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In the last lecture we analyzed the k-sparse Gaussian location model in high dimension (the denoising
problem) and proved minimax rate for estimating the location parameter. In this lecture we extend
the earlier ideas to sparse linear regression in high dimension. We prove a minimax lower bound
and then obtain upper bounds on the risk of a few procedures.

19.1 Problem setup: Sparse linear regression

The sparse linear regression model is

Yox1 = anpapxl + Z; Z ~ N(O, In)7 (191)

where X € R™*P is the design matrix and 6 € R? is an unknown k-sparse parameter vector. In this
lecture we are concerned with the case when n << p but n > k, i.e., we have more predictors in the
design matrix than we have samples.

Interpretation: Y is a noisy linear combination of the columns of the design matrix X. The goal
here is to estimate 6, given Y and X. Note that the system has more unknowns than the number of
equations and hence is indeterminate even without the noise. Estimation is made possible due to
the k-sparsity structure.

Note: We consider here random design matrices only. More precisely we have
Xij R N(0,1/n),
so that the columns have roughly unit norm.

The next theorem proves a lower bound on the minimax risk for estimating 6 in the k-sparse
regression model.

Theorem 19.1. The minimaz risk for estimating 0 in the model defined by Equation (19.1) is
lower bounded by

R* = R*(p,k,n) = inf sup Eg||f — 0|2 > klog %, Vn.

6 |10]o<k

Proof. Note that (X;,Y;)’s are i.i.d sampled from a distribution Py. We show that the KL-diameter
for two different 6 is exactly same as that in p-dimensional gaussian location model, i.e.,

1
D(Poo | Po,) = 5160 — 01,

We derive the result as follows,



D(Px, vi1001Px, vi10,) = Ex; [D(Py; x,.00 | Py;|x;.0,)]
= EXi [D(N(<XZ7 90) ) 1)HN(<X’H 91) ) 1))]

1
= EXZ'[§ (X;,00 — 61)]
1
= §EXZ-[(90 —601)' X[ X;(0o — 61)]
1
= 5(90 — 91)/E[XZ{X¢](90 —61)

1
= — 1|6y — 01
2nHo 1]

Hence,

D(PG()HP91) = (PS?RYWOH X“y|91) "90_91”2

The result then follows from the analysis of the gaussian locatlon model from previous lecture. [

From the previous discussion we have, R* > klog % for any n, which is identical to the minimax
rate of the denoising problem for any n. This is reasonable, because even with full observation
n 2 p, which roughly corresponds to the denoising problem we cannot beat this rate. Surprisingly,
as long as n 2 klog %, the denoising rate is attainable and we have R* < klog <, achieved by, e.g.,
the maximum likelihood estimator. This is proved in Section 19.2.

Note that MLE is computationally expensive. A computable alternative procedure is the Dantzig
selector [CT07]. As analyzed in Section 19.3 It is guaranteed to achieve the rate R* < klogp as
long as n > klog %. This falls slightly sort of the optimal rate. However unlike MLE, the procedure
is completely adaptive and can be cast as a linear programming problem. More recently a procedure
called SLOPE [SC15] has been proposed which achieves the optimal rate. In particular its risk
coincides with the minimax rate with sharp constant, namely, R* < (2 4+ o(1))klog ¢ as p — oo
and k = o(p), provided that n 2 klog <

19.2 Analysis of MLE

The MLE in this case is defined in terms of the solution (may or may not be unique) of an
optimization problem,

OnLE € arg ”mHmk Y — X0|3. (19.2)

Unfortunately the optimization problem can only be solved through exhaustive search which is
NP-hard in the worst case.

Theorem 19.2. Whenever n > Cklog ¢ for some sufficiently large constant C, V0 € By(k).
10nLe — 03 < klog %, (19.3)

A e
IX (Onee — 0)[|5 < Klog ?p’ (19.4)



hold with high probability.

Proof. Since fis a minimizer, we have
Iy — X013 < ||y — X0]3 = || Z]3:
On the left hand side we have,
IY = X013 = |V — X0+ X0 — X035 = | Z - Xhl}3,

where h = 0 — 0. Hence we have,
1Z — Xhl5 <1213,

which leads to the basic inequality

IX713 < 2(Z,Xh)
=27'Xh

< 2||hll2 sup 7' Xu.
u€SP~1NBy(2k)

Note that the left hand side is not the estimation error, instead it is the prediction error | Xh|3% =
| X6 — X0]3. Hence to conclude both (19.2) and (19.4) from the basic inequality, it suffices to show

(a) ||hll2 S ||IXh|l2, (Restricted isometry property)

(b) sUPuesr-1nBy(2k) ' Xu S y/klog ¢, with high probability.

sup Z'zu = ||Z||lw(G) < 4/ klog %,
ueSP~INBy(2k)

where w(G) is the Gaussian width of the set SP~! N By(2k) and from last lecture we know,

w(G) S y\/klog PE.

For (a) we will show that

We first prove (b).

. HXhllzZ
Inllo<k [|R]l2

e
if n > klog L,

k
where c is a constant. First note that,

[[Aulls
w0 [|ull2

= Umin(A)-

For any feasible h, Xh = X jhj, where J = supp(h) is the support of h and X is the n x k matrix
whose columns are the columns of X that corresponds to the rows in the support J. Then we have
[ XAll2

in = min omin(Xy).
Iallo<k [All2 <k min(X7)

For a fixed J, omin(X ) concentrates to 1 — \/g . Hence an union bound gives,
. p
P min X t S P min X t].
o <o) < () Plmat) <4
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Using the tail bound

P [Umin(X[k]) <1- \/E_ \;ﬁ] < exp(—t?/2),

and choosing t = 4k log % and n = 100k log %, we have 1 — \/g — ﬁ > 0.5 and consequently,

Plmin| jj<; omin(Xs) < 0.5] — 0. This completes the proof. O

19.3 Dantzig selector

The Dantzig selector can written as the following optimization problem,

min |01, st || X(V — X0)|leo <7 (19.5)
This optimization problem can be efficiently solved as a linear programming. Another computable
procedure for k-sparse regression is the Lasso, which can be written as the following optimization
problem

min ||[Y — X0||3 + \[|6]l1, 6 € R™ (19.6)

Note that X’ is added to the constraint in the Dantzig selector in (19.5) to make the solution rotation-
invariant. Precisely, if U € O(n) be a n x n orthogonal rotation matrix, then UY = UX0 + UZ.
Note that in this case, (X,Y) = (UX,UY).

Theorem 19.3. Let the Dantzig selector Opg denote a minimizer of (19.5) we have
16bs — 0113 < klogp,

w.h.p as long as n > Cklog L for some sufficiently large constant C.

Proof. Similar to the proof of Theorem 77 in the denoising problem, the proof is divided in three
steps.

o Step 1 : set T to guarantee 0 is feasible

IX'Z]joo <7 =/2l0gp,

We choose,

so that ground truth is feasible.

e Step 2: Structure of the error h = 6—6
Let J be the support of . Define the cone

Cy & {h:|lhyelly < |lhsll1}. (19.7)

Since [|0]]1 < ||0]]1, we have h € C.

Claim 19.1.
||X'Xh||C><> <27



To see this note that,
IX' X Blloo = |X'X (6 — 6)|o
= | X'(Y = X0) = X'(Y — X0) ||
<XV = X0)[loo + | X' (Y — X6
< 27.

o Step 8: The risk
We have,

|XRI3 = (Xh, Xh)
=NX'Xh
= (X'Xh,h)
< | X'Xhllsollh]ly  (Holder)
< 272||hsl1
< 4Vkr||hslla (Cauchy-Schwarz)
< 4Vkr||h|2.

Now we need to show one last thing to complete the proof.

Claim 19.2.
IBll3 S I XAl3 whp YheCy

To prove this claim we use the special feature of the cone C; defined in (19.7), that for any
h € Cj, half of the energy of h is on 2k co-ordinates, i.e. h is almost 2k- sparse.

Suppose h is ordered in the following fashion: The vector of length k that corresponds to
J = supp(#), hy comes first. The rest of h is ordered in terms of decreasing magnitude. We
divide the remaining h after first block into blocks of size k and name the blocks K1, Ko, ...
and the vectors hi, ha, ..., such that hg, = h;.

Let a = hjuk, = hy + hi. By construction, it has more than 1/2 of the energy, i.e.,

lal > 53
and define,
b2 hijury)e = Zhi.
i>2
Then

I XAl = [ Xa+ Xb|3
> || Xal3+2(Xa, Xb) (19.8)

Since X satisfies the restricted isometry property, for n > cklog %, there exists c¢;(c) with
c1 — 1 if ¢ = oo, such that

c1
1Xall3 > ciflall3 = < [R5

Now we need to just show that the cross term (Xa, Xb) is small in magnitude. For this we
use the following restricted decorrelation lemma,
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Lemma 19.1. Let n > cklog . Then, with high probability, for all u,v € By(2k) we have,
| (Xa, Xb) | < calulll|v],

where ca = ca(c) and ca — 0 if ¢ — 0.

Then we have,

(Xa,Xb) =) (Xa,Xh;)

Jj=>2
<) (Xa,hX;)
Jj=2
<> lall2llsllz  (Lemma 19.1)
Jj=2
< callhll2 Y VEl|hjlloo
Jj=2
hi
<alhlz Y VR By ordering)
7>2
< ZNhll2(3 hy-allh)
\/> j>2

< C—2||h|]2||hJcH1 Property of cone

=[lRll21 s
\f

Reverting back to (19.8) we have,
C1
IXRE > (5 = eIz 2 17113

This completes the proof.

O

Remark 19.1 (Adaptivity issues). Note that the Dantzig selector procedure is adaptive to k, but
not to o. To see this consider the following high dimensional k-sparse regression problem,

Y =X0+2, Z~N(0,0%lL,).
If o is known then we can set 7 = o+/2log p, but typically ¢ is not known.

A similar problem arises with Lasso as well. In (19.6), if o is known then the optimal A = 20+/log p,
but if ¢ is unknown then ) is a tuning parameter. As a remedy for this another procedure called
square root Lasso was proposed which can be written as the following optimization problem,

min |[Y — X0 + A|0]l1, 0 € R".

The optimal A = y/logp even when o is unknown. However the downside is that this optimization
problem is not easy to solve.
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