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Graph matching (network alignment)

Goal: find a mapping between two node sets that maximally aligns the
edges (i.e. minimizes # of adjacency disagreements)

Quadratic Assignment Problem (QAP) : max
Π∈Sn

⟨A,ΠBΠ⊤⟩
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Correlated Erdős-Rényi graphs model G(n, p, s)
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• (Aπ∗(i)π∗(j), Bij) are iid pairs of correlated Bern(ps)

• A and B differ by a fraction δ ≜ 1− s of edges, under the latent π∗
• Key parameter nps2: average degree of intersection graph A ∧B∗;
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Information-theoretic limits

p: edge probability δ = 1− s: fraction of errors (differed edges)

Theorem (Cullina-Kiyavash ’18, Wu-Xu-Yu’ 21)

For p = o(1), exact recovery of π∗ is information-theoretically possible if
and only if

nps2 − log n→ +∞

Interpretation: Intersection graph A ∧B∗ ∼ G(n, ps2) is connected

Computationally:

• Noiseless s = 1(δ = 0): Random graph isomorphism. Optimal
condition is attained in linear-time [Bollobás ’82, Czajka-Pandurangan ’08]

• Noisy case s < 1(δ > 0): little is known for efficient algorithms until
recently
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Main result

p: edge probability δ = 1− s: fraction of errors (differed edges)

Theorem (Fan-Mao-W-Xu ’19)

Exact recovery is achieved efficiently by a spectral method whp if

np ≳ (log n)C and δ ≲ (log n)−C

for some absolute constant C.

• Classical spectral methods require δ ≤ n−C [Ganassali-Lelarge-Massoulié

’19]

• Holds for general correlated Wigner model, e.g., Gaussian model

(Aπ∗(i)π∗(j), Bij)
iid∼N

(
( 00 ) ,

(
1 ρ
ρ 1

))
.
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’19]

• Holds for general correlated Wigner model, e.g., Gaussian model

(Aπ∗(i)π∗(j), Bij)
iid∼N

(
( 00 ) ,

(
1 ρ
ρ 1

))
.

5/51



Outline

1 A new spectral algorithm

2 Analysis

3 Concluding remarks
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Spectral methods and applications

Estimate hidden structure using leading eigenvectors of data matrix A

• Planted clique [Alon-Krivelevich-Sudakov ’98]

• Planted partition/Stochastic block model [Mcsherry ’98] [Massoulié ’13]

[Bordenave-Lelarge-Massoulié ’15]

• Clustering [von-Luxburg-Bousquet-Belkin ’05]

• Graphon estimation [Chatterjee ’15]

• Matrix completion [Keshavan-Montanari-Oh ’09]

• Ranking [Negahban-Oh-Shah ’17]

Underlying structure: A is approximately low-rank with large eigen-gap
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Analysis of classical spectral method

Example: SBM with 3 communities:

A =

p

p

p

q

q + A− E[A]

“signal” “noise”

−3 −2 −1 0 1 2 3 4 5
0

0.05

0.1

0.15

0.2

0.25

0.3

 

semi−circle law

• Perturbation bound (Davis-Kahan and variants – Chap 3): Top
eigenvectors of A ≈ those of E [A], if eigengap ≳ ∥A− E [A] ∥2

• However, in graph matching: signal = adjacency matrix of Erdős-Rényi
graph, which has full rank and vanishing eigengap

• Need to rethink spectral methods for graph matching
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Spectral graph matching paradigm

k ℓ

?

A =

n∑
i=1

λiuiu
⊤
i B =

n∑
j=1

µjvjv
⊤
j

λ1 ≥ · · · ≥ λn µ1 ≥ · · · ≥ µn

1 Construct a similarity matrix X based on (λi, ui) and (µj , vj)

2 Project X to permutation by linear assignment: Π̂ ∈ argmax ⟨X,Π⟩
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Failure of previous spectral methods

• Low-rank methods: Aligning the leading eigenvectors

X = s1u1v
⊤
1 , s1 ∈ {±1}

Similar ideas used in IsoRank [Singh-Xu-Berger ’08] and EigenAlign
[Feizi-Quon-Mendoza-Medard-Kellis-Jadbabaie ’19]

• Full-rank methods: [Umeyama ’88]

X =
n∑

i=1

siuiv
⊤
i , si ∈ {±1}

• All perform well with no noise, but are extremely fragile with noise

• A and B have full rank and vanishing eigengaps ⇒ decorrelation of
ui and vi when δ = n−c [Chatterjee ’14, Bourgade-Yau ’17, Benigni ’17,

Ganassali-Lelarge-Massoulié ’19]
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Eigenvector correlation
Isomorphic Erdős-Rényi graphs: 500 vertices, edge probability 1
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Eigenvector correlation
Erdős-Rényi graphs with δ = 0.1% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 0.5% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 1% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 3% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 5% differed edges
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Eigenvector correlation
Isomorphic Erdős-Rényi graphs: 500 vertices, edge probability 1
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Eigenvector correlation
Erdős-Rényi graphs with δ = 0.1% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 0.5% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 1% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 3% differed edges
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Eigenvector correlation
Erdős-Rényi graphs with δ = 5% differed edges
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A new spectral method: GRAMPA
GRAph Matching by Pairwise eigen-Alignments:

X =

n∑
i,j=1

K

(
λi − µj

η

)
︸ ︷︷ ︸
spectral weights

× u⊤i Jvj · uiv⊤j︸ ︷︷ ︸
“Alignment” between ui and vj

where η = bandwidth parameter, J = all-one matrix

• All pairs matter:

▶ Spectral weight penalizes pairs whose eigenvalues are far apart
▶ Cauchy weight kernel is inspired by the eigenvector correlation decay

[Bourgade-Yau ’17], [Benigni ’17]:

n · E
[
⟨ui, vj⟩2

]
≈ δ

(λi − µj)2 + Cδ2

(See previous plot for this Cauchy form.)

• GRAMPA is invariant to the choices of signs for ui and vj
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GRAMPA as regularized QP relaxation

• Graph matching as a quadratic assignment problem (QAP):

arg max
Π∈Sn

⟨A,ΠBΠ⊤⟩ = arg min
Π∈Sn

∥A−ΠBΠ⊤∥2F

= arg min
Π∈Sn

∥AΠ−ΠB∥2F

• A popular quadratic programming relaxation [Zaslavskiy-Bach-Vert ’09],
[Aflalo-Bronstein-Kimmel ’15], [Lyzinski-Fishkind-Fiori-Vogelstein-Priebe-Sapiro ’15]

arg min
X≥0: X1=1, X⊤1=1

∥AX −XB∥2F (QP-DS)

• The GRAMPA similarity matrix X is (a multiple of)

arg min
X: 1⊤X1=n

∥AX −XB∥2F + η2∥X∥2F

This further relaxes the DS constraint and adds a ridge regularizer
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Experiments



Spectral algorithms on Erdős-Rényi graphs
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Competitive methods on Erdős-Rényi graphs
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GRAMPA is 100–1000x faster than QP-DS and scalable to larger
networks
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Computer vision dataset SHREC’16

A realistic and challenging noisy dataset of 3D deformable shapes [Lähner

et al ’16]

Eurographics Workshop on 3D Object Retrieval (2016)
A. Ferreira, A. Giachetti, and D. Giorgi (Editors)

SHREC’16: Matching of Deformable Shapes with Topological Noise

Z. Lähner1†, E. Rodolà1,2†, M. M. Bronstein2†, D. Cremers2†,
O. Burghard3, L. Cosmo4, A. Dieckmann3, R. Klein3, Y. Sahillioğlu5

1TU Munich, Germany, 2University of Lugano, Switzerland, 3University of Bonn, Germany
4Università Ca’ Foscari Venezia, Italy, 5Middle East Technical University, Turkey

Figure 1: With this benchmark we evaluate the accuracy of matching algorithms when presented with 3D deformable shapes undergoing
topological changes. Shown in the figure is a subset of shapes from the proposed dataset. The red marks indicate parts of the shape where
a topological “shortcut” takes place: there, the triangular mesh is modified so as to avoid any self-intersections, and parts that would
otherwise be located in the interior of the shape are completely removed.

Abstract
A particularly challenging setting of the shape matching problem arises when the shapes being matched have topological
artifacts due to the coalescence of spatially close surface regions – a scenario that frequently occurs when dealing with real
data under suboptimal acquisition conditions. This track of the SHREC’16 contest evaluates shape matching algorithms that
operate on 3D shapes under synthetically produced topological changes. The task is to produce a pointwise matching (either
sparse or dense) between 90 pairs of shapes, representing the same individual in different poses but with different topology. A
separate set of 15 shapes with ground-truth correspondence was provided as training data for learning-based techniques and
for parameter tuning. Three research groups participated in the contest; this paper presents the track dataset, and describes the
different methods and the contest results.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Computational Geometry and Object
Modeling—Shape Analysis

1. Introduction

Matching deformable 3D shapes is a widespread problem having
applications in numerous fields, and as such has been actively in-
vestigated in the computer vision and graphics communities for
more than a decade. To date, a wide variety of approaches have
been proposed to tackle the problem of (nearly-)isometric shape

† Organizers

matching with different levels of robustness against deviation from
isometry and geometric noise (see [vKZHCO11] for a recent sur-
vey). Given the large availability of methods, however, standard
data sets typically concentrate on the type of non-rigid deforma-
tion (i.e., change in pose and in shape class) and only include mi-
nor factors of nuisance, such as small holes, sampling artifacts,
and numerical noise. By contrast, the topological change that tri-
angular meshes undergo due to scanning artifacts and to the coa-
lescence of spatially close surface regions (see Fig. 2) have been

c© 2016 The Author(s)
Eurographics Proceedings c© 2016 The Eurographics Association.

• Triangulated mesh graphs: ∼10K vertices, ∼20K triangular faces.

• Very sparse graphs: average degree 3

• Noise from both local perturbations and large topological changes
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Performance of GRAMPA
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Bonus:

• Unsupervised (does not use training data)

• Does not use 3D coordinate info
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Analysis of GRAMPA



Diagonal dominance in population version

Question: Is X “close” to true permutation matrix Π∗?

Consider the “population version” of the regularized QP:

Assume Π∗ = I and A← A−E[A]√
nq(1−q)

and B ← B−E[B]√
nq(1−q)

:

Xpop = ϵI+ (1− ϵ)
J

n
, ϵ ≈ 2(1− δ)

n(2δ + η2)

• Xpop is close to J
n (center of the Birkhoff polytope)

• Same analysis holds for tighter QP-DS

• Xpop is diagonally dominant: diagonals are ≈ 2
2δ+η2

times
off-diagonals
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Diagonal dominance of the similarity matrix
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Heuristic argument: noiseless Gaussian case

X =

n∑
i,j=1

η

(λi − λj)2 + η2
⟨ui,1⟩⟨uj ,1⟩uiu⊤j

For Gaussian matrices

• eigenvectors are uniform:

ui ∼ Uniform(n-sphere) ≈ 1√
n
N (0, In)

▶ Sum: ⟨ui,1⟩ ≈ 1
▶ kth entry: (ui)k ≈ N (0, 1

n ).

• eigenvalues satisfies semicircle law:

1

n

n∑
i=1

δλi
≈ ρ(x) =

1

2π

√
4− x2 · 1{|x|≤2} (Wigner’s semicircle law)

• eigenvalues and eigenvectors are independent
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Heuristic argument: noiseless Gaussian case

Xkℓ =

n∑
i,j=1

η

(λi − λj)2 + η2
⟨ui,1⟩⟨uj ,1⟩(ui)k(uj)ℓ

• First term is diagonally dominant:

n∑
i=1

1

η
⟨ui,1⟩2︸ ︷︷ ︸

≈1

(ui)k︸ ︷︷ ︸
N (0, 1

n )

(ui)ℓ︸︷︷︸
N (0, 1

n )

≈

{
1
η if k = ℓ
1

η
√
n

if k ̸= ℓ

• Second term can be viewed as perturbation:

Var

∑
i ̸=j

η

(λi − λj)2 + η2
⟨ui,1⟩⟨uj ,1⟩ (ui)k (uj)ℓ

 ≈

x ( η

(x− y)2 + η2

)2
dρ(x)dρ(y)

≈ 1

η
(using semicircle law)

• Made rigorous when A,B are Gaussian since eigenvalues and eigenvectors
are independent, but hard to extend to Erdős-Rényi graphs
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Universality: Correlated Wigner model

Consider the standardized weighted adjacency matrices A,B where
(Aij , Bij) are independent sub-gaussian pairs satisfying

E[Aij ] = E[Bij ] = 0, E[A2
ij ] = E[B2

ij ] =
1

n
, E[AijBij ] =

1− δ

n
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Key proof technique: Resolvent and local laws

RA(z) ≜ (A− zI)−1 =

n∑
i=1

1

λi − z
uiu

⊤
i , z ∈ C\R

Denote Wigner’s semicircle density and its Stieltjes transform by

ρ(x) =
1

2π

√
4− x2·1{|x|≤2} and m(z) =

∫
1

x− z
ρ(x)dx =

−z +
√
z2 − 4

2

• Classical result in RMT: empirical eigenvalue distribution 1
n

∑n
i=1 δλi

converges to ρ.

• So we expect

1

n
TrRA(z) =

1

n

n∑
i=1

1

λi − z
→ m(z)
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Key proof technique: Resolvent and local laws

Stronger results concern the entire matrix RA(z) (as opposed to just Tr),
especially when Im z is small (known as local laws)

• RA(z) ≈ m(z)I entrywise [Erdos-Knowles-Yau-Yin ’13]: whp

(RA(z))ij ≈ m(z) · 1{i=j}

• Similarly, row sum and total sum satisfy: whp∑
j

(RA(z))ij ≲ polylog(n)
∑
i,j

(RA(z))ij ≈ n ·m(z)
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Universality proof step 1: Resolvent representation

Lemma

X ≜
n∑

i,j=1

η

(λi − µj)2 + η2
⟨ui,1⟩⟨vj ,1⟩uiv⊤j

=
1

2π
Re

∮
Γ
RA(z)11

⊤RB(z + iη)dz

z ∈ Γ

−3 3

η/2

−η/2

Re

Im

Γ encloses λ1, . . . , λn but not µ1 − iη, . . . , µn − iη
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Proof of resolvent representation

Cauchy’s integral formula

Let Γ be closed curve enclosing z0 and f is analytic inside Γ. Then

1

2πi

∮
Γ

f(z)

z − z0
dz = f(z0)

Expanding

RA(z)11
⊤RB(z + iη) =

n∑
i,j=1

1

(z − λi)(z + iη − µj)
uiu

⊤
i Jvjv

⊤
j

and

1

2π
Re

∮
Γ

1

(z − λi)(z + iη − µj)
=

1

2π
Re

2πi

λi − µj + iη

= − Im
1

λi − µj + iη
=

η

(λi − µj)2 + η2
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Block inverse

Technical tool: Schur complement identity

Provided D is square and invertible,

M =

[
A B
C D

]
=⇒ M−1 =

[
S −SBD−1

−D−1CS D−1 +D−1CSBD−1

]
where S = (A−BD−1C)−1.

Utility of this result (both theoretically and algorithmically): reduce
inverse to inverting smaller matrices
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Step 2: Leave-one-out relation

X11 =
1

2π
Re

∮
Γ

[
e⊤1 RA(z)1

] [
1⊤RB(z + iη)e1

]
︸ ︷︷ ︸

correlated 1st row sums

dz

•
A =

(
a11 a⊤1
a1 A(1)

)
RA(z) =

(
RA,11 RA,1∗
RA,∗1 RA,∗∗

)
• By the Schur-complement formula

RA,1∗(z) = −RA,11(z) · a⊤1 (A(1) − zI)−1

= −RA,11(z) · a⊤1 RA(1)(z)

• Writing a similar expression for B, we get

X11 ≈

• (a1, b1) are correlated and independent of (A(1), B(1)) and hence M
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Step 2: Leave-two-out relation

Similarly, for off-diagonals

X12 ≈
1

2π
Re a⊤1

[∮
Γ
m(z)m(z + iη)RA(12)(z)11⊤RB(12)(z + iη)dz

]
b2.

where A(12) and B(12) are the same as A and B by deleting the first two
rows and columns.
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Technical tool: concentration of bilinear forms

Recall: a1, b1 are correlated and a1, b2 are independent, s.t.

E[a1b⊤1 ] =
1− δ

n
I, E[a1b⊤2 ] = 0.

So we expect, for deterministic matrix M ,

a⊤1 Mb1 ≈
1− δ

n
Tr(M) a⊤1 Mb2 ≈ N

(
0,

1

n2
∥M∥2F

)

More precisely, whp∣∣∣∣a⊤1 Mb1 −
1− δ

n
Tr(M)

∣∣∣∣ ≤ polylog(n) ∥M∥F
n

∣∣a⊤1 Mb2
∣∣ ≤ polylog(n) ∥M∥F

n
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Step 3: Separating signal from noise

Diagonal entries: Apply concentration of the bilinear form

X11 ≈
1

2π
Re a⊤1

[∮
Γ
m(z)m(z + iη)RA(1)(z)JRB(1)(z + iη)dz

]
b1

︸ ︷︷ ︸
≈ 1−δ

n
Tr[
∮
Γ m(z)m(z+iη)R

A(1) (z)JRB(1) (z+iη)dz]

Off-diagonal entries:

X12 ≈
1

2π
Re a⊤1

[∮
Γ
m(z)m(z + iη)RA(12)(z)JRB(12)(z + iη)dz

]
b2︸ ︷︷ ︸

≲ polylog(n)
n ∥∮Γ m(z)m(z+iη)R

A(12) (z)JRB(12) (z+iη)dz∥
F

Here (a1, b2) are independent, so the conditional mean is 0
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Step 4: Proof of diagonal dominance
• Diagonal entries:

X11 ≈
1− δ

2π
Re

1

n
Tr

[∮
Γ

m(z)m(z + iη)RA(1)(z)JRB(1)(z + iη)dz

]
≈ 1− δ

2π
Re

1

iη

∮
Γ

m(z)m(z + iη) (m(z + iη)−m(z)) dz +

√
δ

η2

≈ 1− δ

η
+

√
δ

η2

• Off-diagonal entries

X12 ≲
polylog(n)

n

∥∥∥∥∮
Γ

m(z)m(z + iη)RA(12)(z)JRB(12)(z + iη)dz

∥∥∥∥
F

≲
polylog(n)
√
η

• Applying this and a union bound for every Xkℓ shows that X is diagonally
dominant when √

δ ≲ η ≲ (log n)−(4+2ε)
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Tr(·) calculation
Applying

• RB(z + iη)RA(z) =
1
iη (RB(z + iη)−RA(z)−RB(z + iη)(A−B)RA(z))

• whp, 1⊤RA(z)1 ≈ nm(z), ∥A−B∥ ≲
√
δ and ∥RA(z)1∥ ≲

√
n
η ,

we get

1

n
ReTrM

=
1

n
Re

∮
Γ
dz m(z)m(z + iη)Tr

[
RA(z)JRB(z + iη)

]
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η
Im

∮
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(√
δ

η2

)
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≤ 1

η
Im

∮
Γ
dz m(z)m(z + iη)(m(z + iη)−m(z))︸ ︷︷ ︸

2π+oη(1)

+O

(√
δ

η2

)
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∥·∥F calculation
Deforming the contour:

z ∈ Γ

w ∈ Γ′

−3 −2.5 32.5

η/2

−η/2

η/4

−η/4

Re

Im

Then

M =

∮
Γ
m(z)m(z + iη)RA(z)JRB(z + iη)dz

=

∮
Γ′
m(w)m(w + iη)RA(w)JRB(w + iη)dw
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∥·∥F calculation

Applying the facts

• m(z) = m(z), RA(z)
∗ = RA(z)

• RA(z)RA(w) =
RA(z)−RA(w)

z−w

• |m(z)| ≲ 1 and |1⊤RA(z)1| ≲ n
we get

∥M∥2F = Tr(MM∗)

=

∮
Γ
dz

∮
Γ′

dw m(z)m(z + iη)m(w)m(w − iη)Tr
[
RA(z)11⊤RB(z + iη)RB(w − iη)11⊤RA(w)

]
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Extensions

• Dense graphs q = Θ(1): improvement to δ ≲ (log n)−(4+ϵ)

• Gaussian weighted graphs: improvement to δ ≲ (log n)−2 by direct
analysis (slides 33-34)

• Similar result for a tighter QP relaxation (this is not automatic!)

arg max
X: X1=1

∥AX −XB∥2F + η2∥X∥2F

▶ Open problem: analyze the tigher relaxation

arg max
X: X1=1,X⊤1=1

∥AX −XB∥2F + η2∥X∥2F

• Similar results for matching bipartite graphs
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Concluding remarks

• New spectral graph matching algorithm: “full-rank” spectral method

X =

n∑
i,j=1

η

(λi − µj)2 + η2
uiu

⊤
i Jvjv

⊤
j

• Efficiently matches two graphs with average degree ≥ polylog(n)
and fraction of differred edges ≤ 1/polylog(n)
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Open problems

• Theoretical guarantees for QP-DS

min
X doubly stochastic

∥AX −XB∥2F

• Other random graphs ensembles, e.g., geometric graphs

References
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