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So far we have been mostly focusing on upper bounds for L, risks. In this lecture, we shift our
attention to “density” estimation, which can be formulated as follows.

Given X" = [X1,..., X,] i po € P, we obtain an estimate p = p(-|X1,..., X,). The loss function
is the KL divergence D(p||p). The average risk is thus

E,D(p|5) = / D (pllp(-1X™ = 2™)) p" (da™).

Our task is to upper bound the minimax risk

inf sup E, D(pl|p).
P pepP

The term “density” is a little misleading, and hence quoted, because P is not confined to densities.

16.1 Bounding Capacity with Covering Number

This section introduces a bound on capacity using covering number, which is useful in terms of both
its conclusion and its proof. Before it is formally states, here is a recap on some important concepts.

o KL divergence:

P
D(P|Q) = Ep [1og ] |
Q
e Mutual information:

I(X;Y) = D (Pxy||[PxPy) = ing (Pyix]IQIPx), (16.1)

where the infemum is achieved at Q = Py = Ex [py|x].

e Capacity: Denote P = {py| X—z TEX }, then the capacity is defined as

C =supI(X;Y) < radius = inf sup D (Pyx—,[Q) , (16.2)
Px Q zex

with “=" if P is convex.
e Covering number for sets of distributions

N(e) = min # of “balls” that covers P
= mln{N 23Q, ..., QN st Ve e X, di € [N]aD(PY|X:x”QZ) < 8} .



Now we are ready to state the lemma.

Lemma 16.1.
C< igg{s +log N(e)} (16.3)
1>

There are two ways of proving this lemma.

Proof. #1
Fixe,let N = N(e), 3Q1, . .., Qn that form an e-cover. Vo € X, let i(z) = argmin;c ;D (PY‘X:wHQi),
and thus D (PY|X:x||Qi($)) <e.

Fix any Py,
I(X;Y) =I(X,i(X);Y)
D 16(X); Y) + I(X; Y ]i(X))
< H(i(X)) + 1(X;Y]i(X))

(2)
< log N +¢,

where (1) is derived from the chain rule of mutual information. (2) is derived from that H(i(X)) is
the entropy of a distribution with N outcomes, whose maximum is achieved when all the outcomes
are equiprobable; and that

I(X;Y]i(X) = inf D (Py x| QIi(X)

< D (Pyx]|Qix)li(X)) <e.

Proof. #2
I(X;Y) = ing (PY\X”Q|PX)

LN
<D (PYXHN ZQJ%{)

) i:l1 N
=Ex |D (PY|X||N Z@-)]
L i=1

[ Py x
= Ex |Ep,,y log 1']
7 lQl

Py x
S EX EPy|X log 1 ‘ ]
NQix)

zlogN+IEpX [ (PY|XHQ1'(X))]
<logN +e¢.



Remark 16.1. “=" in equation (16.3) holds if P is convex, and thus C' =radius (from equation
(16.2)). It is easy to verify it with a special case e=radius, where N(¢) = 1, and both sides of
equation (16.3) equal to radius.

Remark 16.2. for n samples X" = (X1,...,X,) o px, note that
D (PP™|Q®") = nD(P|Q).

Denote N, (¢) is the covering number for P*", and N(e) for P. The product distributions of a
g/n-cover for P form a e-cover for P®". Therefore

No(e) < N (%) .

In Gaussian case, for instance, KL-divergence is represented by Euclidean norm, and thus
d
1
Ne)~[-) .
@~ (1)

Cu 5 int {s +dlog

According to equation (16.3),
o)
€
) € n/d
= dé&%{d +1Og5/d}

/ (16.4)
S/ g inf {5’+10g "/d}
e’>0

6/
= dlog (1 + g) .

16.2 An Upper Bound on the Bayes Risk

This section introduces an upper bound on the Bayes risk, which inspires the upper bound on the
minimax risk, as will be shown in the next section.

Consider the standard Bayes setting where
X" =(X1,...,Xp) i'ri\?dpg, and 6 ~ T,

and the estimate, p(-|X™), is a function of X™. The Bayesian risk is given by
Eg,xn [D(pel[p(-[X™))] = /W(d9)p§’"(d$")D(pe\ﬁ('lX" =z")).
Lemma 16.2. The optimal Bayes risk is
inf Eg xn [D(pollp([X™))] = 1(6; Xnia| X7),

where X411 1s identically distributed to and independent of X1,...,X,. The infemum is achieved
when
ﬁ(’X”) = an+1‘X"7

which is the Bayes estimator.



Proof. First note that pg and p(-|X™) are distributions for a new data, which can be denoted as

Xpt1. Taking the infemum over p = p(+|-) of the Bayes risk,

inf By [Dpo(1X")] = inf [ #(a8)p5" (da") Dipallo1X" = )

_ / o (A" nf g oy [D(pol)

/pxn me (D011 10]1DIPg X7 =2m)

1
g / D (px,, 110llPX 41 X PO X7 =m)
1(6;

X1 X™).

(1) is derived from equation (16.1). Specifically, fix X™ = 2™, the infemum of D (an+1|9||ﬁ|p9|Xn:$n)

is achieved when
D =Egxn [Px0i118) = PXps|x7-

With lemma 16.2, we can derive an upper bound in terms of capacity, fix any prior 7(6),
Cry1 = sup I(6; X" 1) > 1(6; X" )
(6)
1
216 X2) + 1(6 X[ X0) -+ (0 X1 | X7)

2
> (n+1D)I(0; Xpa|X™)

(1) is due to the chain rule of mutual information; (2) is due to the fact that the mutual information
with an additional data diminishes as the number of existing data increases, namely

I1(0; X1 | X™) < I(0; X,| X771,

Therefore, from equation (16.4), we have a bound for optimal Bayes risk, which holds for any prior

m(0):

Cn+1 d n
: n) < < . .
1(6; Xpin | X™) < S Slog (1 + d) (16.5)

16.3 An Upper Bound for Minimax Risk

This section introduces a theorem which states that the bound in equation (16.5) also holds for

minimax risk, and its proof is inspired by the Bayes case.

Theorem 16.1. (Yang-Baren '99)

. | d n
1%fzgngeD(p9\\p) < ;r>1(f) - log N(e) + €~ - log <1 + E) .



Proof. Choose the following estimate
p(-|X™) = ZPX | Xi= 1( Xl 1)

where

J 7(d8) TT;—1 po(X;)
Jm(d0) TT5Zh po(X;)

Hence the estimator is a function of (). Note that 7(6) here is used only to define an estimator; it
has nothing to do with Bayes setting. The rest of the proof bounds the worst case risk of p induced
by an appropriate m(f).

pleXi_l =

Fix 0, the risk for p can be upper bounded by

A 5N
Epy D(pol|p) = Ep, D <p9Hn ZpXi|Xi_1>
=1

11 &

< ﬁZD (pollpx, xi-1) (16.6)
it1

2) 1

DD (5" lpxe)

where (1) is due to the convexity of KL divergence; (2) is the chain rule of KL divergence:

Py~
D (Pxn||Qxn) =E [log Q))((N:|

) H?:l Pxi‘Xi—l
H?:l QXHXFl

n
= "D (Pxijxi-1|Quxijxi-1) -
i=1

Fix €, denote N = N(¢) as the covering number. Let G = {61,...,0n} be a set whose corresponding
pps form an e-covering of P. Choose the p induced by 7(0) ~ uniform(G). Then

N
1
D (pg"lpxn) =D (pémllN Zm?@”)
=1

Py
=Elog | ——F——
¥ Ziilpz’;”] (16.7)
Xn
< Elog 1p%n ]
<log N + ne.

Combining equations (16.6) and (16.7), we can bound the minimax risk:
1 1
inf sup E,,, D (pg||p) < supE,, D (pg||p) < — (log N +ne) = —log N +e.
P 9eo 9O n n

Since it holds for Ve, taking the infemum of both sides, and noticing that N(g) ~ (1/¢)? concludes
the proof. 0



In Gaussian case, the minimax risk is the canonical d/n (KL-divergence reduces to Euclidean norm),
so theorem 16.1 is loose with an additional term log(1 + n/d). In next lecture, we will obtain a
tighter bound, which is polynomial with respect to 1/n, given some additional Lipschitz continuity
constraint.
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