ECE598: Information-theoretic methods in high-dimensional statistics Spring 2016

Lecture 7: Information bound

Lecturer: Yihong Wu Scribe: Shiyu Liang, Feb 16, 2016 [Ed. Mar 9]

Recall the Chi-squared divergence and Hammersley-Chapman-Robbins (HCR) bound from last class.
Suppose that P, () are two probability distribution defined on R, that X € X is random variable.
The Chi-squared divergence is

X’(PllQ) = S 2Ep[g(X)] — Eqlg*(X)] — 1.

Furthermore, choosing affine function g yields

(Ep[X] — Eg[X])*

2
I = =

which gives the HCR bound.

7.1 HCR Lower Bound

We are now continuing on the HCR lower bound from the last class. We here illustrate an example
of HCR lower bound on estimation.

Example 7.1 (Estimation). Let # € R be an unknown, deterministic parameter, and let X € R be
a random variable, interpreted as a measure of 6 or data. Suppose 6 is an unbiased estimate of 6
based on X. The relationships can be shown as

0 X 0.

The estimation loss £(0, ) is defined as 1(0,0) = (0 — 0)2. Let P = Py, Q = Py, and then the risk is
lower bounded by R K
(Egh — Eg/6)?

Ro(0) > varg(f) > =04 97/
0= vl = Sam, k)

Suppose 6 is an unbiased estimate of 0, then

N (9 o 9/)2 ) (0/ _ 9)2
R 9 > sup ——-——— > m ————F——
o(0) 2 9D S B Py) = 0% X2 (B | )

7.2 Fisher Information

The Fisher information is a way of measuring the amount of information that an observable random
variable X carries about an unknown, deterministic parameter # upon which the probability of the
observatoin X depends. Assume the probability density function of random variable X conditional
on the value of 6 is pg. The Fisher information is defined as



Definition 7.1 (Fisher Information). The Fisher information of the parameteric family of densitities
{pp : 0 € O} (with respect to u) at 6 is

alogpa 2 _/ % 2 i (7 1)
00 N 00 Do '
Theorem 7.1 (Fisher Information). If pg is twice differentiable with respect to 0, the Fisher

information can be written as

1(0)=E

82

Proof. Since
2
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I(0) = Eg <80 1ng9> = —Iy [892 10gp9} -

Theorem 7.2 (Fisher Information: mutiple sample). Suppose random sample X1, ..., X, inde-
pendently and identically drawn from a distribution pg. The Fisher information I,(0) provided by
random samples X1,..., X, s

and

Thus, we have

O]

I,(0) = nl(0),
where 1(0) is Fisher information provided by a single sample X .

Proof. We first denote the joint pdf of X1,..., X, as

pg(l’l, . ,:Zin) = Hpg(xi).

i=1

Then the Fisher information I,,(6) provided by Xi,..., X, is

2
<8l9(X1,8.0.., > ] / /<8l9 RELRRARLY )> po(1, ..., 2p)dr1des . . . ATy,

which is an n-dimensional integral. Thus, by Theorem 7.1, the Fisher information provided by
X1,...,X, can be calculated as

9%1 Xi,.oo0, X 0?1 0% log pe(X;
10 = i [ 210800 0] g, [ 57 20| g, [PEnC]
=1

1,(0) = Ey

O]



7.3 Variantions of HCR/CR Lower Bound

This section contains the following three versions of HCP/CR lower bound:

e Multiple Samples Version
e Multivariate Version

e Functional Version

7.3.1 Multiple Samples Version

Suppose 6 is some unknown, deterministic parameter and Xi,..., X, are n random variables
independently and identically coming from the distribution Py. The estimate 6 comes from
X1,...,X,. The relationships is shown as follows:

~

00— Xq,...,X, —0.

Then the risk is lower bound by

R ~ (Egf — Ey )2
Ry(0) > vargh > %.
X2 (Py " |1 Py™)

For the HCR lower bound,

Ro(6) > (6 —6) 30 1
su .
N = e T+ 2(P[Po))" —1 = nI(0)

We next show the counterpart for

(EpX — EQX)?
vargX '

X(PQ) =
Suppose P, Q are two distributions defined on RP, then

X*(PlQ) = g-IEIPJEIR[QEPg(X) ~ Eqg*(X) - 1].

Furthter, if g(X) = (a, X) + 1, then
X*(PllQ) = 2Ep (a, X) + 1 —Eq((a, X) +1)%.
If we further assume EgX = 0, then we have
Y(P|Q) > 2(a,EpX) — a"Eq[X X7 ]a.
Therefore, we finally have

V(PIQ) > (EpX — EgX) covg! (X)(EpX — EgX)



7.3.2 Multivariate Version
Let the loss function £(6,6) = [|§ — |2 and 0 be the unbiased estimate of 6, i.e., Egf = 0. Then
(6 — 0)Tcovy  (0)(8 — 0) < x2(Po|Po) "2° (0 — 0)T1(0)(6' — 0) + |16/ — 63,

where the equality follows from the Taylor expansion and Fisher information matrix is given as

[ VP(VPy)T
1(9)_/]39 .

If we take 6/ = 0 + eu, € — 0, then we have

uTcove_l(é)u <ul'I(0)u,
which is equivalent to R
covg(h) = I71(8),
and further indicates
Ry (0) = tr(covg(0)) > tr(I71(8)).
Then we have
A P A P
2 _ . 0:)2 il
B0 =013 = > B0 —0)° 2
i=1 i=1
where I; = (I(Fy)i;) since
P
1
—— < tr(I749)).
> g <HUT6)
=1
Note that if we apply the one-dimensional CRLB for each coordinate we would get the rightmost
inequality which is weaker. In addition, the Fisher information matrix can be written as

0% log Pg] )

1(6) = Eg[(Vog Py) (Vlog Fp) "] = cov(Vlog Fy) = - (E" [ “00:00;

7.3.3 Functional Version

Assume that @ is an unknown parameter, that random variable X comes from the distribution Py
and that 7'(X) is an estimation for T'(9), where T : © — R. The relationship is shown as follows:

0— X —T.

If we further assume 7°(A) is an unbiased estimation for 7'(6), then

o VT3
>
varg(T) > T00)




7.4 Bayesian Cramér-Rao Lower Bound

The class will introduce two methods of proving Bayesian Cramér-Rao lower bound.

e Method 1: x? — Bayesian HCR — Bayesian CR
e Method 2: Classical Method

The notation used in this section is shown as follows:

e O=R

o ((0,0) = (0—0)2.

e 7 is a “nice” prior on R

The relationship can be described as follows:
T—0—X 0.

Theorem 7.3 (Bayesian Cramér-Rao Lower Bound). Assuming suitable reqularity conditions, then

1
EorI(0) + I(m)’

R* > R: = infE.(0,0)% >
6

where R is the Bayes risk and I(mw) = [ ”W—IQ

Let 0
Q:m—0 9_—§(ng—>§,
By=P
P:7i—0 —"x 0.
Then

X*(Pyx | Qox) ?(PyllQ,p) + data processing inequality

> X
> (P _ollQy_g) < data processing inequality
(E(0 - 0) —Eq(0 - 6))?
varg (6 — 0)
52
varg(6 — 6)

Further, if we assume
Qo =7, Qxjo = Py, Py = Tsm, Pxj9g = Py—s,

then Px = QQx which further indicates F; = )5 and the mean of 6 under distribution of P equals
to the mean under the distribution under (). For the Bayesian HCR lower bound,
52 52 1
>sup —————— > lim = . 7.2
SR N (PralQxa) ~ 00 X (Pxall@x) ~ 1(m) + Eon 10 72

We give a short proof of (7.2) here.

R*

s




Proof.

2 _ (Pxe - QX0)2 [ [Pa(Pxpg — Qx1o) + (Ps — Qo)Qx1”
X~ (Pxoll@xo) —/ —/ Oxs

PX|9 — Qxp)? (Py — Qp)? Po(Pp — Qo) _
/ / One +/ 02 +2 / 0 /(PX|9 QRx19)

X (Pxpoll@xo) - (g;)

= x*(Py]|Qp) +E

Then applying

o \2(Byl|Qs) = x*(Tsx|I7) = 82[1(x) + o(1)] by Taylor expansion,

o X*(Pxpll@xj9) = [1(9) + 0(1)]6? by Taylor expansion,

we obtain (7.2). O

7.5 Information Bound

In this section, we introduce the local version of the minimax lower bound. The local minimax risks
is defined in a quadratic form: infysupjy_g,|<c E(0 — 6)2. Further, we have

. . 1
i P (RN [()
~ 1+o0(1)
nEor[1(0)]
If 6 — I(0) is continuous, then
Bannl1(6)] = 1(60) + of1) =+ 000,

Assume the random variable Z coming from the distribution 7, Z ~ 7. Let I(Z) = I(r). For
constant «, 8 # 0, then I(Z + «) = I(Z) and I(BZ) = ) If the 7 has the distribution of form

cos? B, then min,.;_y 1) I(7) = =, If the distribution 7 has the form of cos? M , then I(0) = =
Then we have

1
inf sup E(0—0)2>R:> .
i ) "By [1(0)] + 1(r)
Now if we pick € = n=1/4, we have
. A 1 Optimize 14 0(1)
R* > inf su Eg(0 —0)2 > ———— "2 R > L
- 0 |9790‘S1;)L_1/4 6( ) - n[(@) + 0(\/7;) n lnfgoeg 1(00)
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