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MMSE Dimension
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Abstract—If N is standard Gaussian, the minimum mean-
square error (MMSE) of estimating a random variable X based
on v/snrX 4+ IN vanishes at least as fast as $ as snr — oo. We
define the MMSE dimension of X as the limit as snr — oo of the
product of snr and the MMSE. MMSE dimension is also shown
to be the asymptotic ratio of nonlinear MMSE to linear MMSE.
For discrete, absolutely continuous or mixed distribution we show
that MMSE dimension equals Rényi’s information dimension.
However, for a class of self-similar singular X (e.g., Cantor dis-
tribution), we show that the product of snr and MMSE oscillates
around information dimension periodically in snr (dB). We also
show that these results extend considerably beyond Gaussian noise
under various technical conditions.

Index Terms—Additive noise, Bayesian statistics, Gaussian
noise, high-SNR asymptotics, minimum mean-square error
(MMSE), mutual information, non-Gaussian noise, Rényi infor-
mation dimension.

1. INTRODUCTION
A. Basic Setup

HE minimum mean square error (MMSE) plays a pivotal
T role in estimation theory and Bayesian statistics. Due to
the lack of closed-form expressions for posterior distributions
and conditional expectations, exact MMSE formulae are scarce.
Asymptotic analysis is more tractable and sheds important in-
sights about how the fundamental estimation-theoretic limits de-
pend on the input and noise statistics. The theme of this paper is
the high-SNR scaling law of MMSE of estimating X based on
V/snrX + N when N is independent of X .

The MMSE of estimating X based on Y is denoted by!

mmse(X |Y) = ir}f[E [(X = f(V))?] (1)

E[(X—E[X|Y])2]=E[ar(X |Y)], ()
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IThroughout the paper, the probability space (£, F,P) is fixed. For p >
1, L?(£2) denotes the collection of all random variables defined on (2, F, P)
with finite p*" moments. L>({2) denotes the collection of all almost surely
(a.s.) bounded random variables. fx denotes the density of a random variable X
whose distribution is absolutely continuous with respect to Lebesgue measure.
1t L v denotes that ¢« and 7 are mutually singular, i.e., there exists a measurable
set F such that u(E) = 1 and #(E) = 0. Ng denotes a standard normal
random variable. For brevity, natural logarithms are adopted and information
units are nats.

where the infimum in (1) is over all Borel measurable f. When
Y is related to X through an additive-noise channel with gain

Vsnr, ie.,
YV =snrX + N 3)
where N is independent of X, we denote
mmse(X, N,snr) = mmse(X |/snrX + N), 4)

and, in particular, when the noise is Gaussian, we simplify

mmse(X, snr) = mmse(X, Ng, snr). 5)

B. Main Contributions

Before defining MMSE dimension, note that

1

0 < mmse(X,snr) <
snr

) Q)

where the rightmost side is the mean-square error attained by

the linear estimator f(y) = \/ZF Therefore? as snr — oo,

mmse( X, snr) = O <L> @)
snr
Seeking a finer characterization, we are interested in the exact
scaling constant in (7), which depends on the distribution X
only. To this end, we define the lower and upper MMSE dimen-
sion of X as

Z (X) = liminfsnr - mmse(X,snr), 8)
snr—oo

Z (X)) = limsup snr - mmse(X, snr). )
Shr— oo

When they coincide, the common value is denoted by Z (X),
called the MMSE dimension of X. This information mea-
sure governs the high-SNR scaling law of mmse(X, snr) and
sharpens (7) to

7 (X 1
mmse(X, snr) = 7 (X) +o0 (—) (10)

snr snr
We use the following asymptotic notations: f(x) = O(g(x))
if imsup L&« oo f(2) = Qg(x) if g(z) = O(f(x)),

@)

flx) = (;)(gg(.r)) if f(x) = O(g(x)) and f(x) = Q(g(z)). f(x) = o(g(x))
if lim % =0, f(z) = w(g(x))if g(z) = o(f(2)).
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As we show in Section II-B, MMSE dimension also character-
izes the high-SNR suboptimality of linear estimation.

The MMSE dimension is closely related to the information
dimension defined by Rényi in [2]:

Definition 1 (Information Dimension): Let X be a
real-valued random variable. Denote for a positive integer
m the quantized version of X :

[mX]
<X> =

m m

(1)

where |2 | denotes the largest integer not exceeding z. Define

d(X) = liminf M (12)
m— oo ogm
and
d(X) = limsup M, (13)
m—oo  logm

called lower and upper information dimensions of X respec-
tively, where H(Z) denotes the entropy of a discrete random
variable Z. If d(X) = d(X), the common value is called the
information dimension of X, denoted by d(X).

Information dimension has many applications, for example,
in lossless analog compression [3], quantization [4], rate-dis-
tortion theory [5] and fractal geometry [6]. Based on the inte-
gral relationship between the MMSE and mutual information
in Gaussian channels [7] and the high-SNR behavior of mutual
information [8], we show that the information dimensions are
sandwiched between the MMSE dimensions

2(X) < d(X) < d(X) < 7 (X). (14)
If X is discrete, absolutely continuous or a mixture thereof, we
show that (14) holds with equalities, that is, the MMSE dimen-
sion coincides with the information dimension. In view of the
fact that information dimensions of discrete and absolutely con-
tinuous distributions are zero and one respectively [2, Th. 1 and

3], this implies that

1 1
mmse(X,snr) = — + o <—> (15)
snr snr
if X has an absolutely continuous distribution, and
1
mmse(X,snr) = o (—) (16)
snr

if X has a discrete distribution (even if it takes values on a dense
subset of the real line).

We define the conditional MMSE dimension & (X |U) as
the average over Py of the MMSE dimension of Py |-, , and
show that

7(X) 27 (X|U), (17
with equality if U is a discrete random variable.

If X has a singular distribution, (14) does not hold with equal-
ities. In fact, for self-similar inputs (e.g., the Cantor distribution
[6]), we prove that the MMSE dimension does not exist; the
function snr - mmse(X, snr) fluctuates periodically in snr (dB)
around the information dimension. This periodicity originates
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from the self-similarity of the input distribution, and the period
can be computed exactly.

C. Connections to Asymptotic Statistics

The high-SNR behavior of mmse(X, snr) is equivalent to the
behavior of quadratic Bayesian risk for the Gaussian location
model in the large sample limit, where Px is the prior distribu-
tion and the sample size n plays the role of snr. To see this,
let {N; : i € N} be a sequence of i.i.d. standard Gaussian
random variables independent of X and denote ¥; = X + N;
and Y" = (Y1,...,Y,). By the sufficiency of sample mean

Y = L5 | Y; in Gaussian location models, we have

T n

mmse(X|Y"™) = mmse(X |Y) = mmse(X,n), (18)
where the right-hand side is the function mmse(X, -) defined in
(5) evaluated at n. Therefore as sample size grows, the Bayesian
risk of estimating X vanishes as O(1) with the scaling constant
given by the MMSE dimension of the prior3

Z (X)= lim nmmse(X |Y™).

n—oo

19)

The asymptotic expansion of mmse(X | Y™) has been studied
in [9]-[11] for absolutely continuous priors and general models
where X and Y are not necessarily related by additive Gaussian
noise. Further comparison to our results is given in Section IV-C.

D. Related Work

The low-SNR asymptotics of mmse(X,snr) has been
studied extensively in [7] and [12]. In particular, it is shown
in [12, Proposition 7] that if all moments of X are finite, then
mmse( X, -) is smooth on R and admits a Taylor expansion at
snr = 0 up to arbitrarily high order. For example, if E[X] = 0
and E[X?] = 1, then as snr — 0,

2
mmse(X,snr) =1 —snr+ (2 — (IEX?’)Q)SnTr—

snr?
(15 — 12(EX?)?2 -6 EX* + (EX?)?) + O(snr?).

6
(20)
However, the asymptotics in the high-SNR regime remain un-
derexplored in the literature. In [7, p. 1268] it is pointed out
that the high-SNR behavior depends on the input distribution:
For example, for binary X, mmse( X, snr) decays exponentially,
while for standard Gaussian X, mmse(X,snr) = L. Un-
like the low-SNR regime, the high-SNR behavior is consid-
erably more complicated, as it depends on the measure-theo-
retical structure of the input distribution rather than moments.
On the other hand, it can be shown that the high-SNR asymp-
totics of MMSE is equivalent to the low-SNR asymptotics when
the input and noise distributions are switched. As we show in
Section II-D, this simple observation yields new low-SNR re-

sults for Gaussian input contaminated by non-Gaussian noise.

3In view of Lemma 1 in Section V, the limit of (19) is unchanged even if n
takes non-integer values.
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The asymptotic behavior of Fisher’s information (closely re-
lated to MMSE when N is Gaussian) is conjectured in [8, p.
755] to satisfy

lim J(vsnrX + Ng) = 1 — d(X).

Shr—oo

21

As a corollary to our results, we prove this conjecture when
X has no singular components. The Cantor distribution gives
a counterexample to the general conjecture (Section V-A).
Other than our scalar Bayesian setup, the weak-noise asymp-
totics of optimal estimation/filtering error has been studied
in various regimes in statistics. One example is filtering a
deterministic signal observed in weak additive white Gaussian
noise (AWGN): Pinsker’s theorem ([13], [14]) establishes the
exact asymptotics of the optimal minimax square error when
the signal belongs to a Sobolev class with finite duration. For
AWGN channels and stationary Markov input processes that
satisfy a stochastic differential equation, it is shown in [15,
p. 372] that, under certain regularity conditions, the filtering

MMSE decays as O( \/i?)

E. Organization

Section II states the main definitions, as well as connec-
tions to linear estimation, Fisher information, and low-SNR
asymptotics of MMSE. Section III gives an overview of Rényi
information dimension and its applications in Shannon theory.
The relationship between MMSE dimension and information
dimension is shown. Section IV gives results on (conditional)
MMSE dimension for various input distributions. Results about
non-Gaussian noise and second-order expansion involving
Fisher information are also presented. Asymptotic tightness
of the Bayesian Cramer-Rao bound is discussed. Based on
discrete approximation and regularity of the MMSE functional
[16], some numerical experiments are shown in Section V.
Section VI concludes the paper with remarks about future
work. Technical proofs are relegated to the appendix.

II. MMSE DIMENSION

In this section we define the (conditional) MMSE dimension
formally. We focus particular attention on the case of Gaussian
noise.

A. Definitions

Let X, U, N be random variables with 0 < var/N < oo and
N independent of { X, U}. Define

mmse(X, N,snr|U) = E[(X — E[X |/snrX + N,U])?].

(22)
We first note the following general inequality:*
varN
0 < mmse(X, N,snr|U) < . (23)
snr
4We do not impose the constraint of varN = 1. Therefore > is a dimen-

sionless ratio that takes the role of snr in the original notation of [7, (3)], where
N is assumed to be standard Gaussian.
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where the rightmost side can be achieved using the affine esti-

mator f(y) = y\—/gvl Therefore as snr — oo, it holds that
1
mmse(X, N, snr|[U) =0 [ — . (24)
snr

We are interested in the exact scaling constant, which depends
on the distribution of X, U and N. To this end, we introduce the
following notion:

Definition 2: Define the upper and lower MMSE dimension
of the pair (X, N) as follows:

snr - mmse(X, N, snr)

PO
Z (X,N) liﬁlfip — , (25
: X,N
Z (X, N) = liminf 2 mmse(X, N.snr) )
snr— oo varN

If §(X ,N) = Z(X,N), the common value is denoted by
Z (X, N), called the MMSE dimension of (X, N). In particular,

when N is Gaussian, we denote these limits by 7 (X), Z (X),
and Z (X)), called the upper, lower, and MMSE dimension of
X respectively.

Replacing mmse(X, N,snr) by mmse(X, N,snr|U), the
conditional MMSE dimension of (X, N) given U can be de-
fined similarly, denoted by Z (X, N |U),Z (X, N |U), and
Z (X, N |U) respectively. When N is Gaussian, we denote

them by Z (X |U),Z (X |U), and Z (X |U), called the
upper, lower, and conditional MMSE dimension of X given U
respectively.

The following proposition is a simple consequence of (23):

Theorem 1:

0<Z(XN|U)SZ (X, NU)<1. @)
The next proposition shows that MMSE dimension is in-
variant to translations and positive scaling of input and noise.

Theorem 2: For any «, 3,7,7n € R, if either

e af >0
or

* «aff # 0 and either X or N has a symmetric distribution,
then

Z(X,N)=Z (aX +,BN +mn), (28)
7 (X,N)=Z (aX +7,5N +1n). (29)
Proof: Appendix A. [ |

B. Linear MMSE

MMSE dimension characterizes the gain achievable by non-
linear estimation over linear estimation in the high-SNR regime.
To see this, define the linear MMSE (LMMSE) as

Immse(X |Y) = min E[(aY +b— X)?].

(30)
a,beR
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WhenY = /snrX+ N, direct optimization over a and b reveals
that the best parameters are given by

v/snrvarX

b= Y T 1
“ snrvarX +varN'’ S
- E[X]varN — \/snrE[N]varX (32)
n snrvarX + varN '
Hence

Immse(X, N,snr) £ Immse(X | /snrX + N)  (33)

varNvarX
= - 34
snrvarX + varN (34

N 1
=87 4, <—> (35)

snr snr

as snr — 00. As long as var[N < oo, the above analysis holds
for any input X evenifvarX = oo, in which case (34) simplifies
to Immse(X |/snrX + N) = 22 In view of Definition 2, (35)
gives a more general definition of MMSE dimension:

. mmse(X, N,snr)
lim
snr—oo Immse(X, NV, snr)

7 (X,N) =

; (36)

which can be easily generalized to random vectors or processes.

C. Asymptotics of Fisher Information

In the special case of Gaussian noise it is interesting to draw
conclusions on the asymptotic behavior of Fisher’s information
based on our results. Recall that the Fisher information (with
respect to the location parameter) of a random variable Z is
defined as: [17, Definition 4.1]

J(Z) =sup{|[E[Y/(Z)]]” : p € C'LEW*(Z)] =1}  (37)
where C'! denotes the collection of all continuously differen-
tiable functions. When Z gas an absolutely continuous density
fz.wehave J(Z) = [ L2 Otherwise, J(Z) = cc.

In view of the representation of MMSE by the Fisher infor-

mation of the channel output with additive Gaussian noise [18,
(1.3.4)], [7, (58)]

snr-mmse(X,snr) =1 — J(y/snrX + Ng) (38)
and J(aZ) = a=2J(Z), letting ¢ = # yields
mmse(X, e 2) = % — e*J(X + eNg). (39)

By the lower semicontinuity of Fisher information [17, p. 79],
when the distribution of X is not absolutely continuous, J(X +
€N¢) diverges as € vanishes, but no faster than
J(X +eNg) < 2, (40)
because of (39). Similarly to the MMSE dimension, we can de-
fine the Fisher dimension of a random variable X as follows:

7 (X) = limsupe® - J(X + eNg), 1)
€l0
S (X) = 1iml inf ¢ - J(X + eNg). (42)
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Equation (39) shows Fisher dimension and MMSE dimension
are complementary of each other:

J (042X = F (0+7(X) =1 @)
In [8, p.755] it is conjectured that
£(X):1—J(X) (44)
or equivalently
7 (X) = d(X) (45)

According to Theorem 5, this holds for distributions without
singular components but not in general. Counterexamples can
be found for singular X. See Section IV-E for more details.

D. Duality to Low-SNR Asymptotics
Note that

snr - mmse(X, N, snr) = mmse(y/snrX | /snrX + N)

(46)
=mmse(N |[/snrX + N)  (47)
= mmse(N, X,snr 1), (48)

which gives an equivalent definition of the MMSE dimension:

72 (X,N)= leiﬁ} mmse(N, X, €). (49)

This reveals an interesting duality: the high-SNR MMSE
scaling constant is equal to the low-SNR limit of MMSE
when the roles of input and noise are switched. Restricted to
the Gaussian channel, it amounts to studying the asymptotic
MMSE of estimating a Gaussian random variable contaminated
with strong noise with an arbitrary distribution. On the other
end of the spectrum, the asymptotic expansion of the MMSE
of an arbitrary random variable contaminated with strong
Gaussian noise is studied in [12, Sec. V.A]. The asymptotics
of other information measures have also been studied: For
example, the asymptotic Fisher information of Gaussian (or
other continuous) random variables under weak arbitrary noise
was investigated in [19]. The asymptotics of non-Gaussianness
in this regime is studied in [20, Th. 1]. The second-order
asymptotics of mutual information under strong Gaussian
noise is studied in [21, Sec. IV].

Unlike mmse(X,snr) which is monotonically decreasing
with snr, mmse(Ng | v/snrX + Ng) may be increasing in snr
(Gaussian X)), decreasing (binary-valued X) or oscillatory
(Cantor X)) in the high-SNR regime (see Fig. 3). In those cases
in which snr — mmse(Ng | v/snrX + Ng) is monotone, MMSE
dimension and information dimension exist and coincide, in
view of (49) and Theorem 8.

E. Noise With Infinite Variance

Although most of our focus is on square integrable random
variables, the functional mmse(X, N,snr) can be defined for
infinite-variance noise. Consider X € L*(Q) but N ¢ L?().
Then mmse( X, N, snr) is still finite but (25) and (26) cease to
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make sense. Hence the scaling law in (24) could fail. It is in-
structive to consider the following example:

Example 1: Let X be uniformly distributed in [0, 1] and N
have the following density:

a—1

fao(z) = 1oy, 1<a<s. (50)

ZOL

Then [ENC% = o00. As « decreases, the tail of N, becomes
heavier and accordingly mmse(X, N,, snr) decays slower. For
instance, for « = 2 and o = 3 we obtain (see Appendix B)

3 2 1 1 2 1
mmse(X,Na,snr)= 17 _ o8 snr+® og snr 7
18 /snr  dsnr snr
(D
1 2(2+1og 2 1
mmse(X, N3, snr) = ogsnr  2(2+log?2) o
snr snr snr3/2
(52)

respectively. Therefore in both cases the MMSE decays strictly

slower than #, i.e., for N = N5 or N3,

mmse(X, N,snr) = w (L) . (53)

snr

However, varN = oo does not always imply (53). For
example, consider an arbitrary integer-valued N (none of
whose moments may exist) and 0 < X < 1 as. Then
mmse(X, N,snr) = 0 for all snr > 1.

III. RELATIONSHIP BETWEEN MMSE DIMENSION AND
INFORMATION DIMENSION

In this section we give an overview of Rényi information di-
mension and its properties, as well as its application in Shannon
theory. When the noise is Gaussian, we show that the infor-
mation dimension is sandwiched between the lower and upper
MMSE dimension.

A. Rényi Information Dimension

The lower and upper information dimensions of a random
variable are defined in Definition 1. It is shown in [3, Proposition
1] that the information dimension is finite if and only if the mild
condition

H(|X]) < o0 (54)

is satisfied. In particular, any X whose Shannon transform [22,
Definition 2.12] exists, i.e.,

Eflog(1 + |X])] < oo, (55)

has finite information dimension.
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Theorem 3 ([3]): 1f H(| X ]) < oo, then
0<d(X)<dX)<1 (56)
If H(|X]) = oo, then
d(X) = d(X) = oo. (57)

The information dimension of X can be understood as the
entropy rate of the fractional part of X:

Theorem 4 ([3, Sec. II1.D]): Assume that H(| X |) < oo. For
an integer M > 2, write the M -ary expansion of X as

X =[X] +Z(X)jM7j»
i>1

(58)

where the j** digit (X); = [M7X | —M| M7~ X | isadiscrete
random variable taking values in {0,..., M — 1}. Then d(X)

and d(X) coincide with the normalized lower and upper entropy
rates of the process {(X);}

e CH((X)e (X))
d(X) = 1233}3; mlog M o9
d(X) = limsup H((XT); log]W(X)M) (60)

By the Lebesgue Decomposition Theorem [23], any proba-
bility distribution can be uniquely represented as the mixture of
a discrete, an absolutely continuous and a singular (with respect
to Lebesgue measure) probability measure. For nonsingular
distributions, the information dimension can be determined as
follows:

Theorem 5 ([2]): Let X be a random variable such that
H(|X]) < oo. Assume the distribution of X can be repre-
sented as

v=(1-p)va+ pre, (61)

where v4 is a discrete distribution, v. is an absolutely continuous

distribution and 0 < p < 1. Then
d(X) = p. (62)

Therefore, when X has a discrete-continuous mixed distribu-
tion, the information dimension of X is exactly the weight of
the continuous part. When the distribution of X has a singular
component, its information dimension does not admit a simple
formula in general. In fact if X has a singular distribution, it
is possible that the information dimension does not exist [2].
However, for the important class of self-similar singular distri-
butions, the information dimension can be explicitly determined
[24], [5]. For example, the information dimension of the Cantor
distribution is logs 2. See Section IV-E.

Let I(X;+/snrX + Ng) denote the mutual information be-
tween X and /snrX + Ng, where X is independent of Ng.
It is proved in [25] that I(X;\/snrX + Ng) < oo if and only
if (54) holds. Using [8, Th. 2.7 and 3.1] and [3, Appendix A],
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we can relate the scaling law of mutual information under weak
noise to Rényi’s information dimension:3

Theorem 6: Let X be independent of N with H(| X |) < oc.
Then

I(X;\/sntX + Ng) -

lim sup I =d(X), (63)
snr—oo 5 log snr

.. (X /snrX + N

fmint R RE g ), (64)
nr— oo 5 log snr

In [5] Kawabata and Dembo studied the high-rate behavior of
rate-distortion function of an arbitrary random variable. Particu-
larized to mean-square distortion, [5, Proposition 3.3] becomes:

Theorem 7: Let

Rx (D) = I(X; X)

inf

(65)
Py xE[(X=X)?]<D

denote the rate-distortion function of X with mean-square dis-
tortion. Then

Rx(D -
lim sup 1X( 1) = d(X), (66)
Do 510g5
Rx(D
lim inf 3 X 1) = d(X). (67)
Dlo 5 log D

As a consequence of Theorems 6 and 7, when d(X) exists, it
holds that

X
I(X;+/snrX + Ng) = d(2 ) log snr + o(log(snr)),

(68)
d(X) 1 1
5 log D +o0 (log 5) , (69)

when snr — oo and D — 0 respectively. Intuitively, (69) agrees
with (68) because when the distortion goes to zero, the optimal
backward channel behaves like a Gaussian channel.

Rx(D) =

B. Bounds on Information Dimension

The following theorem reveals a connection between the
MMSE dimension and the information dimension of the input:

Theorem 8: If H(| X |) < oo, then

2(X) <d(X) <d(X) < 7 (X). (70)
Therefore, if Z (X) exists, then d(X) exists and
7 (X) = d(X), 1)
and equivalently, as snr — oo,
mmse(X, snr) = 4(X) +o0 (i> (72)
snr snr

In view of (27) and (57), (70) fails when H(| X ]) = o0. A
Cantor-distributed X provides an example in which the inequal-
ities in (70) are strict (see Section IV-E). However, whenever

SThe results in [8] are proved under the assumption of (55), which can in fact
be weakened to (54).
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X has a discrete-continuous mixed distribution, (71) holds and
the information dimension governs the high-SNR asymptotics
of MMSE.

The proof of Theorem 8 hinges on two crucial results:

* The I-MMSE relationship [7]:6

I(snr) = %mmse(snr). (73)

dsnr

where we have used the following short-hand notations:

I(snr) = I(X;/snrX + Ng), (74)
mmse(snr) = mmse(X,snr). (75)

* The high-SNR scaling law of I(snr) in Theorem 6.

Before proceeding to the proof, we first outline a naive at-
tempt at proving that MMSE dimension and information dimen-
sion coincide. Assuming

lim I(snr) _ d(X)
snr—oo log snr 2

(76)

it is tempting to apply the I’Hopital’s rule to (76) to conclude

(77)

which, combined with (73), would produce the desired result in
(71). However, this approach fails because applying I’Hopital’s
rule requires establishing the existence of the limit in (77) in
the first place. In fact, we show in Section IV-E when X has
certain singular (e.g., Cantor) distribution, the limit in (77),
i.e., the MMSE dimension, does not exist because of oscil-
lation. Nonetheless, because mutual information is related to
MMSE through an integral relation, the information dimension
does exist since oscillation in MMSE is smoothed out by the
integration.

In fact it is possible to construct a function I(snr) which sat-
isfies all the monotonicity and concavity properties of mutual
information [7, Corollary 1]

I1>0, I'>0,
1(0) = I'(c0) = 0,

(78)
(79

yet the limit in (77) does not exist because of oscillation. For
instance,

Isnr) = 2 [log(1 -+ snr) 4 L= coslo L on0)
(30)

satisfies (76), (78), and (79), but (77) fails, since
I'(snr) = 42+ sinllog(1 + san))] -

4(1 + snr)

6The previous result in [7, Th. 1] requires E[X2] < oo. It is shown in [25]
that H(|X]) < oo suffices.
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Fig. 1. Plot of Snr mmse(X, snr) against log, sSnr, where X has a ternary
Cantor distribution.

In fact (81) gives a correct quantitative depiction of the oscil-
latory behavior of mmse(X, snr) for Cantor-distributed X (see
Fig. 1).

Proof of Theorem 8: First we prove (70). By (73), we
obtain

I(snr) = %/ mmse(y)dy. (82)
Jo

By definition of & (X), for all § > 0, there exists 7, such that
ymmse(y) > Z (X) — 6 holds for all v > . Then by (82),
for any snr > 7y,

Yo snr o _
I(snr) > l/ mmse(y)dy + %/ Mdy
0 v

23 0 5
(83)
(84)

v
N | =

(Z(X) — 6)logsnr + O(1).

In view of (64), dividing both sides by % log snr and by the arbi-
trariness of 6 > 0, we conclude that Z (X) < d(X). Similarly,

Z (X) > d(X) holds.
Next, assuming the existence of & (X)), (71) simply follows
from (70), which can also be obtained by applying I"Hopital’s

rule to (76) and (77). [ |

IV. EVALUATION OF MMSE DIMENSION
In this section we drop the assumption of H(| X |) < oo and
proceed to give results for various input and noise distributions.
A. Data Processing Lemma for MMSE Dimension
Theorem 9: For any X, U and any N € L*(Q),
/ (X, N)

(85)

7 (X.N|U),
17 (86)

>
> Z(X,N|U).

9

When N is Gaussian and U is discrete, (85) and (86) hold with
equality.
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Proof: Appendix C. ]

In particular, Theorem 9 states that no discrete side informa-
tion can reduce the MMSE dimension. Consequently, we have
7 (X[[X]m) = 7 (X) (87)
for any m € N, that is, knowing arbitrarily finitely many digits
X does not reduce its MMSE dimension. This observation
agrees with our intuition: when the noise is weak, [X],, can
be estimated with exponentially small error [see (92)], while
the fractional part X — [X],, is the main contributor to the
estimation error.
Itis possible to extend Theorem 9 to non-Gaussian noise (e.g.,
uniform, exponential or Cauchy distributions) and general chan-
nels. See Remark 4 at the end of Appendix C.

B. Discrete Input

Theorem 10: If X is discrete (finitely or countably infinitely
valued), and N € L?(2) whose distribution is absolutely con-
tinuous with respect to Lebesgue measure, then

7 (X,N)=0. (88)

In particular,

7 (X)=0. (89)

Proof: Since constants have zero MMSE dimension,
7 (X) = 2 (X|X) = 0, in view of Theorem 9. The more
general result in (88) is proved in Appendix D. [ |

Remark 1: Theorem 10 implies that mmse(X, N,snr) =
1

o(5;) as snr — oo. As observed in Example 4, MMSE can
decay much faster than polynomially. Suppose the alphabet of
X, denoted by A = {z; : ¢ € N}, has no accumulation point.
Then

A

dmin 2 inf |z; — x| > 0. (90)
i)

If N is almost surely bounded, say |N| < A, then
mmse(X, N,snr) = 0 for all snr > (74-)2. On the other
hand, if X is almost surely bounded, say |X| < A, then
mmse( X, snr) decays exponentially: since the error proba-
bility, denoted by p.(snr), of a MAP estimator for X based on
VST X + Ng is O(Q( 2™ dyin)), where Q(t) = [ ¢(z)da
and o is the standard normal density

1 2
o(z) = _27re_7. 1)
Hence
mmse(snr) < A%p.(snr) = O Le_%diﬁn ]
- V/snr
92)

If the input alphabet has accumulation points, it is possible
that the MMSE decays polynomially. For example, when X
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takes values on {0, 3, %, %, ...} and N is uniform distributed
on [0, 1], it can be shown that mmse(X, N, snr) = O(snr~2).

C. Absolutely Continuous Input

Theorem 11: Suppose the density of N € L?(2) is bounded
and is such that for some o > 1,
I (u) = O([u]™%), (93)
as |u| — oo. Then
7 (X,N)=1 (94)

holds for all X with an absolutely continuous distribution with
respect to Lebesgue measure. In particular,

7(X)=1, (95)
ie.,
1 1
mmse(X,snr) = — 40 (—) (96)
snr snr
Proof: Appendix E. ]

If the density of X is sufficiently regular, then (94) holds for
all noise distributions:

Theorem 12: Suppose the density of X is continuous and
bounded. Then

7 (X,N)=1 o7
holds for all (not necessarily absolutely continuous)
N € L?(Q).

Proof: Appendix E. [ |

In view of Theorem 12 and (36), we conclude that the
linear estimator is dimensionally optimal for estimating abso-
lutely continuous random variables contaminated by additive
Gaussian noise, in the sense that it achieves the input MMSE
dimension.

A refinement of Theorem 12 entails the second-order expan-
sion for mmse(X, snr) for absolutely continuous input X . This
involves the Fisher information of X. Suppose .J(X) < oo.
Then

J(JoTX + Ng) < / o(2)J(VorX +2)dz  (98)

_ / o(2)T(vanr X )dz (99)
EIC.ON (100)
snr

where (98) and (99) follow from the convexity and translation
invariance of Fisher information respectively. In view of (39),

we have
1
o|—,
< snr2 ) ’
which improves (96) slightly.
Under stronger conditions the second-order term can be de-
termined exactly. A result of Prelov and van der Meulen [19]

1
mmse(X, snr) = o +

(101)
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states that: if J(X) < oo and the density of X satisfies certain
regularity conditions [19, (3)—(7)], then

J(X 4+ eNg) = J(X) + O(e). (102)
Therefore in view of (38), we have
J(X 1
mmse(X,snr) = — — ( 2) 0 (—2> (103)
snr snr snr

This result can be understood as follows: Stam’s inequality [26]
implies that

1 1

> 104
J(y/sntX + Ng) — J(y/snrX) + J(Ng) (104)
snr
= 1. 105
70X + (105)
Using (38), we have
1
>

mmse(X, snr) > 7(X) T onr (106)

1 J(X 1

snr snr snr

Inequality (106) is also known as the Bayesian Cramer-Rao
bound (or the Van Trees inequality) [27, pp. 72-73], [28, Corol-
lary 2.3]. In view of (103), we see that (106) is asymptotically
tight for sufficiently regular densities of X.

Instead of using the asymptotic expansion of Fisher informa-
tion and Stam’s inequality, we can show that (103) holds for a
much broader class of densities of X and non-Gaussian noise:

Theorem 13: Suppose X € L3(Q) with bounded density
fx whose first two derivatives are also bounded and J(X) <
oo. Furthermore, assume fx satisfies the following regularity
condition [29, (2.5.16)]:

/ F(z)dz = 0. (108)
R
Then for any N € L?(),
N N\? 1
mmse(X, N, snr) = var —J(X)(Var ) +o<—2>.
snr snr snr
(109)
Proof: Appendix E. ]

Combined with (107), Theorem 13 implies that the Bayesian
Cramer-Rao bound
1

X, N I
mmse(X, N.snr) 2 S enr ()

v

(110)

. 1 J(X) 1
" snrJ(N)  snr2 J2(N) o (sr17>
(111)
is asymptotically tight if and only if the noise is Gaussian.
Equation (109) reveals a new operational role of .J(X). The
regularity conditions imposed in Theorem 13 are much weaker
and easier to check than those in [19]; however, (103) is slightly

stronger than (109) because the o(sn r_2) term in (103) is in fact
O(snr™2), as a result of (102).
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It is interesting to compare (109) to results on asymptotic
Bayesian risk in the large sample limit [9, Th. 5.1a]:
* When N is Gaussian, recalling (18), we have

mmse(X|Y"™) = mmse(X,n) (112)
= L J()Z() +o0 <i2> (113)
n n n

This agrees with the results in [9] but our proof only re-
quires that X has a density.

* When N is non-Gaussian, under the regularity conditions
in [9, Th. 5.1a], we have

1 J(X) 1
nI(N)  m2 PN (ﬁ) (114)

which agrees with the Bayesian Crdmer-Rao bound in the
product case. On the other hand, by (109) we have

mmse(X|Y™") =

mmse(X |Y) = mmse(X,n) (115)

2
varN _J(X)(varN> +0(i2>.
n n n

(116)

whose first-order term is inferior to (114), due to the
Cramer-Rao bound varN > ﬁ This agrees with the
fact that the sample mean is asymptotically suboptimal for
non-Gaussian noise, and the suboptimality is characterized
by the gap in the Cramer-Rao inequality.
To conclude the discussion of absolutely continuous inputs,
we give an example where (109) fails:

Example 2: Consider X and N uniformly distributed on
[0, 1]. It is shown in Appendix B that

1

2snr

1
mmse(X, N, snr) = varN (— -

> , snr>4.
snr

(117)

3
2

Note that (109) does not hold because X does not have a dif-
ferentiable density, hence J(X) = oo. This example illustrates
that the o(Z-) term in (96) is not necessarily O(-15).

D. Mixed Distribution

Next we present results for general mixed distributions,
which are direct consequences of Theorem 9. The following
result asserts that MMSE dimensions are affine functionals, a
fundamental property shared by Rényi information dimension
[3, Th. 2].

Theorem 14:

g (Z Olilti) = Zai@ (1),

Z(Z aiﬂi) = Z ().
where {o; : i € N} is a probability mass function and each p;
is a probability measure.

Another application of Theorem 9 is to determine the
MMSE dimension of inputs with mixed distributions, which

(118)
(119)
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are frequently used in statistical models of sparse signals [3],
[30]-[32]. According to Theorem 9, knowing the support does
not decrease the MMSE dimension.

Corollary 1: Let X = UZ where U is independent of Z,
taking values in {0, 1} with P{U = 1} = p. Then
(120)
(121)

(X) = pZ (2),
(X) = p2 (%)

9 9

Obtained by combining Theorems 10, 11, and 14, the next
result solves the MMSE dimension of discrete-continuous mix-
tures completely. Together with Theorem 8, it also provides an
alternative proof of Rényi’s theorem on information dimension
(Theorem 5) via MMSE.

Theorem 15: Let X have a discrete-continuous mixed distri-
bution as defined in (61). Then its MMSE dimension equals the
weight of the absolutely continuous part, i.e.,

2 (X) = p. (122)
The above results also extend to non-Gaussian noise or gen-
eral channels which satisfy the condition in Remark 4 at the end
of Appendix C.
To conclude this subsection, we illustrate Theorem 15 by the
following examples:

Example 1 (Continuous Input): If X ~ N(0,1), then

1
snr+ 1

mmse(X, snr) = (123)

and (95) holds.

Example 4 (Discrete Input): If X is equiprobable on {—1, 1},
then by (92) or [33, Th. 3],

2

1 sor
\/snre >

mmse(X,snr) = O ( (124)

and (89) holds.

Example 5 (Mixed Input): Let N be uniformly distributed in
[0, 1], and let X be distributed according to an equal mixture of
a mass at 0 and a uniform distribution on [0, 1]. Then

mmse(X, N, snr)

varN

3 3 n 1 1 3\/snr1 1+ +/snr
= — — — 0

2 4y/snr snr 4snrs 2 & V/snr

(125)
1 1 1

= 4 +o ~, (126)

2snr  4snrs (snr%>

which implies & (X, N) = 1 and verifies Theorem 15 for non-
Gaussian noise.

E. Singularly Continuous Distribution

In this subsection we consider atomless input distributions
mutually singular with respect to Lebesgue measure. There are
two new phenomena regarding MMSE dimensions of singular
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inputs. First, the lower and upper MMSE dimensions & (X, N)

and Z (X, N) depend on the noise distribution, even if the noise
is restricted to be absolutely continuous. Second, the MMSE
dimension of a singular input need not exist. For an important
class of self-similar singular distributions (e.g., the Cantor dis-
tribution), the function snr — snrmmse(X, snr) oscillates be-
tween the lower and upper dimension periodically in logsnr
(i.e., in dB). This periodicity arises from the self-similarity of
the input, and the period can be determined exactly. Unlike the
lower and upper dimension, the period does not depend on the
noise distribution.

We focus on a special class of inputs with self-similar distri-
butions [24, p.36]: inputs with i.i.d. digits. Consider X € [0, 1]
a.s. For an integer M > 2, the M-ary expansion of X is de-
fined in (58). Assume that the sequence {(X); : j € N} isi.i.d.
with common distribution P supported on {0, ..., M — 1}. Ac-
cording to Theorem 4, the information dimension of X exists
and is given by the normalized entropy rate of the digits

d(X) = ggfﬁ

(127)

For example, if X is Cantor-distributed, then the ternary expan-

sion of X consists of i.i.d. digits, and for each j,
P{(X); =0} =P{(X),; =2} =1/2. (128)

By (127), the information dimension of the Cantor distribution

is logs 2. The next theorem shows that for such X the scaling
constant of MMSE oscillates periodically.

Theorem 16: Let X € [0,1] a.s., whose M-ary expansion
defined in (58) consists of i.i.d. digits with common distribution
P. Then for any N € L?*(f2), there exists a 2 log M -periodic
function”? ®x  : R — [0, 1], such that as snr — oo,

N 1
mmse(X, N, snr) = Vsitbx,N(logsnr) +o <S—>
nr nr

(129)

The lower and upper MMSE dimension of (X, V) are given by

7 (X,N) =limsup®x x(b) = sup  Dx.n(b),
b—o0 0<b<L2log M
(130)
Z(X, N) = llblggéf (I)X,N(b) = ogbglgfoqu)X’N(b)'
(131)

Moreover, when N = Ng is Gaussian, the average of ®x n,
over one period coincides with the information dimension of X

1 2log M H(P)
2iog M /0 @ x N (b) db = d(X) i (132)
Proof: Appendix F.
|

TLetT > 0. We say a function f : R — Ris T-periodicif f(2) = f(x+T)
forall x € R, and T is called a period of f ([34, p. 183] or [35, Sec. 3.7]). This
differs from the definition of the least period which is the infimum of all periods
of f.
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Fig. 2. Plot of snr mmse(X, N, snr) against log, snr, where X has a ternary
Cantor distribution and N is uniformly distributed in [0, 1].

Remark 2: Trivial examples of Theorem 16 include ®x n =
0(X =0orlas)and ®x n =1 (X is uniformly distributed
on [0, 1]).

Theorem 16 shows that in the high-SNR regime, the func-
tion snrmmse(X, N,snr) is periodic in snr (dB) with period
20log M dB. Plots are given in Figs. 1-2. Although this reveals
the oscillatory nature of mmse(X, N, snr), we do not have a
general formula to compute the lower (or upper) MMSE dimen-
sion of (X, N). However, when the noise is Gaussian, Theorem
8 provides a sandwich bound in terms of the information dimen-
sion of X, which is reconfirmed by combining (130)—(132).

Remark 3 (Binary-Valued Noise): One interesting case for
which we are able to compute the lower MMSE dimension cor-
responds to binary-valued noise, with which all singular inputs
(including discrete distributions) have zero lower MMSE di-
mension (see Appendix H for a proof). This phenomenon can
be explained by the following fact about negligible sets: a set
with zero Lebesgue measure can be translated by an arbitrarily
small amount to be disjoint from itself. Therefore, if an input
is supported on a set with zero Lebesgue measure, we can per-
form a binary hypothesis test based on its noisy version, which
admits a decision rule with zero error probability when SNR is
large enough.

V. NUMERICAL RESULTS

A. Approximation by Discrete Inputs

Due to the difficulty of computing conditional expectation
and estimation error in closed form, we capitalize on the reg-
ularity of the MMSE functional by computing the MMSE of
successively finer discretizations of a given X. For an integer
m we uniformly quantize X to [X],,. Then we numerically
compute mmse([X],,, snr) for fixed snr. By the weak continuity
of Px +— mmse(X,snr) [16, Corollary 3], as the quantization
level m grows, mmse([X],,,snr) converges to mmse(X,snr);
however, one caveat is that to obtain the value of MMSE within
a given accuracy, the quantization level needs to grow as snr
grows (roughly as log snr) so that the quantization error is much
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smaller than the noise. Lastly, due to the following result, to ob-
tain the MMSE dimension it is sufficient to only consider integer
values of snr.

Lemma 1: Tt is sufficient to restrict to integer values of snr
when calculating 7 (X, N |U) and Z (X, N |U) in (25) and
(26) respectively.

Proof: Appendix G.

B. Self-Similar Input Distribution

We numerically calculate the MMSE for Cantor distributed
X and Gaussian noise by choosing [X],, = [|3™X|37™.
By (128), [X],. is equiprobable on the set .4,,, which has
cardinality 2™ and consists of all 3-adic fractionals whose
ternary digits are either O or 2. According to Theorem 16, in the
high-SNR regime, snr mmse( X, snr) oscillates periodically in
log snr with period 2log 3, as plotted in Fig. 1. The lower and
upper MMSE dimensions of the Cantor distribution turn out to
be (to six decimals)

Z (X) =0.621102, (133)
Z (X) =0.640861. (134)
Note that the information dimension d(X) = logz2 =

0.630930 is sandwiched between Z (X) and Z (X), ac-
cording to Theorem 8. From this and other numerical evidence
it is tempting to conjecture that

(135)

when the noise is Gaussian.

It should be pointed out that the sandwich bounds in (70) need
not hold when N is not Gaussian. For example, in Fig. 2 where
snrmmse(X, N, snr) is plotted against logs snr for X Cantor
distributed and N uniformly distributed in [0, 1], it is evident

that d(X) = logy 2 > 7 (X, N) = 0.5741.

C. Non-Gaussian Noise

Via the input-noise duality in (48), studying high-SNR
asymptotics provides insights into the behavior of
mmse(X, N,snr) for non-Gaussian noise N. Combining
various results from Sections IV-B, IV-C, and IV-E, we
observe that mmse(X, N,snr) can behave very irregularly in
general, unlike in Gaussian channels where mmse(X,snr)
is strictly decreasing in snr. To illustrate this, we consider
the case where standard Gaussian input is contaminated
by various additive noises. For all N, it is evident that
mmse(X,N,0) = varX = 1. Due to Theorem 12, the
MMSE vanishes as "2;{\7 regardless of the noise. The behavior
of MMSE associated with Gaussian, Bernoulli, and Cantor
distributed noises is as follows [Fig. 3(a)].

* For standard Gaussian N, mmse(X,snr) = ﬁ is con-
tinuous at snr = 0 and decreases monotonically according
to % Recall that [16, Sec. III] this monotonicity is due
to the MMSE data-processing inequality [36] and the sta-
bility of Gaussian distribution.
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Fig. 3. Plot of mmse(X, NV, snr) against snr, where X is standard Gaussian
and NV is standard Gaussian, equiprobable Bernoulli or Cantor distributed (nor-
malized to have unit variance). (a) Behavior of MMSE under various noise dis-
tributions. (b) Low-SNR plot for Cantor distributed V.

* Forequiprobable Bernoulli N, mmse(X, N, snr) is discon-
tinuous at snr = 0, since

varX = mmse(X, N,0) > lirl% mmse(X, N,snr) = 0.
snr
(136)

As snr  — 0, the MMSE vanishes according to
O(\/iwe_ﬁ), in view of (48) and (92), and since it
also vanishes as snr — oo, it is not monotonic with
snr > 0.

* For Cantor distributed N, mmse(X, IV, snr) is also discon-
tinuous at snr = 0. According to Theorem 16, as snr — 0,
MMSE oscillates relentlessly and does not have a limit

[See the zoom-in plot in Fig. 3(b)].

VI. CONCLUSION

Through the high-SNR asymptotics of MMSE in Gaussian
channels, we defined a new information measure called MMSE
dimension. Although stemming from estimation-theoretic prin-
ciples, MMSE dimension shares several important features with
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Rényi’s information dimension. By Theorem 9 and [3, Th. 2],
they are both affine functionals. According to Theorem 8, infor-
mation dimension is sandwiched between the lower and upper
MMSE dimensions. For distributions with no singular compo-
nents, they coincide to be the weight of the continuous part of the
distribution. The high-SNR scaling law of mutual information
and MMSE in Gaussian channels are governed by the informa-
tion dimension and the MMSE dimension respectively. In [3],
we have shown that the information dimension plays a pivotal
role in almost lossless analog compression, an information-the-
oretic model for noiseless compressed sensing. In fact we have
shown in [37] that the MMSE dimension is closed related to the
fundamental limit in noisy compressed sensing with stable re-
construction.

Characterizing the high-SNR suboptimality of linear estima-
tion, (36) provides an alternative definition of MMSE dimen-
sion, which enables us to extend our results to random vectors
or processes. In these more general setups, it is interesting to
investigate how the causality constraint of the estimator affects
the high-SNR behavior of the optimal estimation error. Another
direction of generalization is to study the high-SNR asymptotics
of MMSE with a mismatched model in the setup of [38] or [39].

APPENDIX A
PROOF OF THEOREM 2

Proof: Invariance of the MMSE functional under transla-
tion is obvious. Hence for any «, 3 # 0,

mmse(aX + v, SN + n,snr)

=mmse(aX, BN, snr) (137)
=mmse(aX |ay/snrX + GN) (138)
=|a*mmse (X‘ %\/snr){ + sgn(aﬂ)N) (139)
=|a|*mmse (X, sgn(aB)N, %\/snr) (140)
=|a|*mmse (sgn(a,@)X, N, %Msnr) . (141)
Therefore,
Z (aX +7,BN +1n)
.. osnr-mmse(aX + v, BN +n,snr)
N 1slnrrn—}rolj var(BN +n) (142)
snr - |a|>’mmse (X7 sgn(aB)N, 2l snr)
=lim inf 7l
shr— oo |/8|2V3I’N
(143)
=Z (X,sgn(afB)N) (144)

where (144) and (145) follow from (140) and (141) respectively.
The claims in Theorem 2 are special cases of (144) and (145).

The proof for & follows analogously. [ |
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APPENDIX B
CALCULATION OF (51), (52), AND (117)

In this appendix we compute mmse(X, N, snr) for three dif-
ferent pairs of (X, V).
First we show (52), where X is uniformly distributed in [0, 1]

and N has the density in (50) with o = 3. Let ¢ = % Then
E[X|X +eN =y] = L(y), where
1 Yy—x
90(y) =B/~ (146)
1- 6—22 e<y<l+e
= { 2(-112y) (147)
G Y21t
and
1 —x
n(y) =_E [XfN <y : )] (148)
3
2e?2
= +y— 3¢ e<y<l+e
- f st (149)
N 7(1,_1)% y>1+e.
Then
mmse(X, N, snr)
=E[X?] - E[(E[X | X 4 eN])?] (150)
oo 2
=E[X?] - / al¥) g, (151)
Jo (JO(?J)
1
= 2¢? [log <1 + 2—> — 2+ 8ecoth™' (1 + 4e)
€
(152)

where we have used E[X?] = % Taking Taylor expansion on
(152) at € = 0 yields (52). For @« = 2, (51) can be shown in
similar fashion.

To show (117), where X and NV are both uniformly distributed
in [0, 1], we note that

(153)

woly) = Lminfy, 1} ~ (y — )*]

1, .
a(y) = o minfy®, 1} = ((y =) "), (54)
where (z)* 2 max{z,0}. Then (117) can be obtained using

(151).

APPENDIX C
PROOF OF THEOREM 9

A. Outline

From

mmse(X, snr|U) < mmse(X,snr), (155)

we immediately obtain the inequalities in (85) and (86). Next
we prove that equalities hold if U is discrete. Let U = {u; :
i = 1,...,n} denote the alphabet of U with n € N U {co},
a; = P{U = u;}. Denote by p; the distribution of X given
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U = ;. Then the distribution of X is given by the following
mixture:

p= i (156)
1=1
Our goal is to establish
7 (1) = a? (i), (157)
=1
Z(n) = oZ (). (158)
=1

After recalling an important lemma due to Doob in
Appendix C-B, we decompose the proof of (157) and (158)
into four steps, which are presented in Appendixes C-C-C-F
respectively:

1) We prove the special case of n = 2 and pqy L puo;

2) We consider p1; < po;

3) Viathe Hahn-Lebesgue decomposition and induction on 7,

the conclusion is extended to any finite mixture;

4) We prove the most general case of countable mixture (n =

B. Doob’s Relative Limit Theorem

The following lemma is a combination of [40, Exercise 2.9,
p- 243] and [41, Th. 1.6.2, p. 40]:

Lemma 2: Let i and v be two Radon measures on R™. Define
the density of p with respect to v by

Dp

_ iy Bz €))
Dy(a:) = lim

elo v(B(x,¢))’ (159)

where B(z, €) denotes the open ball of radius € centered at z. If
u L v, then

D

D—Z -0, v—ae. (160)
If 4 < v, then

Dup dp

—_— = — —a.e. 161

Dv dv’ p—a.e (161)

The Lebesgue-Besicovitch differentiation theorem is a direct
consequence of Lemma 2:

Lemma 3 ([41, Corollary 1.7.1]: Let v be a Radon measure
onR" and g € L{ _(R™,v). Then

loc

. 1
gt v(B(z,€)) /BW) l9(y) — g(z)|v(dy) =0 (162)

holds for v-a.e. x € R”.

Itis instructive to reformulate Lemma 2 in a probabilistic con-
text: Suppose i and v are probability measures and X and Z are
random variables distributed according to x and v respectively.
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Let N be uniformly distributed in [—1, 1] and independent of
{X,Z}. Then X + €N has the following density:

1
Fxten(z) = 5-1(B(z,€)), (163)
hence the density of © with respect to v can be written as
D c
DI ) = fiag Lten (@) (164)
Dv el0 fzien ()

A natural question is whether (164) still holds if N has a non-
uniform distribution. In [42, Th. 4.1], Doob gave a sufficient
condition for this to be true, which is satisfied in particular by
Gaussian-distributed N [42, Th. 5.2]:

Lemma 4: Forany z € R, let ¢,(-) = ¢(z + -). Under the
assumption of Lemma 2, if

[o: () utan, [ (M5 )uan ass

are finite for all ¢ > 0 and z € R, then

(166)

holds for v-a.e. x.
Consequently we have counterparts of Lemmas 2 and 3:

Lemma 5: Under the condition of Lemma 2, if 1 L v, then

lim — =0, v-—a.e. (167)
clo [, (2) v(dy)
If 4 < v, then
L (22) u(d d
lim 1.9 (7;) wdy) _ dp p—ae.  (168)
o [, () v(dy) dv
Lemma 6: Under the condition of Lemma 3,
_ ¥==\ ,,(d

i 19®) g(xyLz =)V o 60
€0 [ o= () v(dy)

holds for v-a.e. x.

C. Mixture of Two Mutually Singular Measures

We first present a lemma which enables us to truncate the
input or the noise. The point of this result is that the error term
depends only on the truncation threshold but not on the obser-
vation.

Lemma 7: For K > 0 define X = X1y<x} and X =
X — Xg.Then forall Y,

Immse(X | ¥) — mmse(X | V)] < 3| X [|2l| X -
(170)
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Proof:

mmse(X g |Y)
= |IXx = E[Xkc [ V]I (171)
< (IX —EX|Y]|l, + || Xx - EIXxIY][,)”" (72)
< (mmse(X|Y)% + varXK)2 (173)

=mmse(X|Y) + varX g + 2y/varX gmmse(X|Y)
(174)
<mmse(X|Y) + 3|| Xk ||, 1 X1],. (175)

The other direction of (170) follows in entirely analogous
fashion. [ ]

Let X; be arandom variable with distribution y;, forz = 1, 2.
Let U be a random variable independent of { X, X}, taking
values on {1, 2} with probability 0 < a; < Tand as = 1 — o
respectively. Then the distribution of Xy is

W= iy + afio. (176)
Fixing M > 0, we define
y— Xy
gu,e(y) =E [cp <J - )] ) (177)
Yy — Xu Y- Xu
fu,s(y) :lE |: € "2 < p ) 1{| y—(Xu |<M}:|
(178)
and
Je =011, T @292, (179)
fe :alfl,s + a2f2,e- (180)

Then the densities of Y,, = X, + eNg and Yy = Xy + €Ng
are respectively given by

0uc0) = 90.1) 181
) = 9l (182)
We want to show
mmse( Xy, snr) — mmse(Xy,snr|U) = o <$>,
(183)

i.e., the benefit of knowing the true distribution is merely o( )
in the high-SNR regime. To this end, let ¢ = —— and define

o
W = Nelfng <) (184)

A]\,[(G) = mmse(W | YU) — mmse(W | YU, U) Z 0.
(185)

By the orthogonality principle,

Ant(e) = E[(W = W(Yp))’] - E(W - W (Y, U))?]
(186)
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= E[(W(Yy) — W (Yy,U))? (187)
where
T fu e(y>
W(y,u) = E[W|Yy =y, U =u] = ——% 188
(y,u) = E[W|Yy = y,U = P (188)
and
T fe(y)
w =E[W|Yy =vy] = . 189
(y) = E[W[Yy =y] o) (189)
Therefore,
A]\/[(E)
= > a E[(W(Yy,u) = W(Yp))?|U = u] (190)
u=1
2 2
:ZauEK%—E) (Yo)|U =u (191)
— Gue e
2
_ OélOé% IE [(fl,egQ,f - f2,€gl,€> (Yl) +
91,eYe
2
OéQOé%IE [<f1,6g2,6 - f2,egl,e> (YZ) (192)
92,eYe
_ 109 / (fl,eQQ,f - f2,€gl,5)2dy (193)
€ 9e91,e92 ¢
B 91, (YU)g2,(Yv) 5 o 2
=109 E |:—qz (YU) (W(YU, 1) W(YU7 2)) :|
(194)
where

* (191): by (188) and (189).

* (192): by (179) and (180).

* (193): by (181) and (182).

Next we show that as € — 0, the quantity defined in (185)
vanishes

Indeed,
Apr(€) < 4AM2a anE [ngﬁ 0 YU] (196)
93
g4ﬂﬂaﬂm<E{”‘oyﬂ-+E{m‘oy4>7
Ge e
(197)
where
* (196): by (194) and
W(y,u)| < M (198)
* (197): by (179) and (180), we have for u = 1, 2,
u,€ 1
Jue < = (199)
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Write
92.¢
E [ o } / (dz). (200)
Fix z. Since
y—X
gl € IE |:QDZ ( € 1):|
—(r+e) = —£L=, (201)
92,c E [% (i)}
and pq L po, applying Lemma 5 yields
lim 22€ (2 + €2) = 0, (202)
€l0 91,e
for uq-a.e. x. Therefore,
92,¢
(z 4+ €ez) = o(1) (203)
Je

for p1-a.e. . In view of (200) and (199), we have

E [926 oyl] — o(1) (204)

Ge

by the dominated convergence theorem, and in entirely analo-
gous fashion

E [g“ Yz} = o(1). (205)
ge
Substituting (204) and (205) into (197), we obtain (195).
By Lemma 7,
lim sup[mmse(Ng | Yir) — mmse(Ng | Yy, U)]
elo
< ljﬁ)lAM(e)+6||NG||2||N61{|NG|>]\J}||2 (206)
= 6] NoLgjng >y - (207)
By the arbitrariness of M, letting ¢ = \/% yields
0 = lim sup[mmse(Ng | Yir) — mmse(Ng | Y7, U)]  (208)
el0
= lim sup snr (mmse( Xy, snr) — mmse( Xy, snr|U)),
snr|0
(209)

which gives the desired result (183).

D. Mixture of Two Absolutely Continuous Measures

Now we assume p; < po. In view of the proof in
Appendix C-C, it is sufficient to show (195). Denote the
Radon-Nikodym derivative of p; with respect to us by

_dm

, 210
iy (210)

where b : R — Ry satisfies [ hdps = 1.
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From (193), we have
Ap(e)
2
e = [91 € <fL - fL) oY, 211)
ge 91,e 92.¢
2
=i /np(z)dz/ Ile <& - &> (z + ez)pa(dx)
. e Je 91,e 92,
212)
_ 2
+(¥10&2/(p(2)d (f1,592,e f;,sgl,e) (IC—{—EZ),LLQ(dJZ'),
9ed1,e93 ¢
213)
where
F ={z:h(z) > 0}. (214)
If h(x) = 0, applying Lemma 5 we obtain
gl €
= (z+e€z) = o(1) (215)
Ge

for ps-a.e. z and every z. In view of (198), we conclude that the
integrand in (212) is also o(1).
If h(z) > 0, then

|(f1,e92,e = f2,e01.6) (2 + €2)] (216)
y—x y—x
‘/ 1 < € 1) 1{|@|3M}h($1)/t2(dm1)x

— T — T Yy—x
/@z <y 2>/t2(d$2)—/y 1<Pz <J 1) X
€ € €

1(ar| <y pz(dan) /ﬂoz <y _Gx2> h(w2)p2(dz2)
217)
<M//|h z1) — h(z2)|p- (U_€$1> X
Pz ( ) po(dzy)pa(des) (218)
<2, (ot e2) [ IhGa) - o)l (L) o)
(219)
=0 (g3 .(z + €2)) (220)

for po-a.e. x and every z, which follows from applying Lemma
6to h € L'(R, j12). By Lemma 5, we have

93.c 1

i 2 = .
e10 g1 9. () h(z)(o1 + azh(z))

(221)

Combining (220) and (221) yields that the 1ntegrand in (213)
is o(1). Since the integrand is bounded by =~ M2 " (183) follows
from applying the dominated convergence theorem to (211).
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E. Finite Mixture

Dealing with the more general case where p; and o are ar-
bitrary probability measures, we perform the Hahn-Lebesgue
decomposition [41, Th. 1.6.3] on w1 with respect to o, which
yields
(222)

H1 = ﬂl’/c + /82’/57

where 0 < 31 = 1 — 82 < 1 and v, and vs are two probability
measures such that v. < po and 5 L ps. Consequently, vg L
V.. Therefore,

= afil + oo (223)
= fi(onve + aspz) + Pa(onvs + azpz)  (224)
= Bip* 4 Bor* (225)
where
w=aqve + aspig, (226)
v = a1vs + aapio. (227)
Then
7 (1) = 417 (') + 52 (") B (@8)
= Mlan Z (ve) + a2 Z (p2)] + Bolan Z (vs) + a2 Z (p2)]
o (229)
= 061[519 (Vo) + P27 (1/;)] + 0429 (p2) (230)
=9 (,Blllc + ,321/5) + o P ( ) (231)
= C¥19 (1) + 27 (p2), (232)
where

e (238): applying the results in Appendix C-D to (225), since
by assumption a2 > 0, we have p* < v*.

* (229), (231): applying the results in Appendix C-C to
(226), (227) and (222), since v. <K o, Vs L o and
vs L ve.

Similarly, Z (p) = a1 Z (1) + a2 Z (p2). This completes the
proof of (157) and (158) for n = 2.

Next we proceed by induction on n: Suppose that (157) holds

forn = N.Forn = N + 1, assume that ay 1 < 1, then

|

N
=9 ((1 — N 41 Z
=1

—U; + aN
i aNH)li N4+1MN+1
(233)
/N o .

1—« g S — wi | + a1 Z r

( N+1) (; (= anst) ) N+1Z (UN+1)
(234)

N4l

= Z @7 (1), (235)
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where (234) and (235) follow from the induction hypothesis.
Therefore, (157) and (158) hold for any » € N.

FE. Countable Mixture

Now we consider n = oo: without loss of generality, assume

thatz _,o; < 1forall N € N. Then
Z @7 (1:) (1 - Z oz7> ) (236)
< Z 7 (i) + (1 -2 m) ! (237)
i=1 =
where
. . Zf:N+1 ;e
¢ (236): we have denoted vy = 7172,\,
* (237): by Theorem 1. i:l_
Sending N — oo yields 7 (p) < 37°, a;Z (1), and in en-
tirely analogous fashion, Z (u) > 3.2, ;2 (p;). This com-

pletes the proof of Theorem 9.

Remark 4: Theorem 9 also generalizes to non-Gaussian
noise. From the above proof, we see that (183) holds for all
noise densities that satisfy Doob’s relative limit theorems,
in particular, those meeting the conditions in [42, Th. 4.1],
e.g., uniform (by (164)) and exponential and Cauchy density
([42, Th. 5.1]).

More generally, notice that Lemma 4 deals with convolu-
tional kernels which correspond to additive-noise channels. In
[42, Th. 3.1], Doob also gave a result for general kernels. There-
fore, it is possible to extend the results in Theorem 9 to general
channels.

APPENDIX D
PROOF OF THEOREM 10
Proof: Letp; = P{X =x;},e = \/W
In view of (49), it is equivalent to show that

andY, = X +elNV.

mmse(N |Y.) = o(1). (238)
Fix § > 0. Since N € L2, there exists K > 0, such that
E [N 1(n>K}] < 6/2. (239)
Since fn(N) < oo a.s., we can choose J > 0 such that
P{fn(N)>J} < 2% (240)
Define
Es={z: fn(2) < J,|2| < K}. (241)
and Ns = N1g,(N). Then we have

E[(N — Nys)*] < K*P{fn(N) > J} + E [N*1( x5 )]
(242)

<8, (243)

where (243) follows from (239) and (240).



WU AND VERDU: MMSE DIMENSION

The optimal estimator for Ns based on Y. is given by
R ijjy_e-r] 1E5 (y—ezj) fN (U—EZEJ)
Ns(y) = P
> pilN (T)

Then the MMSE of estimating N based on Y, is

(244)

mmse(Ns | Ye)

= > i [(Ns = Ni(wi + N))?] (245)
= zL:pl /Eé (Z — Ng(l‘z + Z))2fN(Z)dZ
+ 3 [ NelwroPrs@d: a0

i 5

g-i(€)fn(2)dz + K?P{N ¢ Es} (247)

SZPL‘/

i

K
< szi/ g-i(e)dz + 6
-K

i

(248)

where .
* (247): by |Ns(y)| < K, since Ns < K a.s. We have also
defined

g-i(€) = (2 — N5($7 +2))%.

* (248): by (241) and

(249)

K?P{N ¢ Es}
< K?P{fn(N) > J}+ K’P{|N| > K}  (250)
< KPP{fn(N) > J} + E[N’1nisky]  (25D)
<6, (252)

where (252) follows from (239) and (240).
Next we show that for all 7 and z € Ej§, as ¢ — 0, we have

g=,i(€) = o(1). (253)

Indeed, using (244),
g-.i(€)
e (24 ) e (255 1)
> ipifN (% + Z)

2

(254)
g —IJ I.,—I] 11—.’13_7' 2
< [Z#z‘pJ'TlE&( c +Z) Y (T""Z)}
- p?fn(z)?
(255)
2
J(K +|2))? <«’1711—117j >
< — 7 1 256
pLQfN(Z)Q ;p] Es B +z ( )
2
[ K+|| {X;éwi, =X gKH (257
P fN
= o (258)
where

* (256): by (241).
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* (258): by the boundedness of Es and the dominated con-
vergence theorem.
By definition in (249), we have

gz,i(ﬁ) < (Z + K)Z'

In view of (248) and dominated convergence theorem, we have

(259)

lims(glp mmse(Ns | Ye) < 6. (260)
Then
lin’lS(l)lp v/mmse(N|Y:)
< limsup (RERa N (261)
< th(l;lp mmse(Ns|Ye) + ||N — Ns|la (262)
<2V§ (263)

where
* (261): by the suboptimality of N.
* (261): by the triangle inequality.
* (263): by (243) and (260).
By the arbitrariness of §, the proof of (238) is completed. ™

APPENDIX E
PROOF OF THEOREMS 11-13

We first compute the optimal MMSE estimator under ab-
solutely continuous noise N. Let ¢ = \/i? The density of
Y. = X +eNis

) = 1€ |1 (2]
at) = 1€ [xsv (U]

Then the optimal MSE estimator of X given Y, is given by

(264)

Denote

(265)

E v (42))
% a\y €
K(y) = E[X |V, =) = 20 _ Y
o " £ ()
(266)
A. Proof of Theorem 12
Proof: By (48), we have
snr - mmse(X, N,snr) = mmse(N | Y;). (267)
Due to Theorem 1, we only need to show
Z(X,N)=>1 (268)
which, in view of (267), is equivalent to
liml%nf mmse(N | Y.) > varN. (269)
The optimal estimator for N given Y, is given by
[E Nfx(y—eN

~ Elfx(y —eN)] '
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Fix an arbitrary positive §. Since N € L?(), there exists M >
0, such that

E [N*1qn>an] < 6% @71)
Then
mmse(N |Y,)
= VE[(N-E[N |Y.])?] (272)

> \/ N |E N1{|N|<A[}|Y ]—\/E Nl{\N|>]\[}|Y]) ]
(273)

> \/[E[(N_[E[Nl{|N|§M}|Ye])2]_\/E[N21{|NI>M}] (274)
> VEne—0 (275)

where
E[N1{n|>ny|Ye] and the triangle inequality.
s (274): by E[(E[U|V])?] < E[U?] forall U,V € L?(£2).
e (275): by (271) and

Eye 2E[(N -E[NLgnanlY)’] 276)
Define
pm(yse) = E[N1gnj<ary fx (y — eN)] (277)
q(y; €) = E[fx(y — eN)] (278)
s P (y;€)
Nas(y: €) = E[N1ni<an|Ve = y] = PMYE)
Mm(y;e) [ {|J\|§M}| yl q(y; 6)
279)

Suppose f € C°. Then by the bounded convergence theorem,

1Eilr51pM(£l? +ezi€e) = E[N1ynj<my]fx(z),  (280)
hﬁ)l q(z + ez;€) = fx(x) (281)
hold for all z, z € R. Since fx(X) > 0 as.,
limE[N1 Y] = lim Ny (X + eN; 282
jlfgl [N nj<ary |Ye] 31%1 Mm(X +eNje) (282)
=E[Ngm<ny] 283
holds a.s. Then by Fatou’s lemma
2
liminf £/ >E|N —E[N1 ) > varN.
im inf Byre 2 E | [N1{n<an]]” = var
(284)
By (275),
liml%]nf v/mmse(N|Y;) > liml%nf VEme—06  (285)
> VvarN — (286)
By the arbitrariness of ¢, we conclude that
(287)

liml%nf mmse(N|Y,) > varN,

hence (268) holds. [ ]
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B. Proof of Theorem 11

Now we are dealing with X whose density is not necessarily
continuous or bounded. In order to show that (280) and (281)
continue to hold under the assumptions of the noise density in
Theorem 11, we need the following lemma from [43, Sec. 3.2]:

Lemma 8 ([43, Th. 3.2.1]): Suppose the family of functions
{K. : R? — R} satisfies the following conditions: for some
constant 7 > 0 and C' € R,

K (z)dx =C (288)
JRd
sup €|K(z)] <oo (289)
reR e>0
o]
sup ——|K(z)| <0 (290)
z€R >0 3

hold for all ¢ > 0 and # € R%. Then for all f € L{ _(R?),

lim f+ Ke(w) = Cf () (291)
holds for Lebesgue-a.e. x.

Note that in the original version of Lemma 8 in [43, Sec. 3.2]
C = 1, and K. is dubbed approximation of the identity. For
C # 0 or 1, the same conclusion follows from scaling. The
case of C' = 0 can be shown as follows: take some kernel G,
which is an approximation to the identity. Then G + K is also
an approximation to the identity. Then the conclusion for K
follows by applying Lemma 8 to both G and G + K and then
subtracting the corresponding (291) limits.

Proof of Theorem 11: Based on the proof of Theorem 12, it
is sufficient to show that (280) and (281) hold for Lebesgue-a.e.
z and z. Fix z. First look at (281): introduce the following kernel
which corresponds to the density of e(N — z)

1 T
Ko@) = ~fx (; + z) . (292)
We check that K. is an approximation to the identity by
verifying:
* (288): [p Ke(z)dz = [5 fn(u)d
* (289): sup, R (>0 €| Ke(w)] = sup,egr fnv(u) < oo, since
fn is bounded.
* (290): by boundedness of fx and (93), we have: for some

u = 1.

n >0,
sup [u* fy(u) < oo (293)
u€eR
then
|t ﬁ
(s PR
z€R,e>0 €'
= SUP |u|f‘+7(u+z) (294)
1
< sup |u|f1+”( )+ |z sup fa"" (u) (295)
u€eER
< oo. (296)
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Note that

q(z +ez;€) = fx x K (z). 297)

Since fx € L'(R), by Lemma 8, (281) holds for Lebesgue-a.e.
x. Similarly, we define

T 1 T
G.(z) = (E—l—z) Lje paf<any (E+Z)' (298)
Then it is verifiable that G, satisfies (288)—(290), with
Since
pu(x + ez5e) = fx x Ge(x), (300)
Lemma 8 implies that (280) holds for Lebesgue-a.e. . ]

C. Proof of Theorem 13

Proof: Without loss of generality, assume EN = 0. Fol-
lowing the notation in the proof of Theorem 12, similar to ¢(y; €)
in (278), we define

p(y;€) = E[N fx(y — eN)]. (301)
Then
o plyse)
E[N|Y, = y] = " (302)

Fix z,z € R. Since fx, f% and f% are all bounded, we can
interchange derivatives with integrals [44, Th. 2.27] and write

q(z + €ez;€)
=E[fx(z +e(z = N))]

= fx(@) + Sy (@E(z = N) + 5 4 (@)E(z = N)? + o(e?)
(304)

2
= fX(w)+ef§((x)z+EfS'((w)(z2+varN)+0(e2). (305)

(303)

Similarly, since E[|N]*] < oo, we have
Pl + ez:0)
= E[Nfx(z +e(z = N))]

= —cf%(x)varN + ;ff\'—(z)(E[N3] — 2zvarN) + o(€?).
(307)

(306)

Define the score function p(z) = ;—I)\‘(x) Since fx(X) > 0
a.s., by (302),

e [fX(X)
2 [[x(X)
— ep(X)varN + o(€?).

E[N|Y.] = (E[N?] — 2NvarN) + 2N p*(X )varN

(308)
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holds a.s. Then

mmse(N|Ye)
= E[N - E[N[Y])? (309)
= varN — eE[N]E[p(X)]varN + ¢*(varN)?E[p*(X)]—

2¢2(varN)2J(X) + €2(E[N]E[N?] — 2var’N)E [ %(X)}

fx(X)
+ o(€?) (310)
=varN — e?(varN)2J(X) + o(e?), (311)
where
* (310): by the bounded convergence theorem, because the
ratio between the o(e?) term in (308) and €2 is upper
bounded by p?(X) and ﬁ;‘( E)\(g, which are integrable by
assumption.
* (311): by E[p(X)] = 0, E[p*(X)] = J(X) and
E[4 Eig] = 0, in view of (108). _

APPENDIX F
PROOF OF THEOREM 16

By Remark 2, Theorem 16 holds trivially if P{X = 0} = 1l or
P{X = 1} = 1. Otherwise, since X = 0 if and only if (X); =
Oforall j € N, but {(X);} arei.i.d., therefore P{X = 0} = 0.
Similarly, P{X =1} = 0. Hence 0 < X < 1 as.

To prove (129), we define the function G : R — R,

G(b) = M** - mmse(X, N, M?") (312)
= mmse(N, X, M~?), (313)

where (313) follows from (48). The oscillatory behavior of G is
given in the following lemma:

Lemma 9:
1) Forany b € R, {G(k + b) : k € N} is an nondecreasing
nonnegative sequence bounded from above by var/V.
2) Define a function ¥ : R — R, by
U(b) = klim G(k +b). (314)
Then U is a 1-periodic function, and the convergence in
(314) is uniform in b € [0, 1]. Therefore as b — oo,
G(b) = U(b) + o(1) (315)

In view of Lemma 9, we define a 2 log M -periodic function
Ox v : R — [0,1] as follows:

1
v t .
varN 2log M

Having defined ®x n, (129), (130), and (131) readily follow
from (315).

Next we prove (132) in the case of Gaussian N: in view of
(316), it is equivalent to show

Ox nN(t) =

(316)

/1 T(b)db = d(X). (317)
0
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Denote

snr = M?. (318)

Recalling G(b) defined in (313), we have

b snr 1
GTdT:/ mmse(X,v)————d
/O (7) o ( ’y>2'ylogM g
(319)
I(snr) —1I(1)

=7 7 320
2logM "’ (320)

where (320) follows from (73) and I(snr) is defined in (74).

Since d(X) exists, in view of (63) and (64), we have
21
lim —/ G(r im 2170 —d(X). (321
b—oo b snr— oo logsnr

Since the convergence in (314) is uniform in b € [0, 1], for all

€ > 0, there exists ko such that for all & > kg and b € [0, 1],
|Gk +b) — ®x N, (b)] < e. (322)
Then for all integers k£ > kg, we have
1 [k 1
—/ G(r)dr — / U(r)dr
k Jo 0
2k0 1
<ot Z/ |GG +7) = U(r)|dr  (323)
2k k- ko
<
S s (324)
where
* (323): G and ¥ map into [0, 1].
* (324): by (322).
By the arbitrariness of € and (321), we have
1
/ U(r)dr = hm - / G(t X). (325)
0
To finish the proof, we prove Lemma 9. Note that
G(k +1+b) = mmse(N, X, M~ 2(k+1+b)) (326)
= mmse(N|N + /sneM*H1X)  (327)
= mmse(N|N + /snrM*(U + V)
(328)
> mmse(N|N + /snrM*V) (329)
= mmse(N|N + /snrM*X) (330)
= Gk +1b) (331)

where
¢ (326): by (313);
e (327): by (47) and (318);
¢ (328): by the M-ary expansion of X in (58) and we have
defined

U= (X)1, (332)
V= (X)js1 M (333)
7=1
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* (329): by the data-processing inequality of MMSE [36],
since U is independent of V;
* (330): by VEX since {(X);} is ani.i.d. sequence.
Therefore, for fixed b, G(k + b) is an nondecreasing sequence
in k. By (326),

G(k +b) < varN, (334)

hence limy_.. G(k + b) exists, denoted by ¥(b). The 1-peri-
odicity of U readily follows.

To prove (315), we show that there exist two functions ¢y, co :
R — R, depending on the distribution of X and N only, such
that

li)rgo ci(b)=0, i=1,2 (335)

and
0<U(b) - G(b) (336)
< cE(b) + ca(b) + 2¢1(b)/varN +ca(b).  (337)

Then (315) follows by combining (335)—(337) and sending b —
00. Inequalities (336) and (337) also show that the convergence
in (314) is uniform in b € [0, 1].

To conclude this proof, we proceed to construct the desired

functions c; and ¢y and prove (336) and (337): by monotonicity,
forallb € R,
G(b) < U(b). (338)

Hence (336) follows. To prove (337), fix k € Nand K > 0 to
be specified later. Define

Nk = N1gni<k) (339)

Nk =N - Nk (340)

We use a suboptimal estimator to bound G(k + b) — G(b). To
streamline the proof, introduce the following notation:

W = M*[X]x (341)

Z = M*(X - [X]x) (342)

Y =+snrX + N (343)

=snrMFX + N (344)

= sntW + +/snrZ + N, (345)

where W is integer-valued. Note that since X has i.i.d. M-ary
expansion, { N, W, Z} are independent, and
72x, (346)

hence

y' 2y 4 VsnrW.

Based on Y, we use the following two-stage suboptimal esti-
mator N for N first estimate W (the first & bits of X') based
on Y’ according to

(347)

(348)
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Then peel off W = w(Y") from Y and plug it into the optimal
estimator for X based on Y

Ni(y) = E[Ng |V = y] (349)

to estimate X, i.e.,

Ni(y) = Ng(y — Vsnrio(y)). (350)

Next we bound the probability of choosing the wrong W

P{W # W}

—1-p{| o wea|—wl

:1—P{W§\/%+W—I—Z<W+l}
=1-P{—\snrX < N < venr(1 — X)} (353)
/ Pe(d)[1 - P{—/anrs < N < vanr(1 — z)}]

(0,1)

(351)

(352)

(354)
(355)

(1>

K(snr) — 0,

where

* (351): by (345) and (348);

* (352): by the fact that [¢] = nifandonlyif n < 2 < n+1;

* (353): by (346);

* (354): by the assumption that X € (0,1) a.s.;

* (355): by the bounded convergence theorem.

Note that x(snr) is a nonincreasing nonnegative function de-
pending only on the distribution of X and N.

Finally we choose K and analyze the performance of Ng.
Observe from (351) that the probability of choosing the wrong
W does not depend k. This allows us to choose K independent
of k

K = [k(snr)]75. (356)

Therefore,

VG(k+b) = /mmse(N|Y") (357)
<IN = Nk + Ng — N (V)| (358)
< INgll2 + [Nk = N (V' = v/snrW)|

(359)

where
* (357): by (313) and (345);
* (358): by the suboptimality of Ng;
* (359): by (350).

Now

E[(Nx — N (Y’ = \/sntW)?]
< E[Nkx — Ne(Y)PP+

E (Vi = Nic(Y" = Vo)1 sy | (360)
< mmse(Ng|Y) + 4K2P{W # W} (361)

< G(b) + 3| Nk |l2| N|l2 + 4r(snr)3 (362)
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where
* (360): by (347); )
* (361):by |[Nk(y)| = |E[Nk|Y = y]| < K for all y, since

INk| < K as.;
* (362): by Lemma 7, (355), (356), and mmse(N |Y) =
G(b).
Define
c1(b) = [Nk |2 (363)
c2(b) = 3| Nk [l2| V|2 + 4ri(snr) ¥ (364)

where b and K are related to snr through (318) and (356), re-
spectively. Then substituting (362) into (359) yields

VG +b) < c1(b) + /Gb) + ca(b).

Note that the right hand side of (365) does not depend on k. By
(314), sending k — oo we obtain

(365)

U(b) < c1(b) + /G(b) + ca(b). (366)

In view of (338), squaring8 (366) on both sides and noticing that
G(b) < varN for all b, we have

U(b) — G(b) < c3(b) + ca(b) + 2¢1(b)\/varN + cz(b).
(367)

By (355) and (356), K — 0o as b — oo. Since E[N?] < oo,
¢1(b) and c2(b) both tend to zero as b — oo, and (337) follows.

APPENDIX G
PROOF OF LEMMA 1

Proof: For any snr > 0, there exists n € Z4, such
that n < snr < n + 1. Since the function mmse(snr) =
mmse(X, N, snr |U) is monotonically decreasing, we have

mmse(n + 1) < mmse(snr) < mmse(n), (368)

hence
n mmse(n + 1) < snrmmse(snr) (369)
< nmmse(n) + mmse(n).  (370)

Since lim,, —, o mmse(n) = 0, the claim of Lemma 1 follows.m

APPENDIX H
PROOF FOR REMARK 3

We show that for any singular X and any binary-valued N,

Z(X,N)=0. (371)

To this end, we need the following auxiliary results:

Lemma 10 (Mutually Singular Hypothesis): The optimal test
for the binary hypothesis testing problem

le : P
Ifl : (2
8In this step it is essential that G(D) be bounded, because in general \/a,, =

Vb, + o(1) does not imply that a,, = b,, + o(1). For instance, a,, = n +
1,b, = n.

(372)
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with prior P{Hy} € (0, 1) has zero error probability if and only
itP L Q.

Proof: By definition, P L @ if and only if there exists an
event A such that P(A) = 1 and Q(A) = 0. Then the test that
decides Hy if and only if A occurs yields zero error probability. .l

Lemma 11 ([45, Th. 10]): Let u be a probability measure
on (R, B) that is mutually singular with respect to Lebesgue
measure. Then there exists a Borel set E with p(F) = 1 and
a non-empty perfect set C' such that {c+ E : ¢ € C'} is a family
of disjoint sets.

Proof of (371): In view of Theorem 2, we may assume
that NV is {0, 1}-valued without loss of generality. For any input
X whose distribution x4 is mutually singular to the Lebesgue
measure, we show that there exists a vanishing sequence {¢, },
such that for all n,

mmse(X | X + €, N) = 0. (373)

which implies that Z (X, N) = 0.

By Lemma 11, there exists a Borel set £ and a perfect set C,
such that u(F) = 1 and {c+ E : ¢ € C} is a family of disjoint
sets. Pick any a € C. Since C is perfect, there exists {a,,} C C,
such that a,, — a ande,, 2 a,—a > 0. Since X and X +¢,, are
supported on disjoint subsets £ and E + ¢, respectively, their
distributions are mutually singular. By Lemma 10, the optimal
test for N based on X + ¢, N succeeds with probability one,
which implies (373). [ ]
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