
residual from the OLS regression of ¥; on x;.

The OLS residuals are invariant to the linear transformation of regressors, so
é; =8 fori=1,2,...,n. Also, X = XRS where

[M 0 [L L
k=0 o) os=lh k)

-1 _
1 1 0 1 Z
Rl ) i e IR
Note that R is symmetric but S is not, and

s o 8]

and

0 Iy
Therefore,
(X'X)"'X'diag(3,...,8)X(X'X)"! = ST'R'WRI(S7!Y.
The (2, 2) element is Wi + Wy, —2Wj5. ]

Lemma 9 is important for the proof of Theorem 2.
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LEMMA 9. Assume Conditions 1-4. Let é; denote the residual from the no-
intercept OLS regression of Y; on T;, 1 —T;, and z;. Then

Z é; — lim Gb**,

— Z é; — lim o> pren
n—yoo n— nA icB n—yoo

na i€A
d -1 52, -1 ) 520, d —1yn 220! . ll 1
and n= Yea €;z;, N Ycpéiz, and n” Y é;ziz; are all O,(1).

PROOF. Let Eadj( and Badj denote the estimated coefficients on 7; and 1 —
respectively. Then

~

e = Yi_/B\ddj T_dej ( )_ZZQ
= Til(ai —2:Q) — Bagny] + (1 - T)[(bi — 2:Q) — Bugi(2)]
= Ti[ai‘*—zi(Q—Q) Bagi(ny] + (1 = T)[0}* —2:(Q — Q) — Bugi(a)]-

Therefore,
L - **—Z Q Q R . 2
na 1§4 ns 1§4 l ) Bad](l)]
= S1+5+S53—254—255—28¢
where

Sl — 72 **

na i€A
$: = (Q-Q'7z(Q-Q),
Sy = B2,
adj(1)
Sy = a’’z;
S5 = Badj(l)a**A,

Se = Pagj1)Z4(Q—Q).
S LN lim,, e Ga** by Lemma 7 and Condition 4.

The other terms are all 0, (1):

e 5 —> 0 because (A) =Q (by Lemma 4) and 'z, 2 (z'z) (by Lemma 1).
* 53 2y 0 because Badj 5a=0 (by Condition 4 and Lemma 6).
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P
e S4 — 0 because
1 w1 "
—Y a'z, = —) (ai—Qz)z
NA jca NA ica

(by Lemma 1) and Q LN Q.

p
%

(az) — Q' (2'z)

e S5 0 because a4 2> (a) — (z)Q = 0 (by Lemma 1 and Condition 4) and

e S¢ 2 0 because Zy 2 0 (by Lemma 1 and Condition 4), Badj(l) 2,0, and

Badj(1) 5 0.
Q%a.
Therefore,
1 R
—ye
NA ica
Similarly,
1
e
n—np ZGZB

Now note that

—1\" 2
n Zeiz,-

icA

where
R,
R,

R;

Ry

Rs
Rg

2 lim G2...
n—soo

2 P
7 5 lim oy

n—soo

1 PR
=Y lai — 2:Q — Bugj1) i

nica

R1 —I—Rg —|—R3—2R4—2R5 —2R6

PaBadj(1)a24,

PaBaaj(1)Q'Z24.

R3, Rs, and Rg are 0,(1) because Badj(l) 20,24 2 0, and Pa, GZp, 7'74, and (A)
converge to finite limits (by Condition 3, Lemma 1, and Lemma 4).
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Ri, Ry, and Ry are 0p(1), by Condition 1, Lemma 4, and repeated application
of the Cauchy—Schwarz inequality. For example, for k = 1,...,K, the kth element
of Ry is

2 K K [ 1
" Z (ZZUQ]> ik = Z Z (Q]QZ Zzljzlfztk>
j=1i=1

" ica i€A

Qj and Qg are Op(1), and n! Y ica Zijziezik is O(1):

1/2 1/2

1y 1, 1,

< =Y laijllziezal < | =) 75 =Y @
=y ni3 i3 iz
1/4 1/4 1 1/4

Lo N e N e N e Y
< Z;sz ;Lzl ;L;Ziz ;;Zik
< L3

Therefore, Ry is O, (1).
Thus, n! Yjes é22;is O,(1). The proofs forn ™'Y,z é2z; and n= ' Y1 é27)z; are
similar. t

3. Proof of Theorem 1. We can assume Condition 4 without loss of general-
ity, by an argument similar to that given in the proof of Lemma 6. Then ATE = 0,
and by Lemma 3 and Condition 4,

\/;I(A/T\Einteract _ATE) = \/ﬁ[(aA o iAQa) - (EB _iBQhﬂ
= Vil(@ ~24Qu) — (bs —~75Q)] -
VZa(Qu — Qu) + vVnZp(Qp — Qp).

By a finite-population Central Limit Theorem [Freedman’s (2008b) Theorem
1, \/nz4 and sz are O,(1), and by Lemma 5, Q, — Q, and Q, — Qp are 0,(1).
Therefore \sz(Qa Q,) and sz(Qb —Qp) are 0, (1).

The conclusion follows from Freedman’s (2008b) Theorem 1 with a and b re-
placed by a —zQ, and b — zQj.

4. Proof of Corollary 1.1. We can assume Condition 4 without loss of gen-
erality: Centerlng a;, b;, and z; has no effect on ATEmteract ATE, ATEunadJ —ATE,

Qu, Qp, or GE~
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Note that:

limo2. = lim lzn:(a- —2,Q,)°
Praronl a* nﬁ“’nizl 1 iNa

= (@*)~(az)(z'z)” (az)’,
limos, = (b?) —(bz)(z'z) ' (bz),
n—soo

1 n
lim oy pr = lim =) (a; —2:Qu) (b — 2:Qp)

n—yoo n—veo 1 1=

= (ab) — (az)Qy — (b2)Qu +Q,(2'2) Qs
= (ab) — (az)(z'z) " (bz)".

By Freedman’s (2008b) Theorem 1,

—

avar(y/n[ATEunagj —ATE]) = avar(y/n[as — bg])
1 —pa

2 PA 2

= —{a*)+—"—(b")+2{ab).

PG () 2ab)
Let

A = avar(y/n[ATEupqj — ATE]) — avar(yv/n[ATEiperact — ATE]).
Then

1_
A = PA (a2) (d/2) " (az) + LA (ba)(2'2) " (ba)' + 2{az)('z) " (bz)’
DA 1 —pa
1 / / : 2
= ——F YAV A :7111116 >0.

The matrix (z'z) is positive definite, so A/n = 0 if and only if Q¢ = 0.

5. Proof of remark (iv) after Corollary 1.1. Suppose there are three treat-
ment groups, A, B, and C, with associated dummy variables U;, V;, and W; and
potential outcomes a;, b;, and c;. Let ATE = a — b, and let ﬁimeract be the dif-
ference between the estimated coefficients on U; and V; in the no-intercept OLS
regression of Y; on U;, V;, W, z; — Z, U;(z; — Z), and W;(z; — Z).

Assume the three groups are of fixed sizes ny, ng, and n — ng — ng. Assume
regularity conditions analogous to Conditions 1-3: for example, nq/n — p4 and
ng/n — pg, where py > 0, pg > 0, and ps + pp < 1. Without loss of generality,
assume Condition 4.

Then \/ﬁ(ﬁimeraa —ATE) converges in distribution to a Gaussian random vari-
able with mean O and variance

12PA fim 02+ 1228 i 62, 42 1im o
pa  noe pp noe n—soo ’
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The proof is essentially the same as that of Theorem 1.
Let ATEynagj = Y4 — Y. By Freedman’s (2008b) Theorem 1, the asymptotic

variance of \/ﬁ(A/ﬁ?unadj —ATE) is

L= pa <az>+—1 “PB 2y 1 2 (ab).

PA PB
Let
A = avar(y/n[ATEungj — ATE]) — avar(y/n[ATEiperac — ATE]).
Then
A = 1=pa (az)(2'z) ' az)' + 1=ps (bz)(2'z) "' (bz)' +2(az)(z'z) " (bz)’
PA pPB
= 1=pa az){7'z) Yaz)' pA 2)(7'z) " Y (bz) az)(7'z) " (bz)
Y (az)(z'z)” >+1_pA<b>< )~ (bz) +2(az)(z'z)” " (bz) +
l_pB_ PA (72 (b
(o ) ) o

1 . 1 —pp PA ) o
= —— limo2+ — 77)Qy,
pA(l_pA)"A)W E ( DB l_pA Qb< >Qb

where E; = (z; —Z)Qg and Qg = (1 — pa) Q. + paQp.

Similarly,

1 . l—pa  pB ) '
A = 11m(52+< — Q. (Z2)Q,,
pe(1—pp)noe © PA 1—ps «{22)Qa

where F; = (z; —z)Qr and Qr = ppQu+ (1 — p5)Qs.
The condition p4 + pp < 1 implies

1— 1—
PB DA >0, pa DB > 0.
PB 1 —pa PA 1—pg

Also, (z'z) is positive definite. Therefore, A > 0, and the inequality is strict unless

Q,=0and Q, =0.
The proof extends to designs with more than three treatment groups.
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6. Proof of Corollary 1.2. Again, we can assume Condition 4 without loss of
generality. By Lemma 6,

— 1—
avar(\/n[ATE,q — ATE]) = LA fi ol + PA_ fim Gre +2 lim Gy s
PA n—o — PA n—oo n—yoo
1—
= @)+ Qn)Q - 20 (ar)']

1
2[{ab) + Q' (2'2)Q — Q'{az)’ — Q' (bz)’]

P [07) 4+ Q (2)Q - 2! ) +
pA

_ L=pa o PA_ 2 u
= ( )+1_pA(b>+2< b) +
1 e 2 / ! 2 / !
mQ (22)Q— ITAQ (az)' — I—PAQ (bz)".
Let
A = avar(v/n [fﬁadj — ATE)) — avar(v/n[ATEineract — ATE]).
Then
1 !/ 2 / !/ / !/
A = 7pA(1—pA)Q<ZZ>Q_p7Q (az) —1_pAQ<bZ> +
L2PA oy 2y (a) + LA (b (') (b2 + 2z (2'2) (b2
PA 1 —pa
= pa_ o 1opa az)(z'z) " az)' + (bz)(2'z) "' (bz) —2(az)(z'z) " (bz)’
({22 ) (sl + ) ) o) 2 )
_ (2PA*1)2 _ 7'z .
= 7pA(l—pA)(Qa Qy) (22)(Qa— Qy)
= Mlimcgzo.

PA(1 = pa) n—e

7. Outline of proof of remark (iii) after Corollary 1.2. Without loss of gen-
erality, assume Condition 4. From the proof of Theorem 1,

\/ﬁA/\TEinteract = \/ﬁ[(EA _iAQa) - (EB _2BQb)} +0p(1)'

By Condition 4, pszs + (1 — pa)zg = 0. Therefore, z4 = (1 — p4)(z4 —Zp) and
Zp = —pa (iA — iB). It follows that

ﬁminteract = \/E{EA _EB - (2A _iB)[(l - PA)Qa +PAQb]} +0p(1)-
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Now let A/]%tyramy and (A)tyranny be the estimated coefficients on 7; and z; from a
weighted least squares regression of ¥; on 7; and z;, with weights
1—5 ~
w; = N Pa T+ PA~ (1
Pa 1 —pa

).

It can be shown that (A)tyranny LN (1 — pa)Qu + paQp. The proof is similar to that
of Lemma 4, after noting that weighted least squares is equivalent to OLS with all
data values (including the constant) multiplied by /w;.

It follows that

\/E/TT\Etyramy = n{ay—bp—(za —Zp)[(1 — pa)Qu+ paQs)} +0,(1).

The proof is similar to arguments in the proofs of Lemmas 2 and 6.
Therefore, \/ﬁ (ATEtyranny _ATEinteract) £> 0.

8. Proof of Theorem 2. We can assume Condition 4 without loss of general-

ity, by arguments similar to those given in the proofs of Lemmas 4, 6, and 8.
By Lemma 8, nv,qj = M1y + My —2M>, where

n
Y é%i;i,) (n1X'X)7 L.

Using Condition 4,

where

Pa 0 DaZa
Cc— |, b= ]
[ 0 1—pa ] [ (1—pa)zp }

By Conditions 2-4 and Lemma 1, p4 — pa, Za LN 0,25 LN 0, and (z'z) is invertible.
Therefore,

n'XX)"! 4 [

where
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Also,
i = [I(-;J’ ZI;-]’
iZi

where

o=|5  Sn ) om0 ]
So

n
nfllg{éizi?f(i = [ff n_IZ?Llé,'ZZ;Zi:|7

where
K = [ " Liead] 0 ] _ [ Pany' Yica 0

0 n Vil 0 (1= pa)(n—na) "' Liesé? |’

—1 2
N Yica €7z

L = _ . .
[ n IZieBezZZi ]

By Lemma 9 and Condition 3, L and n~ ' Y, é?z/z; are O,(1), and

K 2 | pa 1imy, 0 024 0
0 (1—pa)limy0p |

The above results imply that the upper-left 2 x 2 block of M converges in prob-
ability to

1/pa 0 ] [pAlim,HooGZ** 0 } [ 1/pa 0 }
0 1/(1—pa) 0 (1= pa)lim, 0., 0 1/(1—pa)
[ pyttim, .62 0
N 0 (1= pa)~Mim, 0003
Thus,
1
pa n—ee L — pg n—e
Lemma 6 implies
ATE.+ _ o lepa o pA .
avar(y/n[ATE,qj — ATE]) = lim G5 + lim G + 2 1im G e
pa  n—e 1 — pp n—oee n—yoo ’
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—

Let A = plim nv,q; — avar(y/n[ATE,q; — ATE]). Then

A = lim G2 + lim 3. — 2 lim Gy s
n—oo n—yoo n—yoo
: 2 : 2
= Kk xx) — > .
A0 O —p) = 10 O p) 2 0

The proof for nVineract is similar.
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