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Preface

We study principal component analyses in multivariate random and mixed effects linear models.
These models are commonly used in quantitative genetics to decompose the variation of phenotypic
traits into consistuent variance components. Applications arising in evolutionary biology require
understanding the eigenvalues and eigenvectors of these components in high-dimensional multivariate
settings. However, these quantities may be difficult to estimate from limited samples when the
number of traits is large.

We describe several phenomena concerning sample eigenvalues and eigenvectors of classical
MANOVA estimators in the presence of high-dimensional noise, including dispersion of the bulk
eigenvalue distribution, bias and aliasing of outlier eigenvalues and eigenvectors, and Tracy-Widom
fluctuations at the spectral edges. A common theme is that the spectral properties of the MANOVA
estimate for one component may be influenced by the other components. In the setting of a sim-
ple spiked covariance model, we introduce alternative estimators for the leading eigenvalues and
eigenvectors that correct for this problem in a high-dimensional asymptotic regime.

The contents of this thesis are drawn from three manuscripts. Section 2.2, Chapter 3, and Ap-
pendix A are drawn, with minor modification, from the manuscript “Tracy-Widom at each edge of
real covariance estimators,” jointly authored with Tain M. Johnstone [FJ17]. Sections 2.1, 2.3, 2.4,
(parts of) 2.6, and Chapter 4 are drawn, with minor modification, from a manuscript “Spiked covari-
ances and principal components analysis in high-dimensional random effects models,”
and jointly authored with Tain M. Johnstone and Yi Sun. Sections 2.5, (parts of) 2.6, Chapter 5, and

in preparation

Appendix B are drawn, with minor modification, from a manuscript “Eigenvalue distributions of
variance components estimators in high-dimensional random effects models,” jointly authored with
Tain M. Johnstone [FJ16].
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Chapter 1

Introduction

We study multivariate random and mixed effects linear models. As a simple example, consider a
twin study measuring p quantitative traits in n individuals, consisting of n/2 pairs of identical twins.

We may model the observed traits of the j* individual in the it pair as
Yi,j :IJJ+(11'+EZ"J' € RP, (11)

Here, p is a deterministic vector of mean trait values in the population, and

;X (0,%1), ey L(0,%)
are unobserved, independent random vectors modeling trait variation at the pair and individual
levels. Assuming the absence of shared environment, the covariance matrices 31, 3o € RP*P may be
interpreted as the genetic and environmental components of variance.

Since the pioneering work of R. A. Fisher [Fisl18], such models have been widely used to de-
compose the variation of quantitative traits into constituent variance components. The genetic
variance is commonly further decomposed into that of additive effects from individual alleles, domi-
nance effects between alleles at the same locus, and epistatic effects between alleles at different loci
[Wri35]. Environmental components of variance may be individual-specific, as above, or potentially
also shared within families or batches of an experimental protocol. In many applications, for exam-
ple measuring the heritability of traits, predicting evolutionary response to selection, and correcting
for confounding variation from experimental procedures, it is of interest to estimate the individual
variance components [FM96, LW98, VHWO0S].

Classically, variance components may be estimated by examining the resemblance between rela-
tives [Fisl8]. In plant and animal populations, this is commonly performed using breeding designs.

For example, the additive genetic variance may be estimated via a “half-sib” design corresponding
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to the one-way model (1.1). Each group 4 consists of individuals j bearing a half-sibling relation-
ship, and 43 corresponds to the additive genetic variance in the absence of shared environment
and epistatis [LW98]. Additional variance due to dominance may be estimated using more complex
designs: In the North Carolina I design corresponding to the two-way nested model
jid jid jid
Yijk =B+ o+ 0+ €ijk, a; < (0,%), Bi; ~ (0,%), ik ~ (0,%3), (1.2)
groups ¢ consist of half-siblings (sharing the father) which are further divided into sub-groups j of
full-siblings (sharing also the mother). Comparing 3; and s provides a measure of variance due
to dominance plus shared maternal environment. Variance due to these two effects may, in turn, be

disentangled using the North Carolina IT design corresponding to the crossed model

Yikl =K+ 0B;+v, + %+ €kl (1.3)

where fathers j are cross-bred to mothers k, and y; x; are the traits in the [*!

pair (j, k) [CR48].

The modern era of genome-wide association studies has witnessed a resurgence of mixed effects

offspring of the mating

modeling, where contributions of single-nucleotide polymorphisms (SNPs) to highly polygenic traits
are modeled as independent and unobserved random effects [YLGV11, ZCS13, MLH*15, LTBS'15].
Letting y; denote the observed traits of individual ¢ with genotypes (u;1,...,ui,) at m measured
SNPs, the basic infinitesimal model represents y; as

iid iid

Y. = M+ Zuijaj + &4, oy o~ (0,21), E; ~ (0,22), (14)
j=1

where ;1 determines the genetic contribution to trait variation from the measured SNPs. Extensions
of this model may divide the SNPs into functional categories, for example corresponding to coding
regions or various histone methylation states, and attribute a different covariance ¥, to the effects
of SNPs in each category [FBSGT15].

These types of mixed effects models are often applied in univariate contexts, p = 1, to study
variation and heritability of individual traits. However, certain questions arising in evolutionary
biology require an understanding of the joint variation of multiple, and oftentimes many, phenotypic
traits. For example, the evolutionary response of a population to selection is predicted by the
breeder’s equation [Lus37, Lan79, LA83]

Ap = G(X71s). (1.5)

Here, s € RP? is the selection differential quantifying the effect of selection on each trait in the current

generation, Ap € RP is the change in mean trait values inherited in the next generation, ¥ is the
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total population trait covariance, and G is its additive genetic component. Correlation between
traits is common at both the genetic and environmental levels [Bar90, WB09], indicating that G
and X are often not diagonal. Hence selection on one trait may cause a response in a correlated
trait, and a full understanding of the evolutionary process will likely require an understanding of the
variation of high-dimensional multivariate phenotypes [Blo07, Houl0, HGO10]. For studies involving
gene-expression phenotypes, trait dimensionality in the several thousands is common [MCM™14,
CMAT18].

In settings of large p, important properties of the variance component matrices ¥, in the above
models are dictated by their spectral structure, and it is often natural to interpret these matrices
in terms of their principal component decompositions [Blo07, BM15]. For example, the largest
eigenvalues and effective rank of the additive genetic component of covariance indicate the extent
to which evolutionary response to natural selection is genetically constrained to a lower dimensional
phenotypic subspace, and the principal eigenvectors indicate likely directions of phenotypic response
[MHO05, HB06, WB09, HMB14, BACT15]. Similar interpretations apply to the spectral structure of

variance components that capture variation due to genetic mutation [MAB15, CMA™18].

Contributions

We study a general multivariate mixed effects linear model with k variance components ¥q,..., 3.
Classical procedures for estimating these components may be unbiased and asymptotically consistent
entrywise as an estimate for the variance of each trait and covariance of each trait pair. However,
this does not imply desirable properties for the estimated eigenvalues and eigenvectors when p is
large.

To illustrate the problems that may arise, Figure 1.1 depicts the eigenvalues and principal eigen-
vector of the multivariate analysis of variance (MANOVA) [SR74, SCM09] and multivariate restricted
maximum likelihood (REML) [KP69, Mey91] estimates of ¥; in the balanced one-way model (1.1).
REML estimates were computed by the post-processing procedure described in [Ame85]. In this
example, the true group covariance 3; has rank one, representing a single direction of variation.
The true error covariance Yo also represents a single true direction of variation which is partially
aligned with that of X1, plus additional isotropic noise. Partial alignment of eigenvectors of X5 with
those of ¥; may be common, for example, in sibling designs where the additive genetic covariance
contributes both to 31 and ¥5. We observe in this setting several problematic phenomena concern-
ing either the MANOVA or REML estimate Si:

Eigenvalue dispersion. The eigenvalues of f)l are widely dispersed, even though all but one true
eigenvalue of ¥ is non-zero. In particular, this dispersion causes the MANOVA estimate f]l to not

be positive semi-definite.



CHAPTER 1. INTRODUCTION 4
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Figure 1.1: Eigenvalues and principal eigenvector of the MANOVA and REML estimates of ¥; in a
one-way design with I = 300 groups of size J = 2 and p = 300 traits. The true group covariance is

¥ = 6eje} (rank one), and the true error covariance is 35 = 29vv’ + Id where v = %el + @eg.
Histograms display eigenvalues averaged across 100 simulations. The rightmost plot displays the
empirical mean and 90% ellipsoids for the first two coordinates of the unit-norm principal eigenvector
(MANOVA in red and REML in blue), with e; and v shown in black.

Eigenvalue aliasing. The estimate f)l exhibits multiple outlier eigenvalues which indicate signifi-

cant directions of variation, even though the true matrix ¥; has rank one.
Eigenvalue bias. The largest eigenvalue of f)l is biased upwards from the true eigenvalue of ;.

Eigenvector aliasing. The principal eigenvector of 5\31 is not aligned with the true eigenvector of

331, but rather is biased in the direction of the eigenvector of 3.

Several eigenvalue shrinkage and rank-reduced estimation procedures have been proposed to
address some of these shortcomings, with associated simulation studies of their performance in
low-to-moderate dimensions [HH81, KM04, MK05, MK08, MK10]. In this thesis, we focus on
higher-dimensional applications and study these phenomena theoretically and from an asymptotic
viewpoint.

We restrict attention to MANOVA-type estimators, and do not further address REML estimation
in this work. We impose throughout an assumption of Gaussianity. As a model for the high-
dimensional applications of interest, we study the asymptotic regime where n, p — co proportionally.
Motivated by the specific models (1.1-1.4), we assume also that the number of realizations of each
random effect increases proportionally with n and p. Our results are summarized in Chapter 2, and
the remaining three chapters are dedicated to the mathematical proofs.

We show that in the presense of high-dimensional noise, the eigenvalues of a MANOVA estimator
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S exhibit a dispersion pattern that is well-approximated by a non-degenerate spectral law pg. When
the noise represented by each variance component is isotropic, a simple reduction to the Marcenko-
Pastur model [MP67] shows that pg is characterized by the Marcenko-Pastur equation (cf. Section
2.2). When the noise is non-isotropic, po may be characterized by the solution of a more general
system of fixed-point equations, which we describe in Section 2.5. In both cases, this law g may
depend on variance components other than the one estimated by s

Assuming isotropic noise, we study in greater detail the spiked covariance model of [Joh01] that
encapsulates the example of Figure 1.1. In this model, each true variance component ¥, may have
a small number of spike eigenvalues representing signal directions of variation beyond the isotropic
noise. In Section 2.2, we verify that outlier eigenvalues of $ should not appear under the null
hypothesis when such signal eigenvalues are absent, and we establish Tracy-Widom asymptotics for
the eigenvalues of S at the edges of the support of pg as a means of testing this null hypothesis.

When signal eigenvalues are present, we show in Section 2.3 that the outlier eigenvalues of the
estimate 3 may represent a combination of signal eigenvalues and eigenvectors in different variance
components. More specifically, each outlier eigenvalue X of 3 is close to an eigenvalue of a surrogate
linear combination of Xi,..., Y, and the corresponding eigenvector is partially aligned with the
eigenvector of the surrogate. We use this insight in Section 2.4 to develop a novel procedure for
estimating the spike eigenvalues and eigenvectors of any component ¥,., by identifying alternative
matrices > where the surrogate depends only on the single component ¥,.. We prove that the
resulting eigenvalue estimates are asymptotically consistent, while the eigenvector estimates are
asymptotically void of aliasing effects.

Our results pertain to general mixed effects models, although we focus special attention on the
classical setting of balanced classification designs. This encompasses the models (1.1), (1.2), and
(1.3) when group sizes are equal. In such designs, MANOVA estimators are canonically defined,
and they coincide with REML estimators if the likelihood is maximized over symmetric matrices
¥1,...,2 without positive definite constraints. Our results and assumptions are more explicit in

this setting, and we discuss these specializations in Section 2.6.

Proof techniques and related literature

Chapters 3, 4, and 5 are devoted to the mathematical proofs of these results, and each may be read
independently. Our analyses use techniques of asymptotic random matrix theory, and we provide a
necessarily partial summary of related literature here.

In the setting of a global sphericity null hypothesis, Section 2.2 and Chapter 3, our model
is closely related to the sample covariance model with a general population covariance matrix .
The eigenvalue distribution of this matrix model in the regime n,p — oo has been studied by
many authors, including [MP67, Yin86, Sil95, SB95]. When ¥ = Id, the limiting eigenvalue law is
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commonly called the Marcenko-Pastur distribution. For purposes of hypothesis testing, we focus
attention on the extreme eigenvalues at the edges of the spectrum, which were shown to converge to
the endpoints of the limiting spectral support for ¥ = Id in [Gem80, YBKS88, BY93] and for general
positive semi-definite 3 in [BS98]. For ¥ = Id and complex and real Gaussian data, respectively,
[Joh00] and [JohO1] showed that the largest eigenvalue exhibits fluctuations described by the GUE
and GOE Tracy-Widom laws of [TW94, TW96]. Generalizations to non-Gaussian data and to
the smallest eigenvalue were established in [Sos02, Péc09, FS10, PY14]. For X # Id, the works
[Kar07, Ona08] established GUE Tracy-Widom fluctuations of the largest eigenvalue in the complex
Gaussian case, under a regularity condition for the rightmost edge introduced in [Kar07]. This was
extended to each regular edge of the support in [HHN16]. GOE Tracy-Widom fluctuations for the
largest eigenvalue in the real Gaussian setting was proven in [LS16], using techniques different from
those of [Kar07, Ona08, HHN16] and based on earlier work for the deformed Wigner model in [LS15].
Universality of these results with respect to the Gaussian assumptions was proven in [BPZ15, KY17].
We generalize the result of [LS16] to establish GOE Tracy-Widom fluctuations at each regular edge
of the spectral support, extending the proof to use a discrete Lindeberg swapping argument in place
of a continuous flow. We also extend the notion of edge regularity and associated analysis to a model
where the analogue of ¥ may not be positive semi-definite.

In settings where variance components have a spiked structure, Sections 2.3, 2.4, and Chapter
4, our probabilistic results are analogous to those regarding outlier eigenvalues and eigenvectors
for the spiked sample covariance model, studied in [BBP05, BS06, Pau07, Nad08, BY08], and our
proofs use the matrix perturbation approach of [Pau07] which is related also to the approaches of
[BGN11, BGGMI11, BY12]. An extra ingredient needed in our proof is a deterministic approximation
for arbitrary linear and quadratic functions of entries of the resolvent in the Marcenko-Pastur model.
We establish this for spectral arguments separated from the limiting support, building on the local
laws for this setting in [BEK'14, KY17] and using a fluctuation averaging idea inspired by [EYY11,
EYY12, EKYY13a, EKYY13b]. We note that new qualitative phenomena emerge in our model
which are not present in the setting of spiked sample covariance matrices—outliers may depend on
the alignments between population spike eigenvectors in different variance components, and a single
spike may generate multiple outliers. This latter phenomenon was observed in a different context in
[BBC*17], which studied sums and products of independent unitarily invariant matrices in spiked
settings. Our predictions for outlier eigenvalue locations and eigenvector alignments may be shown
to coincide with those of [BBC*17] in certain scenarios where the spike eigenvectors of ¥y, ..., %
are asymptotically unaligned.

Finally, for general variance components Y1, ..., X, our matrix model is similar to the model of
MIMO channels studied in [MS07, DL11] and also has some points of contact with the models studied
in [Lix06, CDS11]. We extend the convergence in mean of the empirical spectral measure in [DL11]

to almost-sure convergence, and the fixed-point equations which we derive may be shown to coincide
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with those of [Lix06, MS07, CDS11, DL11] in common special cases. We formulate our result in terms
of a deterministic equivalent spectral law, following [HLNO7, CDS11]. However, our proof deviates
from the analytical proofs in these works and instead employs a free probability argument inspired
by [SV12], which separates the asymptotic approximation from the computation of the fixed-point
equations. The approximation argument follows a long line of work establishing asymptotic freeness
of large random matrices [Voi91, Dyk95, Voi98, HP00, Col03, C§}06], in particular in a context of
conditional freeness for rectangular matrix models [BG09]. We extend the results of [BG09, SV12]
to an asymptotic freeness theorem required for the study of our model. Our computation of the
fixed-point equations uses relations between conditional moments, free cumulants, and Cauchy and

R-transforms over various sub-algebras, developed in [Spe98, NSS02, SV12].

Notational conventions

For a square matrix X, spec(X) is its multiset of eigenvalues (counting multiplicity). For a law pg

on R, we denote its closed support
supp(po) = {x € R: po([x — e,z +¢€]) > 0 for all € > 0}.

e; is the i*" standard basis vector, Id is the identity matrix, and 1 is the all-1’s column vector,
where dimensions are understood from context. We use Id,, and 1, to explicitly emphasize the
dimension n.

||I-]| is the Euclidean norm for vectors and the Euclidean operator norm for matrices. ||-||lus is the
matrix Hilbert-Schmidt norm. X’ and X* are the transpose and conjugate-transpose of X. col(X)
is the column span of X, and ker(X) is its kernel or null space.

A® B is the matrix tensor product. When Y and M are matrices, Y ~ N (M, A® B) is shorthand
for vec(Y") ~ N (vec(M'), A® B), where vec(Y’) and vec(M’) are the row-wise vectorizations of ¥’
and M. diag(Ay,..., Ax) is the block-diagonal matrix with diagonal blocks Ay, ..., Ag.

For subspaces U and V, dim(U) is the dimension of U, U @ V is the orthogonal direct sum, and
V 6 U is the orthogonal complement of U in V.

C* and C* are the open and closed upper-half complex planes. For z € C, Im z and Re z are
the real and imaginary parts of z. We typically write z = E 4 in where ' = Rez and n = Im z. For
A C C, dist(z, A) = inf{|y — z|: y € A} is the distance from z to A.
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Main results

2.1 Model

We consider observations Y € R"*P of p traits in n individuals, modeled by a Gaussian mixed effects

linear model
Y =XB+Uia; + ...+ Ugay, ar ~N(0,1d,,, ®%,) forr=1,... k. (2.1)

The matrices a, ..., a, are independent, with each matrix a,. € R™*P having independent rows,
representing m,. (unobserved) realizations of a p-dimensional random effect with distribution A/(0, %,.).
The incidence matrix U, € R™*"r which is known from the experimental protocol, determines how
the random effect contributes to the observations Y. The first term X models possible additional
fixed effects, where X € R"™*7 is a known design matrix of ¢ regressors and § € R?*P contains the
corresponding regression coefficients.

This model is usually written with an additional residual error term € € R"*P. We incorporate
this by allowing the last random effect to be oy = € and Uy = Id,,. For example, the one-way model
(1.1) corresponds to (2.1) where k = 2. Supposing there are I groups of equal size J, we set my = I,

mg =n = IJ, stack the vectors y; j, a;, and €; ; as the rows of Y, a1, and ae, and identify

1,
X=1, fB=4, U =Idol,= . Uy=1d,. (2.2)

Here, X is a single all-1’s regressor, and U; has I columns indicating the I groups. Similarly, the
SNP model (1.4) is an example where k = 2 and U; € R™*™ contains the genotype values. The

models (1.2) and (1.3), and extensions of (1.4) to different functional categories for SNPs, correspond
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to examples where k£ > 3.

Under the general model (2.1), Y has the multivariate normal distribution
Y ~N(XB, DU @31 + ... + UpUp @ ). (2.3)

The unknown parameters of the model are (8, %1, ..., X). We study estimators of 3, ..., %) which
are invariant to 3 and take the form
S =Y'BY, (2.4)

where the estimation matrix B € R™*™ is symmetric and satisfies BX = 0. To obtain an estimate
of X, observe that E[o).M«,] = (Tr M), for any matrix M. Then, as ag, ..., ax are independent

with mean 0,
E E

EY'BY] =Y E[a,U/BUra,] = > _ Tr(U/BU,)%,. (2.5)
r=1 r=1

So ¥ is an unbiased estimate of Y., when B satisfies Tr U.BU, = 1 and Tr U.BU; = 0 for all s # r.

In balanced classification designs, discussed in greater detail in Section 2.6, the classical MANOVA

estimators are obtained by setting B to be combinations of projections onto subspaces of R™. For

example, in the one-way model corresponding to (2.2), defining 71,72 € R™*™ as the orthogonal

projections onto col(U;) & col(1,) and R™ & col(Uy), the MANOVA estimators of ¥y and ¥, are
given by

S 1 T 1 T2 e 2
S =Y (= —— - Y, S=Y Y. 2.
! <J I—1 J n—1> ’ 2 n—1I (26)

In unbalanced designs and more general models, various alternative choices of B lead to estimators
in the generalized MANOVA [SCMO09] and MINQUE/MIVQUE families [Rao72, LaM73, SS78].
Motivated by the applications discussed in the introduction, we study spectral properties of the

matrix (2.4) in a high-dimensional asymptotic regime.

Assumption 2.1. The number of effects k is fixed while n, p, m1, ..., my — oco. There are constants
C, ¢ > 0 such that

(a) (Number of traits) ¢ < p/n < C.

(b) (Model design) ¢ < m,/n < C and ||U,||< C for each r =1,..., k.
(c) (Estimation matrix) B = B’, BX =0, and || B||< C/n.

(d) (Covariance) 0 < ||E,||< C for each r =1,... k.

Assumption 2.1(a) models the high-dimensional setting of interest. In classification designs,
Assumption 2.1(b) holds when the number of outer-most groups is proportional to n, and groups

(and sub-groups) are bounded in size. This encompasses usual implementations of (1.1) and (1.2)
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for reasons of optimal experimental design [Rob59a, Rob59b], as well as usual implementations of
the crossed design (1.3) where the numbers of fathers, mothers, and offspring in each cross are kept
small and n is increased by performing independent replicates (see Example 2.23). In models such
as (1.4) where U, is a matrix of genotype values at m, SNPs, Assumption 2.1(b) holds if m, < n
and U, is entrywise bounded by C/y/n. This latter condition is satisfied if genotypes at each SNP
are normalized to mean 0 and variance 1/n, and SNPs with minor allele frequency below a constant
threshold are removed. Under Assumption 2.1(b), the scaling || B||< 1/n in Assumption 2.1(c) is
then natural to ensure TrU.BU, is bounded for each » = 1,...,k, and hence E[Y'BY] is on the
same scale as ¥, ..., X;. Assumption 2.1(d) fixes the global scaling of the model.

In Sections 2.2-2.5, we discuss results under various further structural assumptions for 31, ..., 3.

2.2 Edge fluctuations under sphericity

Consider first the following null hypothesis of “global sphericity”, in which each random effect is

distributed as isotropic Gaussian noise.

Assumption 2.2. There is a constant C' > 0 such that for each r =1,... k,
Y, =0?ld, 0<o?<C.

In this setting, by a simple observation, the eigenvalue distribution of S is well-approximated
by a law pug satisfying the Marcenko-Pastur equation. We show that, under a regularity condition
which guarantees uniform square-root density decay at an edge of g, the extremal eigenvalue of
S near that edge exhibits real Tracy-Widom fluctuations. This is depicted for an example of the
one-way design in Figure 2.1.

The observed eigenvalue near a regular edge may be compared with the quantiles of the Tracy-
Widom law to yield a significance test of the above null hypothesis of global sphericity. Such a test
may be performed either for the simple null hypothesis where 0%, ..., 0% are fixed and known, or for
a composite hypothesis by substituting a 1/n-consistent estimate 62 for any unknown o2. To yield
power against non-isotropic alternatives for a particular covariance X,., we suggest performing the
test based on the largest eigenvalue (at the rightmost edge) of the MANOVA estimator for %,.

The study of S under Assumption 2.2 is simplified by the following observation. Set N = p and
M =mq+ ...+ myg, and define

F,s = No,o U BU, € R™*™s F=|: - | eRMM (2.7)
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Figure 2.1: Eigenvalue fluctuations at the edges of the spectrum for a one-way design. Left: Empiri-
cal non-zero eigenvalues of the MANOVA estimate 31, overlaid with the density of the law pq (with
the point mass at 0 removed). Right: Fluctuations of the largest eigenvalue and smallest positive
eigenvalue of f]l across 10000 simulations, compared with the density function and quantiles of the
Tracy-Widom law. Center and scale for the Tracy-Widom law are computed as in Theorem 2.6.
The setting is I = 150 groups of size J = 2 and p = 600 traits, with ¥; = 0 and ¥ = Id.

Proposition 2.3. Under Assumption 2.2, $ L X'FX where X € RM*N has iid. N(0,1/N)

entries.

Proof. We may represent o, = VN0, X,., where X,, € R™*N has i.i.d. N(0,1/N) entries. Then,
applying BX = 0,

E E k
S=Y'BY = Z o U'BU,0, = Z X!(No,o,U BU)X, = Z X! Fo X,
r,s=1 r,s=1 r,s=1
The result follows upon stacking X1, ..., X row-wise as X € RM*N, O

Let us call & = X’FX the “Marcenko-Pastur model” [MP67]. If F were positive semi-definite,
then ¥ would have the same non-zero eigenvalues as the sample covariance matrix F1/2X X/F1/2,

where F' represents the population covariance. The matrices B and F in (2.7) may not be positive
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semi-definite. However, many spectral properties of this model are nonetheless well-understood—we
review this in greater detail in Chapter 3.

It is known that the asymptotic spectrum of S is described by the Marcenko-Pastur equation:

Theorem 2.4. Let F' € RM*M be symmetric, and suppose there are constants C, ¢ > 0 such that
¢ < M/N < C and |F||< C. Let £ = X'FX where X € RM*N has iid. N(0,1/N) entries. Let
ps = N1 Zf\il 5/\1_@) be its empirical spectral distribution.

Then for each z € CT, there is a unique value mg(z) € CT which satisfies

1 1
= —TY(FId F—l). 2.8
2= s+ T (P o ()] 28)
This function mg : C* — C* defines the Stieltjes transform of a probability distribution ug on R.
As N, M — oo, jig — po — 0 weakly almost surely.

Proof. See [MP67, Sil95, SB95] in the setting where M /N converges to a positive constant and the
spectral distribution of F' converges to a limit distribution. The above formulation follows from

Prohorov’s theorem and a subsequence argument. O

Denote the d-neighborhood of the support of g by

supp(po)s = {z € R : dist(z, supp(uo)) < 6}

(Let us emphasize that u and its support depend on N, M, F', although we suppress this dependence
notationally.) Then all eigenvalues of 3 fall within supp(uo)s with high probability:

Theorem 2.5. Fix any constants d, D > 0. Under the assumptions of Theorem 2.4, for a constant
No(6,D) > 0 and all N > Ny(d, D),

P[ spec(S) C supp(po)s] >1— NP,

Proof. See [BS98, KY17] for positive definite F', and Appendix A for an extension of the proof to
general F'. O

Call E, € R a (left or right) edge of p if it is a (left or right) boundary point of supp(u). Under
a certain regularity condition, quantified by a constant 7 > 0 and stated precisely in Definition 3.5,
E, has uniform separation from other edges of pg, and po admits a density fo(x) in a neighborhood
of E, which exhibits uniform square-root decay. For such an edge E,, there is a value v > 0 such
that fo(z) ~ (v/7)\/(Ex — )+ as © — E, if E, is a right edge, or fo(z) ~ (v/7)\/(z — E.); if E.
is a left edge. We call « the associated scale of E,. In this setting, we prove the following result,
where ppw is the GOE Tracy-Widom law [TW96].
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Theorem 2.6. Under the assumptions of Theorem 2.4, suppose E, is an edge of ug that is 7-regular
in the sense of Definition 3.5 for a constant 7 > 0. Let v be the scale of E,. Then there exists a

(r-dependent) constant ¢ such that as N, M — oo,

(a) If E, is a right edge and Apax is the largest eigenvalue of S in [E.« — 9, By + 0], then
(WN)2/3()\max - E*) £> HTW -
(b) If E, is a left edge and Amin is the smallest eigenvalue of & in [E, — 8, B, + 6], then

(YN)?3(E, — Amin) L HTW -

Chapter 3 is devoted to the proof of this result. Convergence in law here is interpreted as follows:

Let Fy denote the cumulative distribution function of pry, and fix £ € R. Then
P[('YN)2/3()‘max - E,) < m] - Fl(x) < 0(1)7

where o(1) denotes an (x, 7)-dependent error term which vanishes to 0 as N, M — oc.
Theorem 2.6 provides a method of testing the global sphericity null hypothesis in Assumption
2.2 using the observed eigenvalues of S =Y BY, for any fixed estimation matrix B. In detail, a

test based on the largest eigenvalue of 5 may be performed as follows:
1. Construct the matrix F' in (2.7), where N = p.

2. Plot the function . )
20(m) = —— + = Tr (F[Id +mF]*1) (2.9)

over m € R, and locate the value m, closest to 0 such that zj(m.) =0 and m, < 0.
3. Compute E, and v as E, = zo(m.) and v = /2/z{ (m.).

4. Reject the sphericity null hypothesis at level a if (7N)?/?(Amax — Fx) exceeds the 1 — a quantile
of the real Tracy-Widom law pzw .

Proposition 3.3 in Chapter 3 verifies that E, and v are the rightmost edge of g and its associated
scale. Regularity of this edge is a mild assumption, which holds, for example, under the following

condition.

Proposition 2.7. Under the assumptions of Theorem 2.4, suppose there exists a constant ¢ > 0
such that the largest eigenvalue of F' is at least ¢ and has multiplicity at least c¢M. Then the

rightmost edge F,. of ug is 7-regular for a constant 7 > 0.
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We will verify this condition for balanced classification designs in Section 2.6. In more general
settings, a diagnostic check of edge regularity may be performed by visual inspection of the plot of

zo(m), and we refer to Definition 3.5 for details.

Example 2.8. The below table displays the accuracy of the Tracy-Widom approximation for sev-
eral instances of the one-way design with n = IJ individuals and J individuals per group, in the

setting 07 = 0 and o3 = 1.

7 n=mpn n=4xp
Yl J=2 J=5 J=10] J=2 J=5 J:10‘2><SE
0.90 | 0941 0949 0959 | 0931 0934  0.940 | (0.005)
p=20 |095| 0973 0977 0983 | 0968 0969  0.971 | (0.003)
0.99 | 0995 0997 0997 | 0994 0994  0.993 | (0.002)
0.90 | 0926 0928 093] 0920 0916  0.919 | (0.005)
p=100| 095 | 0964 0967 0968 | 0960 0958  0.961 | (0.004)
099 | 0993 0995 0995 | 0992 0991  0.992 | (0.002)
0.90 | 0914 0920 0919] 0916 0915  0.921 | (0.006)
p=500 | 0.95| 0958 0961 0960 | 0957  0.957  0.962 | (0.004)
0.99 | 0992 0993 0993 | 0992 0992  0.993 | (0.002)

Displayed are the empirical cumulative probabilities for (7N)2/?(Amax — Fx) at the theoretical
90th, 95th, and 99th percentiles of the Tracy-Widom law, estimated across 10000 simulations. Here,
Amax 18 the largest eigenvalue of the MANOVA estimate il, and F, and -y are the center and scale
for the rightmost edge of pg. The final column gives approximate standard errors based on binomial

sampling. We observe a conservative bias, particularly at small values of n and p.

Constructing F' and computing z9(m) requires knowledge of o%,...,0%. To test a composite

hypothesis in which any o2 is unknown, it may be replaced by a 1/n-consistent estimate &2:

Proposition 2.9. Fix r € {1,...,k} and let $ = Y'BY be an unbiased estimator for . Let
62 = p~!Tr . Then under Assumptions 2.1 and 2.2, for any &, D > 0 and all n > ng(e, D),

P[|6% — o2|>n" '] < n P,
Proof. Note that E[62] = 02. Writing & = X’FX where X has N'(0,1/N) entries and F is defined

by (2.7), we have
62 =N"'Tr X'FX = vec(X)'Avec(X)

where A = N~ ! Idy ®F and vec(X) is the column-wise vectorization of X. The condition E[6?] = o2
implies N™1 Tr A = 02. We have ||A||4g= N~!||F||}s< C for a constant C' > 0, so the result follows
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from the Hanson-Wright inequality (see Lemma 4.6). O

Consequently, letting E, and 4 be the rightmost edge and associated scale of the law iy defined

by replacing any of o%,...,0% by 6%,...,5%, one may check that when E, is regular,
P[|E, — E,|>n "] <n ™ P|y—nql>n]) <n P,

Then the conclusion of Theorem 2.6 remains asymptotically valid using E* and 4.

2.3 Outliers in the spiked model

We next consider spiked perturbations of the sphericity null hypothesis in Assumption 2.2.

Assumption 2.10. There are constants C,C' > 0 such that for each r =1,...,k,
¥, = o2 1d+V,0,V/,

where V, € R?*!" has orthonormal columns, ©, € Ri"*!" is diagonal, 0 < 02 < C, 0 < I, < C, and
1©,]< C. (We set V,0,V// =0 when [, =0.)

Hence each ¥, has an isotropic noise level o2 (possibly 0 if ¥, is low-rank) and a bounded number
of signal eigenvalues greater than this noise level. We allow o2, I,., V,., and ©,. to vary with n and p.
We will be primarily interested in scenarios where at least one variance 0%, ... ,J,% is of size O(1),
although let us remark that setting o? = ... = o,% = 0 also recovers the classical low-dimensional
asymptotic regime where the true dimension of the data is bounded as n — co.

In this setting, Theorem 2.5 implies that only a constant number of eigenvalues of S should fall
far from supp(uo). Let us call these eigenvalues the outliers. We show that there is a family of
matrices

tA) S =t1(NS1 + ...+ (V) (2.10)

such that each outlier eigenvalue e spec(i) is close to a value A that is an eigenvalue of t(X) - X.
When ¥ is the MANOVA estimator of a variance component ¥,., we may interpret this matrix as
a “surrogate” for the true matrix 3, of interest. If \ is separated from other eigenvalues of f], we

show furthermore that its eigenvector ¥ is partially aligned with the eigenvector of t(\) - ¥, and A

has asymptotic Gaussian fluctuations on the scale n~/2. Proofs of these results are contained in
Chapter 4.
Let S C RP be the combined column span of Vi,..., Vi, where S=0ifl; =... =1 = 0. Set

L =dimS, N=p-—1L, M=m;+...+my,
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and define F' as in (2.7) with the above values N and M. Let mg(z) be the Stieltjes transform of
the law g in Theorem 2.4, defined for all z € C\ supp(ug) via

mO(Z):/]R 1 o (dx). (2.11)

r— =z

Let Tr, denote the trace of the (r,7) block in the k x k block decomposition of CM**M corresponding
to M =my + ...+ my. For z € C\ supp(po), define

T(z) =21d=> ()%,  te(2) = ﬁ Tr, (F[Id +mo(z)F]—1). (2.12)

T

Here, if 02 = 0, then t,.(2) remains well-defined by the identity
F[Id +mg(2)F]™' = —mg(2) F[Id +mg(2)F| ' F + F (2.13)
and the definition of F' in (2.7). Let
Ao = [ A€ R\ supp(so) : 0 = det(T(N)) ] (2.14)

be the multiset of real roots of the function z — det(7'(2)), counted with their analytic multiplicities.
We record here the following alternative definition of T'(z), and properties of T'(z) and Ay.

Proposition 2.11 (Properties of T'(2)).

(a) The matrix T'(z) is equivalently defined as

T(z) = — ! Id- t.(2)V.0,V]. (2.15)

(b) For each z € C\ supp(uo), kerT'(z) C S.
(¢) For A € R\ supp(po), O\T'(A\) — Id is positive semi-definite.
(d) For A\ € Ay, its multiplicity as a root of 0 = det(T'(\)) is equal to dimker T'(\).

Proof. By conjugation symmetry and continuity, the Marcenko-Pastur identity (2.8) holds for each
z € C\ supp(uo). Part (a) then follows from substituting ¥, = 021d +V,.0,.V, and applying (2.8).
Part (b) follows from (a), as T'(z) is the direct sum of an operator on S and a non-zero multiple of Id
on the orthogonal complement S*. Differentiating (2.11), dxmg(A) > 0 for each A € R \ supp(uo),
so Ozt = —(No2)~1(0xmo) Tr, F(Id +moF)~2F < 0. Then part (c) follows from (2.12). For
A € Ay, this implies each eigenvalue p;(A\) of T(A) satisfies p;(A) — (X)) < (A=X) as X — A, so
|det T(\)|< |A — N|¢ for d = dim ker T(\). This yields (d). O
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Figure 2.2: Outlier predictions for the MANOVA estimate $iina one-way design. The population
covariances are ¥1 = 6eje] and 3y = 29vv’ 4 Id, where v = %el + ?eg. Left: Mean eigenvalue

locations of f)l across 10000 simulations, with black dots on the axis indicating the predicted values
A € Ag. Right: Means and 90% ellipsoids for the projections of the three outlier eigenvectors onto
S = col(eq, e2), with black dots indicating the predictions of Theorem 2.13. The simulated setting
is I = 300 groups of size J = 2, and p = 300 traits.

For two finite multisets A, B C R, define

00 if [Al# |B|
max,-(|a(i) — b(z)|) if ‘A|: ‘B‘,

ordered-dist(A, B) =

where a(;) and b(;) are the ordered values of A and B counting multiplicity. The following shows
that the outlier eigenvalues of & are close to the elements of Ag. Note that by (2.12), each A € Ag
is an eigenvalue of the surrogate matrix t1(A)2 + ... + tx () Xg.

Theorem 2.12 (Outlier locations). Fix constants d,¢, D > 0. Then under Assumptions 2.1 and
2.10, for a constant ng(8,&, D) > 0 and all n > ng(d, e, D), with probability at least 1 —n~" there
exist As C Ag and As C spec(f]), containing all elements of these multisets outside supp(uo)s, such
that

ordered-dist(As, Ag) < n~1/2Fe,

The multiset Ay represents a theoretical prediction for the locations of the outlier eigenvalues
of $—this is depicted in Figure 2.2 for an example of the one-way design. We clarify that A is
deterministic but n-dependent, and it may contain values arbitrarily close to supp(ug). Hence we
state the result as a matching between two sets As and K(; rather than the convergence of outlier
eigenvalues of 3 to a fixed set Ag. We allow As and K(; to contain values within supp(ug)s so as to

match values of the other set close to the boundaries of supp(ug)s.

Remark. In the setting of sample covariance matrices S for i.i.d. multivariate samples, there is a

phase transition phenomenon in which spike values greater than a certain threshold yield outlier
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eigenvalues in &, while spike values less than this threshold do not [BBP05, BS06, Pau07]. This
phenomenon occurs also in our setting and is implicitly captured by the cardinality |Ag|, which
represents the number of predicted outlier eigenvalues of $. In particular, Ay will be empty if the
spike values of Oy, ..., 0y are sufficiently small. However, the phase transition thresholds and pre-
dicted outlier eigenvalue locations in our setting are defined jointly by ©1, ..., © and the alignments
between V7, ..., Vg, rather than by the individual spectra of ¥4, ..., 3.

We next describe eigenvector alignments and eigenvalue fluctuations for isolated outliers \ e

~

spec(X). Let Ps and Ps.i denote the orthogonal projections onto S and its orthogonal complement.

Theorem 2.13 (Eigenvector alignments). Fix constants d,e, D > 0. Suppose A € Ag \ supp(uo)s
has multiplicity one, and |A — X'|> ¢ for all other A’ € Ay. Let v be the unit vector in ker T'(\), and
let ¥ be the unit eigenvector of the eigenvalue A of & closest to A. Then, under Assumptions 2.1
and 2.10,

(a) For all n > ng(8,e, D) and some choice of sign for v, with probability at least 1 — n=%,

| Ps¥ — (VOXT(A\)v)~Y2v| < n~ /2t

(b) Psi¥/||Ps1¥|| is uniformly distributed over unit vectors in S* and is independent of Ps¥.

Thus (v/OyT(A\)v)~/2v represents a theoretical prediction for the projection of the sample eigen-
vector V onto the subspace S—this is also displayed in Figure 2.2 for the one-way design. Here,
(v'OXT(\)v)~1/2 is the predicted inner-product alignment between v and ¥, which by Proposition
2.11(c) is at most 1.

Next, let ||-||s denote the Hilbert-Schmidt norm of the (r, s) block in the kx & block decomposition

of CM*M  Define

_ 1EAd+mo () F) 17,
N No2o? ’

wys(2) (2.16)

where this is again well-defined by (2.13) even if 02 = 0 and/or o2 = 0.

Theorem 2.14 (Gaussian fluctuations). Fix § > 0. Suppose A € Ag \ supp(uo)s has multiplicity
one, and |\ — X|> 4 for all other N € Ag. Let v be the unit vector in ker T'(\), and let A be the

eigenvalue of 3 closest to A. Then under Assumptions 2.1 and 2.10,
vV (A =) = N(0,1)

where

2 VIOTM\ vV —1)2 & , ,
YY) = FvaT vy <( EA;O)(A) | ﬂ;w”(”(v Sl st))

Furthermore, v(A) > ¢/n for a constant ¢ > 0.
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Figure 2.3: Outlier eigenvalue fluctuations in a one-way design. Displayed are fluctuations of the
largest outlier eigenvalue of 3; across 10000 simulations, compared with the density function and
quantiles of the Gaussian distribution with mean and variance given in Theorem 2.14. The simulated
setting is T = 300 groups of size J = 2, p = 300 traits, and (top) ¥; = 6e;e} and Xy = 29vv’ +1d
where v = %el + @eg, or (bottom) 3 = 6e1€] and 3y = Id.

Figure 2.3 illustrates the accuracy of this Gaussian approximation for two settings of the one-way
design. We observe that the approximation is fairly accurate in a setting with a single outlier, but
(in the simulated sample sizes n = 600 and p = 300) does not adequately capture a skew in the
outlier distribution in a setting with an additional positive outlier produced by a large spike in .
This skew is reduced in examples where there is increased separation between these two positive

outliers.

Example 2.15. In the setting of large population spike eigenvalues, it is illustrative to understand
the predictions of Theorem 2.12 using a Taylor expansion. Let us carry this out for the MANOVA
estimator il for a balanced one-way design (1.1) with I groups of J individuals.

Recalling the form (2.6) for ZA]l, the computation in Proposition 2.24(b) for general balanced

designs will yield, in this setting, the explicit expressions

(I-1)J

ti(\) = (I —1)J + N(Jo? + a2)mo(N)’
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b)) = I1-1 n—1

VT T =10)J+ NJo2+02)me(\)  (n—1)J — NoZmo(\)’

Suppose first that there is a single large spike eigenvalue u = 6 + o7 in 1, and no spike eigenvalues
in ¥5. Theorem 2.12 and the form (2.15) for T'(\) indicate that outlier eigenvalues should appear

near the locations
Ao = [\ € R\ supp(so) : mo(\)t1 (A) = —1/8 ).

Proposition A.2 verifies that my is injective on R \ supp(up). Hence mg(A)t1(A) is also injective, so

|[Ao|< 1. Applying a Taylor expansion around A = co, we obtain from (2.8)

11 1 1 o}

e — . _TrF 1N)=-—=--=1 1/23
.
A

% (o—f + ﬁ@]of + a§)> +O(1/)\3),

mo(A) =

mo(A)t1(A) =
where N = p — 1. For large 6 and p, solving mg(A)t1(A) = —1/0 yields

A~ 0407 +c1=p+c, e = (Jo? + o2).

(I-1)J

So we expect to observe one outlier with an approximate upward bias of ¢;.
Next, suppose there is a single large spike eigenvalue p = 6 + o3 in ¥, and no spike eigenvalues

in ;. Then we expect outlier eigenvalues near the locations
Ao = [ A € R\ supp(juo) : mo(A)ta(A) = ~1/0 .

Since mo(A) is injective and the condition mg(A)t2(A) = —1/6 is quadratic in mg(A), we obtain

|Ao|< 2. Taylor expanding around |A|= oo, we have after some simplification

mo(N)t2(N) = —% : % (a% + n(nJ_ll)U%> +O(1/]AP%).

Then for large 6, solving mg(A)t2(A) = —1/6 yields two predicted outlier eigenvalues near

N n—1
AR +4/cof = —(o?+ —02).
o e T (”l TalT - 1)”2>
Let us emphasize that these predictions are in the asymptotic regime where n, N — oo and A is a
large but fixed constant, rather than A\ — oo jointly with n, V.

Finally, consider a single spike 1 = 61 + 07 in ¥; and a single spike o = 5 + 03 in Xo. Letting
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the corresponding spike eigenvectors have inner-product p, we expect outliers near

B 0 de _L B 1 0 - p? pﬂ
A()—[A.O—dt< mo()\)Id2 t1(A)0y (0 0) t2(A)02 (p 1—p? 1—p? ))1

[ A:0=1+ mo()\> (tl()\>91 + tg()\)ag) + mo()\)2t1<)\)t2()\>9192(1 — p2> } .

This is a cubic condition in mg(A), so |Ag|< 3. Applying the above Taylor expansions around A = oo,
this condition becomes
01

=1 —_— =
0 A A2 A2 A3

91(0’% +Cl) B Oaco n 0192(1 - p2>62 Lo (91;—392 9/1\22) '

In a setting where 6, and 6, are large and of comparable size, there is a predicted outlier \ near 6.

More precisely, expanding the above around A = 61, the location of this outlier is
AR 01+ 07+ 1+ (02/601)p°ca = pa + 1 + (02/61)p°ca.

Thus the upward bias of this outlier is increased from c¢;, when there are no spikes in Y, to

C1 —+ (02/01)p2c2.

2.4 Estimation in the spiked model

The results of the preceding section indicate that under Assumption 2.10, each outlier eigen-
value/eigenvector of ) may be interpreted as estimating an eigenvalue/eigenvector of a surrogate
matrix (2.10). When there is no high-dimensional noise, 07 = ... = o7 = 0, we may verify that
t-(A) = TrU.BU, for each r = 1,...,k and any \. In this setting, if S is an unbiased MANOVA
estimate of a single component ¥, then (2.5) implies that the surrogate matrix is also simply %,.

In the presence of high-dimensional noise, this is no longer true. Even for the MANOVA esti-
mate 3 of 3., the surrogate matrix may depend on multiple variance components ¥, ..., 3, so
the MANOVA eigenvalues and eigenvectors may exhibit aliasing effects from the other components.
We propose an alternative algorithm based on the idea of searching for matrices S = Y'BY where
this surrogate depends only on .. We show that in our high-dimensional asymptotic setting, this
can yield n~1/2-consistent estimates of sufficiently large signal eigenvalues, as well as eigenvector
estimates which asymptotically do not exhibit this aliasing phenomenon. Figure 2.4 depicts differ-
ences between the MANOVA eigenvector and our estimated eigenvector in several examples for the
one-way model.

We implement this algorithmic idea as follows: Fix k symmetric matrices By, ..., By € R®*"
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Figure 2.4: Estimates of the principal eigenvector of 3; in a one-way design. The population
covariances are ¥1 = peje} and ¥y = 29vv’ +Id, where v = 1le; + ?ez and (left) p = 6, (middle)
u =8, or (right) u = 10. Means and 90% ellipsoids across 100 simulations are shown for the first
two coordinates of the unit-norm leading MANOVA eigenvector (red) and of the unit-norm estimate
of Algorithm 1 (black). The design is I = 150 groups of size J = 2 with p = 600 traits.

satisfying Assumption 2.1(c). For a = (ay,...,ax) € R¥, denote
k
B(a) = Z a,B,.
r=1

Let F(a) be the matrix defined in (2.7) for B = B(a), let S(a) = Y/B(a)Y, and let po(a), mo(z, a),
and t,(z,a) be the law p and the functions mg(z) and ¢,(z) defined with F' = F'(a). We search
for coefficients a € R¥ where i(a) has an outlier eigenvalue A satisfying t,(\,a) = 0 for all s # r.
At any such pair (),a), the surrogate matrix t(\) - ¥ depends only on X,, and we have T'(\,a) =
Ad —t,(\,a)%, by (2.12). By Theorem 2.12, we expect A to be close to a value A where

0= det T(\,a) ~ det(AId —t,.(\, a)%,). (2.17)

Thus, we estimate an eigenvalue p of X,. by g = X/tr(jx,a). Furthermore, by Theorem 2.13, we

expect the eigenvector v of i(a) corresponding to A to satisfy
Ps¥ =~ (WO T(\, a)w) ™/ ?w,

where w is the null vector of T'(A,a). By (2.17), we expect w = v where v is the eigenvector of X,
corresponding to p. Thus, we estimate v by V.

The procedure is summarized in Algorithm 1. We note that the combinations a where t5(\,a) = 0
for s # r are not known a priori—in particular, they depend on the unknown spike eigenvalues and

eigenvectors to be estimated. Hence we search for such values a € R¥. By scale invariance, we
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Algorithm 1 Algorithm for estimating eigenvalues and eigenvectors of X,
Initialize M = (). Fix § > 0 a small constant.
for each a € S¥~! and each A € spec(3(a)) N Zs(a) do
if t,(\,a) =0 for all s € {1,...,k}\ {r} then
Add (4, %) to M, where i = A/t (), a) and ¥ is the unit eigenvector such that S(a)¥ = Av.
end if
end for
Return M

0.4

0.2

0.0

Figure 2.5: Ilustration of Algorithm 1 for the one-way design, where k& = 2. The setting is the
same as in Figure 2.2. The red curve depicts the locus £ from (2.19) on the (s1, s2) plane, which
has one sj-intercept at (—1/6,0) and one sy-intercept at (0, —1/29). Black points show values of L
corresponding to (a1, az2) in a grid of 100 equispaced points on the unit circle, from a single data
simulation. The three points of L corresponding to the three outliers of the MANOVA estimate ﬁl,
where (a1,a9) = +(1/J,—1/J), are depicted in red.

restrict to a on the unit sphere
Skt = {acR": |al|=1}.

We further restrict to outlier eigenvalues A € spec(E(a)) which fall above supp(g), belonging to
Is(a) ={x e R:xz >y +¢ for all y € supp(uo(a))}.

We note that outliers falling below supp(jo) will be identified as corresponding to —a € S*~1, and
for simplicity of the procedure, we ignore any outliers that fall between intervals of supp(ug(a)).

One may understand the behavior of Algorithm 1 by plotting the values

~ ~

L= {mo(},a) S(ti(\a),.. . ti(\a)) : ac SFL A € spec(S(a)) ng(a)} . (2.18)
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This is illustrated for an example of the one-way design in Figure 2.5. By Theorem 2.12, we expect
these values to fall close to
mO()‘a a) : (tl()‘a a)a s 7tk(>‘7 a))a

where A is the deterministic prediction for the location of A, satisfying 0 = det T'(\,a). By this

condition and the form (2.15) for T, these values belong to the locus

k
L= {(31,...,sk) e R*: 0=det (Id—i—Zsﬂ/TG)r‘/T') } , (2.19)

r=1

which does not depend on a and is defined solely by the spike parameters ©1,...,0f and Vi,...,Vj.
This is depicted also in Figure 2.5. (We have picked a simulation to display in Figure 2.5 where
L and L are particularly close, for purposes of illustration.) The spike values 6 on the diagonal of
O, are in 1-to-1 correspondence with the points (0,...,0,—1/6,0,...,0) € £ which fall on the 7!
coordinate axis. Algorithm 1 may be understood as estimating these intercepts by the intercepts of
the observed locus L.

We have written Algorithm 1 in the idealized setting where we search over all a € S*~!. In
practice, we discretize S*~! as in Figure 2.5 and search over this discretization for pairs (5\, a) where
ts(\,a) ~ 0 for all s # r. We then numerically refine each located pair (\,a). Computing the
values tr(j\, a) and the lower endpoint of Zs(a) requires knowledge of the noise variances o?,...,07.
These computations are particularly simple in balanced classification designs, and we discuss this
in Section 2.6. If o%,... ,a,% are unknown, they may be replaced by 1/n-consistent estimates as in
Proposition 2.9. (In practice, large outliers of il, .. .,ik may be removed before computing the
trace.) The unknown quantity N = p — L may be replaced by the dimension p.

We prove the following theoretical guarantee for this procedure, for simplicity in the setting
where ¥, has separated eigenvalues. Define s : R¥ — RF by

s(a) = (s1(a),....s(a),  so(a) = ﬁ Tr, (F(a)[ld+F(a)] ). (2.20)

As F(mg-a) = mg- F(a), this function satisfies s(mg(X,a)-a) = mg(A,a)- (t1(A,a),...,tx(N, a)). To
guarantee that the algorithm does not make duplicate estimates for each individual spike eigenvalue

of ¥,., we require By, ..., By to be chosen such that s is injective in the following quantitative sense.

Assumption 2.16. There exists a constant ¢ > 0 such that for any a;,a; € R* where Id +F(a;)
and Id +F'(ay) are invertible,

a1 — as|

Istas) = s(a2)ll= e Tz N+ o)

We will verify in Section 2.6 that this condition holds for balanced classification designs, where

Bi,..., By are the projections corresponding to the canonical mean-squares.
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Theorem 2.17 (Spike estimation). Fix §,7 > 0 and r € {1,...,k}. Suppose Assumptions 2.1 and
2.16 hold for By, ..., By. Suppose furthermore that the diagonal values 6; of ©, satisfy 6; > 7 and
|6; — 6;|> 7 for all 1 < ¢ # j <I,.. Then there exists a constant ¢y > 0 (not depending on C in
Assumption 2.1) such that the following holds:

Let M be the output of Algorithm 1 with parameter § for estimating the spikes of X,.. Let
E=[n:(,v)eMlandV = [¥: (1, 9) € M] be the estimated eigenvalues and eigenvectors. Then,
for any £, D > 0 and all n > ngy(d, 7,¢, D),

(a) With probability at least 1 — n~P, there is a subset & C spec(X,) containing all eigenvalues
greater than ¢y such that
ordered-dist(E, £) < n~ /2=,

(b) On the event of part (a), for any pu € &, let v be the unit eigenvector where ¥, v = v, and let
(f1,¥) € M be such that |1 — u|< n~1/?*¢. Then for some scalar value a € (0,1] and choice of
sign for v,

| Ps¥ — avl||< n~t/2+e,
(c) For each ¥ € V, Pg.¥/|Ps.¥| is independent of Ps¥ and uniformly distributed over unit

vectors in St.

In the presence of high-dimensional noise, the eigenvector estimate ¥ remains inconsistent for v.
However, asymptotically as n,p — oo, parts (b) and (c) indicate that ¥ is not biased in a particular
direction away from v. Note that in part (a), some lower bound ¢y for the size of the population
spike eigenvalue is necessary to guarantee estimation of this spike, as otherwise it might not produce
an outlier in any matrix i(a). (In this case, a portion of the true locus £ in (2.19) may not be
tracked by the observed locus /:')

Example 2.18. We explore in simulations the accuracy of this procedure for estimating eigenvalues
and eigenvectors of ¥; in two finite-sample settings of the one-way model (1.1), corresponding to

the designs

D1 : n =600, p=300, I =300, J=2
Dy i =300, p = 600, [ =150, J = 2

In all simulations, we take 07 = 0 and 03 = 1. In particular, ¥; is low-rank, as hypothesized for
genetic covariances of high-dimensional trait sets [WB09, BAC*15]. For both designs, we fix the
tuning parameter § = 0.5.

We first consider a rank-one matrix X1 = pe;je} for various settings of p between 2 and 10, and
39 = Id with no spike. The following tables display the mean and standard error of /i estimated

by Algorithm 1, and of the alignment ¥'e; of the estimated eigenvector. Displayed also are the



CHAPTER 2. MAIN RESULTS 26

corresponding quantities for the leading eigenvalue/eigenvector of the MANOVA estimate il. We
observe in all cases that Algorithm 1 corrects a bias in the MANOVA eigenvalue, and the alignment
V'e; is approximately the same as for the MANOVA eigenvector. Algorithm 1 never estimates more
than one spike for ¥; in this setting; however, if p is small, it may sometimes estimate 0 spikes. We
display also the percentage of simulations in which a spike was estimated. For u = 2 under Design
Ds, the predicted outlier is less than 6 = 0.5 away from the edge of the spectrum, and Algorithm 1

never estimated this spike.

Design D,
w=2 w=4 nw==06 w=3_8 w=10
Eigenvalue, MANOVA 2.70 (0.19) 4.60 (0.36) 6.56 (0.52) 8.53 (0.69) 10.51 (0.85)
Alignment e;, MANOVA | 0.85 (0.02) 0.93 (0.01) 0.96 (0.01) 0.97 (0.00)  0.97 (0.00)
Eigenvalue, estimated 2.00 (0.20) 3.98 (0.37) 5.98 (0.53) 7.97 (0.69)  9.96 (0.85)
Alignment e, estimated | 0.84 (0.02) 0.93 (0.01) 0.95 (0.01) 0.97 (0.00)  0.97 (0.00)
Percent estimated 98 100 100 100 100
Design D,
=2 n=4 pnw==06 n=3_ =10
Eigenvalue, MANOVA | 4.65 (0.23) 6.31 (0.49) 8.18 (0.72) 10.10 (0.95) 12.04 (1.19)
Alignment e;, MANOVA | 0.58 (0.07) 0.78 (0.03) 0.85(0.02) 0.88 (0.02)  0.90 (0.01)
Eigenvalue, estimated NA 4.02 (0.46) 5.89 (0.75)  7.87 (0.98)  9.84 (1.20)
Alignment e, estimated NA 0.76 (0.03) 0.84 (0.02) 0.88 (0.02)  0.90 (0.01)
Percent estimated 0 87 100 100 100

Next, we consider X1 = 0 and Xy = #vv’ +1d for a unit vector v and for p = 6+ 1 € {10, 20, 30}.
In both designs D; and Ds, this produces one positive and one negative outlier eigenvalue in the
MANOVA estimate f)l. The tables below show the percentages of simulations in which a spurious
spike eigenvalue is estimated by Algorithm 1 for ;. In such cases, there is enough deviation of
the observed locus £ from the true locus £ (which is the horizontal line sy = —1/6) to produce a
spurious intercept where tg(;\, a) = 0, and the algorithm interprets this as an alignment of the spike
in ¥, with a small spike in ¥;. We find that the spurious points (},a) where t5(},a) = 0 occur for
A close to the edges of supp(uo(a)), and this error percentage may be reduced in finite samples by

setting a more conservative choice of ¢, if desired.

Design D,

p=10 pu=20 p=30

Percent spurious 2 8 18
Design D,

p=10 =20 p=30

Percent spurious 0 8 15
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Next, we consider 31 = peje] and Xy = 29vv’ +1d for v = %el + @eg, which forms a 60-degree
alignment angle with e;. Displayed are the statistics for the largest estimated eigenvalue/eigenvector
and largest MANOVA eigenvalue/eigenvector. Displayed also are the inner-product alignments
with the direction es (where signs are chosen so that the estimated eigenvectors have positive e;
coordinate). The spike in X5 causes the MANOVA eigenvector to be biased towards v, and it also
increases the bias and standard error of the MANOVA eigenvalue. In settings of small p when
Algorithm 1 does not always estimate a spike, the values i and ¥'es have a selection bias among the
simulations where estimation occurs. For the remaining settings, ji and v'e, are nearly unbiased for

the true values i and 0, and the alignments ¥’e; are similar to those of the MANOVA eigenvectors.

Design D,
pw=2 p=4 n==06 w=3_ p=10
Eigenvalue, MANOVA | 4.59 (1.14) 5.70 (1.14) 7.28 (1.15) 9.07 (1.22) 10.93 (1.33)
Alignment e;, MANOVA | 0.57 (0.07) 0.80 (0.06) 0.89 (0.04) 0.93 (0.02) 0.95 (0.01)
Alignment e;, MANOVA | 0.47 (0.11) 0.26 (0.16) 0.14 (0.15) 0.09 (0.12)  0.06 (0.10)
Eigenvalue, estimated 2.67 (1.09) 4.18 (1.01) 6.11 (1.07) 8.06 (1.17) 10.03 (1.30)
Alignment e, estimated | 0.63 (0.10) 0.83 (0.04) 0.90 (0.02) 0.93 (0.02)  0.95 (0.01)
Alignment ey, estimated | 0.10 (0.25) 0.01 (0.19) 0.01 (0.15) 0.00 (0.12)  0.00 (0.10)
Percent estimated 70 100 100 100 100
Design D,
w=2 pn=4 pn==06 n=3_ =10
Eigenvalue, MANOVA  8.79 (1.52) 9.49 (1.64) 10.57 (1.74) 11.98 (1.85) 13.59 (1 99)
Alignment e;, MANOVA 0.44 (0.06) 0.58 (0.06)  0.71 (0.05)  0.79 (0.04)  0.84 (0.03)
Alignment e, MANOVA  0.53 (0.07) 0.44 (0.10)  0.33 (0.12)  0.24 (0.12)  0.18 (0.12)
Eigenvalue, estimated 5.15 (1.37) 4.84 (1.41)  6.28 (1.56)  8.21 (1.72) 10.15 (1.91)
Alignment e, estimated  0.39 (0.05) 0.60 (0.06) 0.72 (0.04)  0.80 (0.03)  0.84 (0.03)
Alignment e, estimated ~ 0.34 (0.11)  0.09 (0.17)  0.02 (0.16)  0.02 (0.14)  0.01 (0.13)
Percent estimated 22 7 100 100 100

Finally, we consider a setting with multiple spikes. We set ¥; to be of rank 5, with eigenvalues
(10,8,6,4,2). We set X5 to have 5 eigenvalues equal to 30 and remaining eigenvalues equal to 1, with
the former 5-dimensional subspace having a 60-degree alignment angle with each spike eigenvector
of 3. The tables below display statistics for the five largest estimated and MANOVA eigenvalues in
this setting. We observe that Algorithm 1 reduces the bias of the MANOVA eigenvalues, although

a positive bias persists at these sample sizes.
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Design D,
w=10 uw=3_ uw==06 w=4 w=2
Eigenvalue, MANOVA | 12.06 (1.10) 9.70 (1.01) 7.60 (0.96) 5.87 (0.74) 4.53 (0.55)
Eigenvalue, estimated | 11.08 (1.12) 8.65 (1.01) 6.38 (0.95) 4.36 (0.76) 2.80 (0.57)

Percent estimated 100 100 100 100 97
Design D,
uw=10 uw=_8 uw==06 w=4 w=2

Eigenvalue, MANOVA | 15.79 (1.61) 12.94 (1.15) 11.06 (1.00) 9.21 (0.82) 7.80 (0.73)
Eigenvalue, estimated | 12.07 (1.68)  8.95 (1.19)  6.77 (1.03) 4.74 (0.86) 3.94 (0.53)
Percent estimated 100 100 100 98 37

2.5 General bulk eigenvalue law

Finally, we consider the general setting of Assumption 2.1 without any additional structure on
31,..., 2. We establish an analogue of Theorem 2.4, showing that the empirical eigenvalue distri-
bution of & remains well-approximated by a deterministic law pg. This law pg is no longer described
by the Marcenko-Pastur equation, but it may be analogously described by a more general system
of fixed point equations. We show that this system of equations admits a unique fixed point in the
appropriate complex domains, and this fixed point may be computed by a simple iterative algorithm.

With a small abuse of previous notation, let us define in this context

Fiy Fig
F,s = /mymzU.BU, € R™*™M= F=|: - | eRMM (2.21)
Fiy Fix
For x = (x1,...,2%) and y = (y1,...,yk), define
D(x) = diag(x1 Idpmy, .- -, 2k Idm, ) € CMxM y-2=y121+ ... +yp2k. (2.22)

Theorem 2.19. Suppose Assumption 2.1 holds. For each z € CT, there exist unique z-dependent
values 21,...,2, € CTU{0} and yy,...,yx € C* that satisfy, for » = 1,..., k, the equations

T, = —n}t Tr ((z1dy +y - 2)7'S,), (2.23)
Yp = — ! Tr, (Idy +FD(x)]'F) . (2.24)

(a

The function mg : C* — C* defined by

mo(z) = f% Tr ((z1d,+y - £)71) (2.25)
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Figure 2.6: Eigenvalues of the MANOVA estimate S, in a one-way design with full-rank, non-
isotropic ¥;. The group covariance ¥; has uniform eigenvalues between 0 and 1, and the error
covariance is Y9 = Id. Histograms show average eigenvalue locations across 100 simulations, super-
imposed with the density of the convolution measure o+ Cauchy(0,10~%) computed by the iterative
procedure of Theorem 2.20. The left shows I = 300 groups of size J = 2 and p = 300 traits; the
right shows I = 150 groups of size J = 2 and p = 600 traits, with eigenvalues of 3 equal to 0 and
the point mass of g at 0 both removed.

is the Stieltjes transform of a probability distribution 1o on R. Letting g be the empirical eigenvalue

distribution of i ps — po — 0 weakly almost surely.

In most cases, (2.23-2.25) do not admit a closed-form solution in z1,...,2g, y1,...,ys, and

mo(z). However, these equations may be solved numerically:

Theorem 2.20. For each z € C*, the values z,. and y, in Theorem 2.19 are the limits, as t — oo,
of the iterative procedure which arbitrarily initializes yio), N ,y,(co) € C* and iteratively computes

(fort=0,1,2,...) 2" from ygt) using (2.23) and y£t+1) from 2" using (2.24).

These results are proven in Chapter 5. Note that by (2.11), the value 7~ Immg(E + in) is
the density of the convolution pg x Cauchy(0,n) at E. This iterative procedure may be used to
numerically compute this density over F € R, which approximates the law pg for small 7. This is

depicted in Figure 2.6 for two examples of the one-way design.

2.6 Balanced classification designs

We consider the special example of model (2.1) corresponding to balanced classification designs. In
these designs, by considerations of sufficiency, there is a canonical family of matrices B to use in (2.4),
and also a canonical choice of matrices By,..., By for Algorithm 1 corresponding to the classical
mean-squares. For such B, quantities such as zo(m) and t,(z) in (2.9) and (2.12) have explicit

forms, which we record here to facilitate numerical implementations of the preceding procedures.
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The technical conditions of edge regularity and injectivity of the map s in (2.20) may also be explicitly
checked.

To motivate the general discussion, we first give several examples.

Example 2.21. Counsider the one-way model (1.1) in the balanced setting with I groups of equal
size J. We assume J > 2 is a fixed constant. The canonical mean-square matrices of this model are
defined by

1
MS; = ——
L .

?

I J I J

N 1 _ _

> Fi-NFi-y), MS;= — YN i =) iy — 3

=1 j=1 i=1 j=1

where y; € RP and y € RP denote the sample means in group 7 and across all groups. The MANOVA
estimators are [SCMO09]

1 1 a
¥ =-=MS; — =MS Yo = MSs.
1= o1 = 7 Als, 2 2

Recall that the one-way model may be written in the matrix form
Y = 17“u,/ + Uraq + as,

where U, is defined in (2.2). Defining orthogonal projections 7; and w2 onto col(U;) & col(1,,) and

R™ © col(U;), the above mean-squares may be written as

MS, :Y’I“ly, MS, = Y/ -2

— n

Y.
1

The MANOVA estimators then take the equivalent form of (2.6).

Example 2.22. Consider the nested two-way model (1.2) with I groups, each group consisting of J
subgroups, and each subgroup consisting of K individuals. We assume J, K > 2 are fixed constants.

This model may be written in the matrix form
Y =14+ Uia;y + Usas + as,

where y; j 1, o, B, 5, and €; ; are stacked as the rows of Y, oy, g, and a3, and the incidence

1,79
matrices are given by
U =1d; ®1,k, Us =1d;; ®1k.

Defining orthogonal projections w1, w2, and 73 onto col(U;) & col(1,,), col(Uz) © col(U;), and R"™ &

col(Us), the canonical mean-squares are given by

Ty MSy=Y'—12_y,  MS;=Y' 2

MS; = Y’
S1 I—1" IJ—1" n—1J

Y.




CHAPTER 2. MAIN RESULTS 31

The MANOVA estimators are defined as [SCMO09]

o 1 1
S1= ——MS; — —

~ 1 1 ~
i e MSy, By = MSy - MS;, T = MSs.

Example 2.23. Consider the crossed two-way model (1.3) in a replicated setting,

Yijht =B+ 0+ B+ Ykt ik + €ijkt

The entire cross-breeding experiment is replicated I times, with each cross involving J distinct
fathers and K distinct mothers. Traits are measured in L different offspring for each (4,7, k). We

assume J, K, L > 2 are fixed constants. This model may be written in the matrix form

4
Y = 1nl'l'/ + Z Uray + s,

r=1

where the incidence matrices are
Ui =1d; ®1 k1, Uy =1d;; 1K1, Us=1d;®1; ®Idx ®1p, Uy, =1drjg ®17p.

Defining orthogonal projections 1, o, 73, T4, T5 Onto Sy = col(U;y) ©col(1,), Sy = col(Usz) &col(Uy),
S3 = col(Us) © col(Uy), Sy = col(Uy) © (col(Uy) & Sz @ S3), and S5 = R™ & col(Uy), the canonical
mean-squares are

MST:Y'%Y forr=1,...,5,
T

o

where d, = dim(S,). The forms of the classical MANOVA estimators may be deduced from the

general discussion below.

To encompass these examples, we consider a general balanced classification design defined by the

following properties:

1. For each r, let ¢, = n/m,. Then U.U,. = ¢.1d,,, , and II, = c;lUrU; is an orthogonal

projection onto a subspace S, C R™ of dimension m,..
2. Define Sy = col(X). Then Sy C S, C Sy =R™ foreach r=1,...,k — 1.

3. Partially order the subspaces S, by inclusion: s < r if Sg C S,.. Let 5’0 = Sp, and for
r=1,...,klet S, denote the orthogonal complement in S, of all S properly contained in .S,..

Then for each r,

S, =P s.. (2.26)

s=r

In particular, R™ = S} = @fZOS}.
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Figure 2.7: Inclusion lattices for the subspaces {S,} determined by the nested (left) and crossed
(right) examples.

The subspace inclusion lattices for the nested designs of Examples 2.21 and 2.22 and the crossed
design of Example 2.23 are depicted in Figure 2.7.

For each » = 0,...,k, let d, = dim(é’T)7 let V. € R™*4 have orthonormal columns spanning
S,, and let 7, = V,.V/ be the orthogonal projection onto S,.. (In particular, dy = dim col(X) is the
dimensionality of fixed effects.) Then m, ..., 7 are mutually orthogonal projections summing to
Id,,. Note that the condition (2.26) implies

U Ul = ¢ 11, = Zcrws.

s=r
Then the likelihood of Y in (2.3) may be written in the form
-1
1 E
!
JW ecexp | =53 T D eS| (Y= XH)m(Y - Xp)
s=0 r>l:r>s
where ;X = 0 for s > 1. Hence the quantities

WOK MSl :Y/(Tl'l/dl)yr7 ey MSk :Y/(ﬂ'k/dk)y

form sufficient statistics for this model.

In this setting, we restrict attention to matrices of the form
~ , ™ Tk
Y =aMS; +...+arMS; = Y'BY, B=Ba)=a—+...+ap—, (2.27)
k

and we suggest the choices B, = m,/d, for use in Algorithm 1. In particular, the classical MANOVA
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estimators are of this form: From (2.5), we have

k k
EMS,] =Y d' (U U5 =Y 68, EE =YY acX,.
r=1

r=s s=1r>rs

~

The MANOVA estimate of 3, is obtained by choosing a = (a1, . .., ax) so that E[X] = ¥,.. Denoting

Hyo=1{s <r}c,, H=(H)F,_, ¢ R (2.28)

r,s=1

this is satisfied by letting a be the 7" column of H~!. (This corresponds to the procedure of M&bius
inversion over the subspace inclusion lattice, discussed in greater detail in [Spe83].)

We record the following calculations and properties for this class of models. In particular, part
(a) implies that mg(z) may be computed by solving a polynomial equation of degree k+ 1 in mg(z).
For z € C*, the correct root is the unique root mg(z) € C*, while for z € R \ supp(po), the correct
root satisfies z(mo(z)) > 0. From this, the quantities ¢,(z) and w,;(z) are easily computed in part
(b). The edges of supp(uo) may be found by solving the equation 0 = z{(m.), which may be written

as a polynomial equation of degree 2k in m,.

Proposition 2.24. Let (2.1) correspond to a balanced classification design, as defined above. Sup-
pose Assumption 2.1(a,b,d) holds for this design, and in addition, d,. > ¢n for each r = 1,...,k and
a constant ¢ > 0. Let & and B be defined by (2.27), where a = (ay, ..., a;) € RF satisfies ||al|< C
for a constant C' > 0.

(a) Under Assumption 2.2, the Marcenko-Pastur equation (2.8) corresponding to S takes the form

k
1 a
z=— + Cibs(2), bs(2) = & , Cs = craf. 2.29
mo(z) ; (2) (2) 1+ (N/ds)asCsmg(2) ;g ( )
If there exist a constant ¢ > 0 and indices s,7 € {1,...,k} such that s <7, as > ¢, and 02 > c,

then the rightmost edge F., of ug is 7-regular for a constant 7 > 0.

(b) Under Assumption 2.10, the functions ¢,(z) and w,s(z) from (2.12) and (2.16) take the forms

tr(2) = cr Z bs(z), Wrs(2) = CrCs Z (N/dy)bs(2)>.

s>1:s=<r t>1:t=r, t=<s
Furthermore, Assumption 2.16 holds for the estimation matrices B, = 7,./d,..

(¢) In the fixed point equations (2.23-2.25), the equation (2.24) takes the explicit form

Yr = —Cr Z m# Ls4 = wa (2.30)

)
n/ds)asx
s>1:s=<r / S) svst r>=s
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Proof. We rotate coordinates. Fix r € {1,...,k} and write {s: s < r} = {so,...,s;} where so = 0.

We may write the singular value decomposition of U, as

Uy =er Y VW],

s=r
where the columns of V; form an orthonormal basis for S, and where W, = [W,.,, | ... | Wis,] is
orthogonal m,. X m,.. Denote 1 = n — dg, 1, = m, —do, V= [V1 | ... | V] € R™*" and
W,f,slar
fp = : € RMrXP U, = /e, V' (VS1 Vs,-) € R™M¥Mr,
W, o

By rotational invariance, ¢, still has independent rows with distribution A/ (0,%,.). Also, U, has a

simple form—each V'V, € R"*%i has a single block equal to Idg,, and remaining blocks 0. Defining

(a1/d1)1da,
Y=VYeR",6  B=V'BV= € R™7
(a/dr)1dg,
and applying V' to (2.1), we obtain the rotated model
k ~
Y = Z U, ., Y =Y'BY. (2.31)

For parts (a) and (b), let F be the matrix (2.7) in the model (2.1). Let M = 1 + ... + 1,
and denote by F' € RM*M this matrix in the rotated model (2.31), with (r, s) block No,o,U!BU,.
Let Q = diag(Wh, ..., Wy), where W, is the matrix of right singular vectors of U, as above. Then
observe that F' is the matrix Q' FQ with dy rows and dy columns of 0’s removed from each block.
Thus, the law po and the functions mg(2), s,(a), t,.(z), and w,s(z) do not change upon replacing F’
by F in their definitions.

For (a), let us further decompose m, = > ... <, ds, and consider F in the expanded block

decomposition corresponding to

Index a row or column of this decomposition by the pair (r, s) where s < r. Then from the forms of
U, and B, we have

. ag
F(r,s),(r’,s/) = ]l{S = S/}N\/CTCT/O'TUTICTS IddS .
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For each s € {1,...,k}, let E5 be the submatrix formed by the blocks ((r, s), (', s)) where r = s and
7’ = s. Note that F is (upon permuting rows and columns) block-diagonal with blocks E, ..., Ej.
We may write B, = N(as/ds) R, Ry where Ry = (\/¢,0,1dg, : 7 > s). Then E, has rank d,, with d,
identical non-zero eigenvalues equal to N(as/ds)Cs where Cy is defined in (2.29). As the eigenvalues
of F' are the union of those of Ei,. .., By, writing (2.8) in spectral form establishes (2.29). Under
the stated conditions in (a), the largest eigenvalue of F is positive and bounded away from 0, with
multiplicity proportional to n. Then the rightmost edge E. is regular by Proposition 2.7.
For (b), noting that RsR, = C,1d4,, the Woodbury identity yields

Nag

E,(Id+E,)~ ! = y

N N
R'R, (Id— s (a, /ds) & RiR..

RR,) = —\Js/%s)
ds(1+ N(as/ds)Cs) ° ) 1+ N(as/ds)
Then for all s <7 and s’ <7/,

N(as/ds)

T Na.JdC. N{as/d)C, Idg, . (2.32)

(F(Id +F)—1)

= 1{s = s'}\/e cLorop
(7,8),(r",s")

The rth diagonal block trace in the collapsed decomposition M=rmi+...+ 1y, is the sum of the

trace of the above over s < r, s = s’, and r = r’. Thus

Qs

sr(a) = CTZW =Hf(a),

s=r

where H is defined in (2.28) and

1@ = )
a 1—1—(]\7/611)(11017.”7 1—|—(N/dk)ak0k '
As C4,...,C; and N/dy,...,N/d;, are bounded above by a constant, we have

clla; — az|

(14 flar (1 + llaz]))

1f(a1) = f(a2)[=

for a constant ¢ > 0. Under a suitable permutation of 1,...,k, the matrix H is lower-triangular,
with all entries bounded above, and with all diagonal entries ¢, bounded away from 0. Thus the
least singular value of H is bounded away from 0, so Assumption 2.16 holds. Substituting mgas for

as in (2.32), we also have

N(as/ds)

Id,. .
14+ N(as/ds)Csmyg d

s

(F(Id +m0F)*1) = 1{s = s'}\/e.cl.opom

(r,8),(r,s’

Taking block traces and Hilbert-Schmidt norms yields the expressions for ¢, and w.
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Finally, for part (c), observe likewise that for F' as defined in (2.21),
Tr, ([Idpy +FD(x)] 7 F) = Tr, ([Idy; +FD(x)] 71 F)

where D(x) = diag(z; Ids,, ..., 2 Idsy,) and F has blocks \/m,m,U.BU,. Applying again the

forms of U, and B and the identity ¢,m, = n, we obtain

na
ds

F(T,S),(T’,s’) = ]I{S = S/}

* Idy, .

Fix s € {1,...,k} and consider the submatrix F, formed by the blocks ((r,s), (r,s)) where r = s
and r’ > s. Then E; = n(as/ds)R,Rs where Ry = (Idg4, | -+ | Idg,). The corresponding submatrix
of D(x) is given by D, = diag(z, Idg, : r > s). Defining z,, by (2.30) and applying the Woodbury

identity, we have

na na na
Id+E,D,) 'E, = (1d— ; R;Rst> R R, = ; R.R;.
( sDs) ( ds(1+ (n/ds)aswss)” ds ° ds(1+ (n/ds)aszsr)
Then for all s < r and s’ <1/,
na
Id+FD(x))"'F =1{s=+¢ u Idg, .
(( (x)) )<r,s),<rzs'> ls=s }ds(l +(nfdy)aszey)

Taking the diagonal block trace in the collapsed decomposition M = 1y + ... 4 1 and applying
n/m, = ¢, we obtain from (2.24) the explicit form (2.30). O



Chapter 3

Edge fluctuations under sphericity

In this chapter, we discuss in greater detail the edges of the support of the law pg from Theorem 2.4.
We then prove Theorem 2.6, which establishes Tracy-Widom fluctuations of the extremal eigenvalue
of & at each regular edge of po under global sphericity of ¥y, ..., Xg.

Our proof generalizes an argument of Lee and Schnelli [LS16], which showed under a similar edge
regularity condition that the largest eigenvalue of S = X'FX exhibits real Tracy-Widom fluctuations

for positive definite F'. We extend this result in two directions:
1. We show that this holds also for matrices F' with negative eigenvalues.

2. The spectrum of the law pg in Theorem 2.4 may have multiple disjoint intervals of support. We
establish a Tracy-Widom limit for the extremal eigenvalue at each regular edge of the support,

including the internal edges.

When F' is positive definite and X has compler Gaussian entries, convergence of the largest
eigenvalue of S to the complex Tracy-Widom law was established in [Kar07], and this was extended
to each regular edge in [HHN16]. These analyses use the determinantal form of the HCIZ integral
over the complex unitary group, which has no known real analogue. The proof of [LS16] in the real
setting is different and relies on a universality argument, which we first summarize.

By rotational invariance in law of X, it suffices to consider the case where F' = T is diagonal.
Let E, be the rightmost edge of 19. The proof of [LS16] considers

(@) — x'7D) x

for a different matrix 7%, and compares the eigenvalue behavior of ¥ near E, with that of ©(&) near
its rightmost edge E,EL). Concretely, the comparison between T and T is achieved by a continuous

interpolation over I € [0, L], where T(®) = T and each T(") has diagonal entries {tgf) ra=1,...,M}

37
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given by
1 1

— -l

(See [LS16, Eq. (6.1)].) For simplicity, each T is then rescaled so that the largest eigenvalue of
SO = X'TO X fluctuates with identical scale (of order N—2/3) for every . Taking L = oo, T(*) is a
multiple of the identity, so $3(%0) is a white Wishart matrix for which the Tracy-Widom distributional
limit is known from [Joh01]. Along this interpolation, the upper edge Eil) traces a continuous path

between EL” and E{**. Defining
#(Eil) + s1, BY 4 s2) = number of eigenvalues of SO in [Eil) + s1, ED 4+ 9],
a resolvent approximation idea from [EYY12] establishes the smooth approximation
P[#(E,El) + 51, BV 4 s5) = 0} ~E {K(ae(”(sl, )], (3.2)

where K (X1 (sy,s,)) is a smoothed indicator of the integrated Stieltjes transform of ) along an
interval in C* at height n = N~2/3-¢ above the corresponding interval on the real axis. The crux
of the proof in [LS16] is then to show

d

7 [K(x<l>(51, 32))} ‘ < N~U3+e (3.3)

for a small constant € > 0 and s1, s on the N—2/3

scale. This is applied to compare the probability in
(3.2) forl =0 and ! = 2log N. A simple direct argument compares these probabilities for [ = 2log N
and [ = oo, concluding the proof.

We extend this argument by showing that the continuous interpolation in (3.1) may be replaced
by a discrete interpolating sequence. The resulting extra flexibility permits the extension of this
result in the two directions mentioned earlier. Indeed, we note that (3.1) is not well-defined for
negative t((10)7 as the right side passes through 0 along the interpolation. More importantly, (3.1)
does not allow us to study interior edges of S when there are multiple disjoint intervals of support,
as the support intervals merge and these edges vanish along the interpolation. We instead consider

a discrete interpolating sequence 7, 7MW . T for an integer L < O(N), where the diagonal

entries ¢ satisfy
M
SO —iP)< o(1) (3.4)
a=1

forall [ =0,...,L — 1. Letting E, be any regular edge of f), each matrix 5 = X'TW X will have
a corresponding edge Eﬁl) such that

|ESTY — EY|< 0(1/N). (3.5)
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Each of these L discrete steps may be thought of as corresponding to a time interval Al = O(N~1)
in the continuous interpolation (3.1). We show that the above conditions are sufficient to establish

a discrete analogue of (3.3),
B [ (x (51,52))| = B [K(xO(51,52))| | < N2+, (3.6)

As L < O(N), summing over [ = 0,..., L — 1 establishes the desired comparison between T(®) and
7). Importantly, the requirement (3.4) is sufficiently weak to allow a Lindeberg swapping scheme,
where each T(+1) makes a single O(1) perturbation to a single entry of T®. Hence we may move
the diagonal entries of T from one interval of support to another, without continuously evolving
them between such intervals. This allows us to preserve the edge E, as in (3.5) along the entire
interpolating sequence, even as the other intervals of support disappear.

Section 3.1 discusses properties of the matrix model S = X'TX and the law 1o, including a
detailed characterization of its support and edge locations, and introduces our definition of edge
regularity. Section 3.2 reviews prerequisite proof ingredients, which are similar to those in [LS16].
These include properties of the limiting Stieltjes transform near regular edges, Schur-complement
identities for the resolvent, a local Marcenko-Pastur law as in [BPZ13, KY17], and the resolvent
approximation from [EYY12] that formalizes (3.2). The material in these sections are either drawn
from existing literature or represent extensions from the positive definite setting. We defer proofs
or proof sketches of these extensions to Appendix A.

Section 3.3 constructs an interpolating sequence T, ... T for any starting matrix 7 = T..
As in [LS16], we rescale each T) so that the eigenvalue of interest fluctuates with identical scale
for each [. Consequently, the interpolating sequence will not be exactly Lindeberg, but rather will
satisfy |tg+1) - tgf)|§ O(1) for a single entry « and |t(ﬁl+1) - tg) |< O(1/N) for all remaining entries
B # a. The final edge EiL) may be either a left or right edge of f](L), and we conclude the proof by
applying either the result of [Joh01] for a positive right edge or [FS10] for a positive left edge of a
(real) white Wishart matrix. To ensure that a left edge is not a hard edge at 0, we allow T to
have two distinct diagonal entries {0,¢}. Thus, $() may have a different dimensionality ratio from
the starting S,

In Section 3.4, we conclude the proof by establishing (3.6). To achieve this, we generalize the
“decoupling lemma” of [LS16, Lemma 6.2] to a setting involving two different resolvents G and
G, corresponding to T = T®W and T = T+, Fortunately, we do not need to perform the same
generalization for the “optical theorems” of [LS16, Lemma B.1], as we may apply (3.4) to reduce the
higher-order terms arising in the decoupling lemma to involve only G and not G. We will explain

this later in the proof.
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3.1 Matrix model and edge regularity

By rotational invariance in law of X, it suffices to prove Theorem 2.6 in the case where F = T is

diagonal. We record here the assumption of Theorems 2.4, 2.5, and 2.6 in the diagonal case.

Assumption 3.1. S = X'TX, where T = diag(ty,...,ty) € RM*M and X € RM*N has i.i.d.
N(0,1/N) entries. For a constant C' > 0, we have C~! < N/M < C and ||T||< C.

As described in Theorem 2.4, in the limit N, M — oo, the empirical spectrum of S is well-
approximated by a deterministic law pg. We note that if T is the identity matrix, then ug is the
Marcenko-Pastur law [MP67]. Under our scaling for X, this has density

1 E,—z)(x—F_
fo(x):%\/< + x)( )1(E,,E+)(x)7 EiZ(li M/N)2 (37)
on the positive real line, and an additional point mass at 0 when M < N. More generally, pg is
defined by the fixed-point equation (2.8) in its Stieltjes transform, which we may write for diagonal

T as
M

1 1 ta
Tmes) TN 2 1+ tamo(z)’ 39

a=1

z =
This law g admits a continuous density fy at each x € R,, given by

fo(x) = lim lImmo(z), (3.9)

z€Ct—z T

where
R if rank(T) > N
R, = (3.10)
R\ {0} if rank(T) < N.
For x # 0, this is shown in [SC95]; we extend this to x = 0 when rank(7T") > N in Appendix A.1.
The law g is called the free multiplicative convolution of the empirical distribution of ¢1, ...t
with the Marcenko-Pastur law (3.7). In contrast to the case T =1d, if ¢1, ..., ¢y take more than one
distinct value, then g may have multiple disjoint intervals of support. Two such cases are depicted
in Figures 3.1 and 3.2. For each support interval [E_, E;] of ug, we will call each endpoint F_ and
E, an edge. More formally:

Definition 3.2. E. € R is a right edge of ug if (E. — d,E.) C supp(uo) and (E., E. + 0) C
R\ supp(po) for some 6 > 0. E, is a left edge of py if this holds with (E. — ¢, E,) and (E,, E. + )

exchanged. When 0 is a point mass of g, we do not consider it an edge.

The support intervals and edge locations of po are described in a simple way by (3.8): Define
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Figure 3.1: Left: Density fo(z) of po and simulated eigenvalues of f], for N = 500, M = 700, and
T having 350 eigenvalues at -2, 300 at 0.5, and 50 at 6. The four soft edges of g are indicated by
Ey,...,E,4. Right: The function zo(m), with two local minima and two local maxima corresponding
to the four edges of pg.
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Figure 3.2: Left: Density fo(x) of po and simulated eigenvalues of S, for N = M = 500, and T
having 400 eigenvalues at -1 and 100 at 4. Here, p has three soft edges E1, Eo, E4 and one hard edge
E5 = 0. Right: The function zo(m), with three indicated local extrema, and also a local minimum
at m = oo corresponding to the hard right edge F5 = 0.
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P={0}u{-t;':t, # 0}, and consider R = R U {oo}. Consider the formal inverse of mg(z),

1 1 &
SIS o 11
Zo(m) m + N =1+ tam’ (3.11)

as a real-valued function on R\ P with the convention z5(cc) = 0. Then zp is a rational function
with poles P—two examples are plotted in Figures 3.1 and 3.2. The following proposition relates
the edges of o to the local extrema of zp. We indicate its proof in Appendix A.1. (Parts (a), (b),
and (d) follow from [SC95], and part (c) was established for positive definite T in [KY17].)

Proposition 3.3. Let my, ..., m, € R\ P denote the local minima and local maxima! of 2y, ordered
such that 0 > my > ... > my > —oo and 00 > mpy1 > ... > my > 0. Let Ej = z9(m;) for each
7=1,...,n. Then:

(a) o has exactly n/2 support intervals and n edges, which are given by Ey,..., E,.
(b) Ej is a right edge if m; is a local minimum, and a left edge if m; is a local maximum.

(¢) The edges are ordered as

Ey>...>E;,>FEp1 >...> By

(d) For each E; where m; # oo, we have E; € R, and z{(m;) # 0. Defining v; = 1/2/|z{ (m;)|, the
density of g satisfies fo(x) ~ (v;/7)/|E; — x| as  — E; with « € supp(uo).

Definition 3.4. For each edge E, of pg, the local minimum or maximum m, of zy such that

zo(my) = E, is its m-value. The edge is soft if m, # oo and hard if m, = co. For a soft edge,
v =+/2/|z5 (m.)] is its associated scale.

Hence the local extrema of 2y are in 1-to-1 correspondence with the edges of pp. Excluding the
point mass at 0 when rank(7") < N, supp(uo) is exactly [En, En_1] U [En_2, En_s] U ... U [E2, E4],
where these intervals are disjoint and in increasing order. The density fy exhibits square-root decay
at each soft edge F,, with scale inversely related to the curvature of zy at m,.

When T is positive semi-definite, supp(jo) is nonnegative. In this setting, an edge at 0 is usually
called hard and all other edges soft. The above definition generalizes this to non-positive-definite 7"
A hard edge is always 0 and can occur when rank(7) = N. One example is depicted in Figure 3.2.
However, if T has negative eigenvalues, then a soft edge may also be 0 when rank(7") > N.

We now introduce the notion of a “regular” edge of pg. For positive definite T', a similar notion
was introduced for the rightmost edge in [Kar07] and generalized to all soft edges in [HHN16, KY17].

Im, € R\ P is a local minimum of zq if z0(m) > zo(ms) for all m in a sufficiently small neighborhood of m., with

the convention that ms« = oo is a local minimum if zg is positive over (C,00) U (—oo, —C) for some C' > 0. Local
maxima are defined similarly.
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Definition 3.5. Let F, € R be a soft edge of pg with m-value m, and scale v. F, is regular if all
of the following hold for a constant 7 € (0,1):

o my|< 7L

o y< 1L
e For all a € {1,..., M} such that t, # 0, |[m. +t;1|> 7.

A smaller constant 7 indicates a weaker regularity assumption. We will say E, is T-regular if we
wish to emphasize the role of 7. All subsequent constants may depend on 7 above; we will usually
not explicitly state this dependence.

Let us state here, for clarity, that the existence of any regular edge implies 7" is non-degenerate,
in the sense

(number of eigenvalues t,, such that [t,|> ¢) > cM (3.12)

for a constant ¢ > 0. (See Proposition 3.11.) Thus the largest and average values of |t,| are both of
constant order.
We discuss implications of edge regularity in Section 3.2.2. One interpretation of this condition

is the following, whose proof we defer to Appendix A.2.

Proposition 3.6. Suppose Assumption 3.1 holds and the edge F. is regular. Then there exist
constants C, ¢, d > 0 such that

(a) (Separation) The interval (E. — d, E. 4 0) belongs to R, and contains no edge other than E,.

(b) (Square-root decay) For all = € supp(uo) N (Ex — 6§, Ex + 9), the density fy of uo satisfies
eVI|Es — x| < folx) < CV/|Ex — .

Whereas Definition 3.2 and Proposition 3.3(d) imply the above for C, ¢, § depending on N, edge
regularity ensures that the above properties hold uniformly in N.

One may check, via Proposition 3.11 below, that Definition 3.5 is equivalent to the definition of
a regular edge in [KY17] when T is positive definite. The condition |m.|< 771 quantifies softness
of E,, so E, cannot converge to a hard edge at 0. The condition v < 7~! guarantees non-vanishing
curvature of zg at m,, so E, cannot approach a neighboring interval of support. The condition
|m. + t,1|> 7 guarantees separation of m, from the poles P of zq; this implies, in particular, that
E, cannot be the edge of a support interval for an outlier eigenvalue of $3. This last condition was
introduced for the rightmost edge in [Kar07]. In the setting of a simple spiked model [Joh01] where
(t1,...,tar) = (0,1,1,...,1) for fixed § > 1, if E, is the rightmost edge, then it is easily verified that
this condition is equivalent to 6 falling below the phase transition threshold 1 + \/W studied in
[BBP05, BS06, Pau07].
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Theorem 2.5 guarantees that all eigenvalues of S fall within a d-neighborhood of supp(ug), for
any constant 6 > 0. Near a regular edge E., we have the following strengthening of this guarantee,
which shows that the extremal eigenvalue of S near E, is typically only at a distance N~2/3 from
E..

Theorem 3.7 (N~2/3 concentration at regular edges). Suppose Assumption 3.1 holds, and E,
is a regular right edge. Then there exists a constant é > 0 such that for any ¢, D > 0 and all
N > Ny(e, D),

P[ spec(S) N [E. + N“/*+¢, B, +6] =0 > 1- NP, (3.13)

The analogous statement holds if E, is a regular left edge, with no eigenvalue of 5 belonging to
[E. — 6, E, — N~2/3%¢].

This result was established in [KY17] for positive definite 7', and we prove in Appendix A.3 its

generalization to any T satisfying Assumption 3.1.

3.2 Preliminaries

We collect in this section the requisite ingredients and tools for the proof of Theorem 2.6.

Notation

We denote Zpy = {1,...,M} and Zy = {1,..., N}. Considering the elements of these index sets as
distinct, we define the disjoint union Z = Zy U Zy;. For a matrix in CNHM)X(N+M) e jdentify
{1,2,...,N + M} ~ 7 and index its rows and columns by Z, where Zy corresponds to the upper
left block and Z,; to the lower right block. We consistently use lower-case Roman letters ¢, j, p, ¢ for
indices in Zy, Greek letters a, 3,7, p for indices in Z);, and upper-case Roman letters A, B, C for
general indices in Z.

Throughout, C,c > 0 denote constants that may change from instance to instance. We write
any = by for deterministic non-negative quantities ay,by when cby < ay < Capy. The constants

C,c may depend on 7 in the context of a regular edge.

3.2.1 Stochastic domination

For a non-negative scalar ¥ (either random or deterministic), we write
E<VU and E=0<(9)
if, for any constants ¢, D > 0 and all N > Ny(e, D),

P[|¢|> N°U] < NP, (3.14)
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The constant Ng(e, D) may depend only on &, D, the constant in Assumption 3.1, and 7 in the
context of a T-regular edge. If we wish to let Ny(e, D) depend on another constant a, we will denote
this explicitly by writing <.

We review several properties of this definition from [EKY13].

Lemma 3.8. Let U be any index set, and suppose £(u) < ¥(u) for all u € U. Let C be any constant
(depending only on Assumption 3.1 and 7).

(a) If |U|< N, then sup,cp|€(u)|/P(u) < 1.

(b) If [U|< NC, then Y, oy &(u) < 3 cp P(u).

(¢) If uy,ug € U, then &(ug)€(u2) < ¥(u1)¥(usz).

Proof. All three parts follow from a union bound, as €, D > 0 in (3.14) are arbitrary. O

Lemma 3.9. Suppose £ < ¥ and V is deterministic. Suppose furthermore that there are constants
C,Cy,Cy, ... > 0 (depending only on Assumption 3.1 and 7) such that ¥ > N~¢ and E[|¢|/] < N
for each integer ¢ > 0. Then E[£|G] < VU for any sub-o-field G.

Proof. If G is trivial so E[¢|G] = E[¢], then this follows from Cauchy-Schwarz: For any € > 0 and all
N > No (E),

[E€I< E [lg1{l¢)< N/20}] +E [[e[1{j¢]> N*/20}| < N2 + E[j¢]/2PlJ¢]> N/29]'/? < N°U,

where the last inequality applies ¢ < ¥. For general G, consider any ¢, D > 0 and fix an integer
k > (D +¢)/e. Then the above argument yields E[|£|¥] < N*WF for all N > Ny(e, D), so

E[E]G]"] _ El¢]*]
Nqujk - Nks\pk

P|[E[¢]g)|> N°¥] < < Neke < NP,

O

When U is a bounded domain of C, part (a) of Lemma 3.8 does not directly apply, but we may

oftentimes take the union bound by Lipschitz continuity:

Lemma 3.10. Suppose £(z) < ¥(z) for all z € U, where U C C is uniformly bounded in N.
Suppose that for any D > 0, there exists C = C(D) > 0 and an event of probability 1 — N~ on
which

o U(z) >N Cforall z € U.
o |€(21) — €(22)|< N z1 — 29] and |U(z1) — U(22)|< N9z — 2| for all 21, 29 € U.

Then sup,cy|&(2)]/¥(z) < 1.



CHAPTER 3. EDGE FLUCTUATIONS UNDER SPHERICITY 46

Proof. For any ¢,D > 0, set C = C(D) and A = N3¢, Take a net N' C U with |NV|< N+ such
that for every z € U, there exists 2z’ € N with |z — 2/|< A. By Lemma 3.8(a), [£(2)|< NW¥(2') for
all 2/ € N with probability 1 — N~P. Then with probability 1 — 2N P, for all z € U,

1€(2)|< [€(2")|+ANY < N*U(2)) + ANC < N°W(z) + 2ANTC < 3N°U(2).

3.2.2 Edge regularity

Let us prove here the sufficient condition of Proposition 2.7 for regularity of the rightmost edge.

Proof of Proposition 2.7. Let t; be the maximum eigenvalue of T, and let K be its multiplicity. The
m-value m, for the rightmost edge satisfies m, € (—tl_l,O). As t; > ¢ for a constant ¢ > 0, this

implies |m.|< 1/c. Furthermore, we have

0= zh(my) = 11 > _ (3.15)

2 i (M + tal)?

As |t 1]> ¢ for a constant ¢ > 0 and each «, this implies |m.|> ¢ for a constant ¢ > 0. The condition

(3.15) also implies
1 K 1

0< _
mi N (m,+ 1)

As K is proportional to N, this yields |m. + t;1|> ¢ for a constant ¢ > 0. Then by the condition
m. € (—t;*,0), we obtain |m, +t,*|> 7 for all non-zero @ and some constant 7 > 0. Finally, we

have

o) 2 2 5 1 5 2 ¢
ZO My ) = — - T 1. — - : “ 12
m3 N o (my +tat)3 e mN  (m, +ta")3
where the second equality applies (3.15). Note that m, < 0, and m. + t;* > 0 if t, > 0 and

m. +t,1 < 0if t, < 0. Thus each summand on the right side above is positive, and in particular

2K !

2
* > — : .
20 (m ) m*N (m* + t;l)g

Thus v < 77! for a constant 7 > 0. O
We next record a simple consequence of edge regularity.

Proposition 3.11. Suppose Assumption 3.1 holds, and FE, is a regular edge with m-value m, and

scale . Then there exist constants C, ¢ > 0 such that

¢ < |my|< C, c<y<C, |Eq|< C,
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and foralla=1,..., M,
1+ tam.|> c.

Furthermore, if any regular edge E, exists, then T satisfies (3.12), and if T is positive semi-definite,

then also E, > ¢ > 0.

Proof. The bounds |m.|< 77! and v < 77! are assumed in Definition 3.5. From (3.15) and the
condition |m, +t; !> 7 for each «, the bound |m.|> c follows. The bounds |E,|< C and v > ¢ then
follow from the definitions E, = zg(m.) and v=2 = |2{/(m.)|/2. For |1 + tom.|, take C > 0 such
that |m.|< C. If |to|> 1/(2C), then |1 + t,m.|> 7/(2C) by the condition |m, + t;*|> 7, whereas
if [ta]< 1/(2C), then |1 + tom.|> 1/2.

From (3.15) and the conditions |m.|< C and |1+ tom.|> ¢, we have M~ > 12 > c. Together
with the assumption |t,|< C for all «, this implies (3.12). Finally, note that 0 = z{(m.) implies
myt =Nt t2m. /(14 tym,)?, and hence

1< t
E* = *) = 7T 7a~
ZO(m ) N az::l (1 —I—tam*)Q

If T is positive semi-definite, then E, > ¢ follows from |1 + tom.|< C and (3.12). O

The remaining implications of edge regularity heuristically follow from the Taylor expansion

z0(m) — B = z0(m) — z0(m.) = (m —m.)* + O((m —m.)?),

where there is no first-order term because 0 = z{(m.). Consequently,

mo(z) = my + (z — Ey)

2 (M)

for z € C™ near E, and an appropriate choice of square-root. Edge regularity implies uniform
control of the above Taylor expansion; we defer detailed proofs to Appendix A.2. Similar properties
were established for positive definite T in [BPZ13, KY17].

Proposition 3.12. Suppose Assumption 3.1 holds and E, is a regular edge with m-value m,. Then
there exist constants ¢,d > 0 such that for all m € (m, — 0, m, + 0), if E, is a right edge then

2y (m) > ¢,

and if E, is a left edge then z{(m) < —c.

Proposition 3.13. Suppose Assumption 3.1 holds and FE, is a regular edge. Then there exist
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constants C, ¢,d > 0 such that the following hold: Define
Dy={2c€C":Rezc (E.—0,E,+0), Imz € (0,1]}.
Then for all z € Dg and e € {1,..., M},
¢ < |mo(z)|< C, c < |1+ tamo(2)|< C.
Furthermore, for all z € Dy, denoting z = F +in and k = |E — E,|,
ov/E+n < |mo(2) —mu|< CvVi+n,  cf(z) <Imme(2) < Cf(2)

where

VvE+n it E €supp(p)
\/:Tn if E ¢ supp(p).

fz) =

3.2.3 Resolvent bounds and identities

For z € C*, denote the resolvent and Stieltjes transform of 5 by
Gn(z)=(E—zId) e CV*N my(z) = N ITTrGu(2). (3.16)
Lemma 3.14. For any 7 > 0 and 2,2’ € CT with Imz > 5 and Im 2’ >, and for any i,j € Ty,

mn ()<~ Gy (2)|<

1
77»

|-

o
EAL 60 - Gyl

|z — 2|
n

Imn (2) —my (2)|<

Proof. Let 3 = >; Aiviv; be the spectral decomposition of S. Then Gn(z) = >N —2)7tvivl, so
|Gn(2)]|< 1/n and ||0.Gn(2)||< 1/n%. All four statements follow. O

As in [LS16, KY17], define the linearized resolvent G(z) by

—zId X'
H(z) = < ; _T—1> c (C(N-i-JVI)x(N—~-M)7 G(z) = H(z)—l_

We index rows and columns of G(z) by Z = Zy UZy. The Schur-complement formula for block

matrix inversion yields the alternative form

&) — ( Gn(2) Gn(2)X'T ) | (317)

TXGn(2) TXGN()X'T-T
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which is understood as the definition of G(z) when T is not invertible. We will omit the argument
z in mg, my, G N, G when the meaning is clear.

For any A € 7, define H as the submatrix of H with row and column A removed, and define
G = (HAH~L,

When T is not invertible, G4) is defined by the alternative form analogous to (3.17). We index
G by T\ {A}.
Note that G and G4) are symmetric, in the sense G’ = G and (G) = G4 without complex

conjugation. The entries of G and G are related by the following Schur-complement identities:
Lemma 3.15 (Resolvent identities). Fix z € C*.

(a) For any i € Iy,

1
Gii = — +3 G(i)X,X.'
z «,BELy Tap it pi
For any o € Zyy,
12
(;aa::

Lttad ety GE?)XaiXaj

(b) For any i # j € Ty,
_ (@)
Gij=—Gii ¥ Gyl Xgi.
BELMm
For any o # (8 € Iy,
Gap = —CGaa Y GV X5
JEIN

For any o € Iy and i € Ty,

Gia =—Gii Y G) Xpi = ~Gaa > GE?)Xaj~

BELM JEIN

(¢) For any A, B,C € T with A # C and B # C,

GacGen

C
G4 =Gap - Coo

Proof. This is stated in [KY17, Lemma 4.4]. Let us reproduce the argument here: It suffices

to consider T invertible, as the non-invertible case follows by continuity. We apply the Schur

complement identity

1
A A _ S —5A124A5;
Asy Asgs —AptAnS AL + As) A1 SA AL
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where S = (A1 — A12A5,) As) ™. Parts (a) and (b) follow by applying this identity to G(z) =

H(z)~! with Aj; corresponding to the (i,4) or (o, a) coordinate. For part (c), note that
AT = 8 = Af (— A1) A21)S = (A Arz) (- A3y A1 9).
Applying this with Ass corresponding to the (C, C) coordinate, we obtain

GY) — Gap = > G (G NreGes.
reT\{C}

Now applying the Schur complement identity with A1; corresponding to the (C,C) coordinate, we

obtain

G
7GAC =- > G (G Ve
ce 1€T\{C}

Combining these yields part (c). O

3.2.4 Local law

We will require sharp bounds on the entries of G(z) for z € C* close to a regular edge E,. This
type of “local law” is established in [KY17] for positive definite T'; see also [BPZ13, LS16] for the
rightmost edge. We check in Appendix A.3 that the proof generalizes with minor modifications to
the setting of Assumption 3.1.

Theorem 3.16 (Entrywise local law at regular edges). Suppose Assumption 3.1 holds and E, is a
T-regular edge. Then there exists a 7-dependent constant ¢ > 0 such that the following holds: Fix

any constant a > 0 and define
D={2c€C":Rez€ (E,—6,E,+0), Imze [Nt 1]}. (3.18)

For AcZ,denotety =1if AcZyand ity =ty if A=« € Zy. Set

T(z) = (mo(z) Id 0 ) e CN+M)X(N+M). (3.19)
0 —T(Id +mo(2)T)~*

Then for all z=F+ine D and A, B €7,

Gap(z) —ap(2) Immg(z) 1
= 3.20
v ~a N + No’ (3.20)
and also

my (2) —mo(2) <a (N) ™.
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It is verified from (3.17) that the quantity on the left of (3.20) is alternatively written as

— Gy — Id Gy X'
Gap —lap _ ( N — Mg N > . (3.21)
AB

tatp XGn XGnX' — mo(Id +m0T)*1

This is understood as the definition of this quantity when either ¢4 and/or ¢35 is 0.

Corollary 3.17. Under the assumptions of Theorem 3.16, for any £, D > 0 and all N > Ny(e, D),

—1I I 1
P | there exist z € D and A,B €T : (Gan(z) a5(2)| > N°® w—&—— < NP,
tats] Nn Nn

Proof. This follows from Lemmas 3.8(a) and 3.10. For a large enough constant C' > 0 and any
D > 0, on an event of probability 1 — N~ we have || X||< C for all N > Ny(D). The required
boundedness and Lipschitz continuity properties for Lemma 3.10 then follow from (3.21), Lemma
3.14, and Proposition 3.13. O

3.2.5 Resolvent approximation

We formalize the approximation (3.2), following [EYY12, Corollary 6.2]. Fix a regular edge E, and
define, for s1,s2 € R and 5 > 0,
Ei+s2

X(s1,82,m) =N Immy (y + in)dy. (3.22)
E.+s:1

For 1 much smaller than N—2/3 and s;, s, on the N—2/3 scale, we expect
#(Ey +51, By +52) = 7T_1:{(51a 52,1M)

where the left side denotes the number of eigenvalues of S in this interval.
We apply this in the form of the following lemma; for convenience, we reproduce here a self-

contained proof. (For simplicity, we state the result only for a right edge.)

Lemma 3.18. Suppose Assumption 3.1 holds, and E, is a regular right edge. Let K : R — [0, 1] be
such that K (z) =1 for all  <1/3 and K(x) = 0 for all > 2/3. For all sufficiently small constants
d,e > 0, the following holds:

Let Amax be the maximum eigenvalue of 3 in (E, — 8, E, +0). Set s, = N~2/3+¢ | = N=2/3-¢
and n = N=2/379¢ Then for any D > 0, all N > Ny(e, D), and all s € [—s,,54],

E[K(r'%(s—1,54,m)] = NP <PAmax < Bx + 8] <E[K(n ' X(s +1,54,m)] + N~ 7.
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Proof. Denote

#(a,b) = number of eigenvalues of ¥ in [a, b].

For any Fy < Es, any m > 0, and any A € R, we have the casewise bound

Bl iy HA<Ei—m
21 ,'7
1 \) — e dz|<{2n i _
| B4, E2] (A) /E e y pepg VL R T fE +m<A<BEy—m
1 1fE27m§)\§E2+m
Ey— 5 ul if A > Fy +m,

where the middle case Ey +m < X\ < Ey — m follows from

B2 q At 2
B TP+ (=) rem TP (T = A) ™ n

For the first case, we apply also the bound

2
T

3=

o o mom
772+(E1—)\)2_(E1—)\)2_m ’ITL2+(E1—)\)2)

and similarly for the last case. Hence, summing over A as the eigenvalues of f),

E,

’#(EMEQ) - g/ Immy (z + in)dz

E,

< R(EhEg,m) + S(El,Eg,m) (323)

where we set

R(E1, Ey,m) = #(E1 —m, E1 +m) + #(E> —m, Es +m),

2
S(Ey, By, m) = ;%«EQ — E)NTImmn(E; +im) + (B2 — BN Immy (Es + im)

+ #(El —+ m,E2 — m))

We apply the above with Ey, By € [F, — 2s,, E, + 2s,], and with m = N~2/373¢_ To bound
S(E1, Ea,m), note that Proposition 3.13 and Theorem 3.16 yield, for j = 1,2,

Immy (E;j +im) < N~1/3+3,

For z = F,+i(2s, ), Proposition 3.13 and Theorem 3.16 also yield Ns; Immy(z) < N3/2. Applying
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#(E, — v, B, +v) < 2Nv Immy (E, + i) for any v > 0, this yields
#(E, —25,, B+ 25,) < N3/2, (3.24)

Then applying #(E; + m,Ey — m) < #(F. — 2s,,F, + 25,) and n/m = N~%, we obtain
S(E1, Ey,m) < N~2¢. By Lemmas 3.14 and 3.10, we may take a union bound over all such Ej, Es:
For any ¢/, D > 0,

P [there exist By, By € [B, — 254, B, + 2s4] such that S(Ey, Ey,m) > N~ | < N~P (3.25)

for all N > Ny(¢', D).
Now let £ = FE, +sand E; = E, +s; —[. Then

1 [E Ei+l
#(E,Ey) < 2 /Eil </ #(El,Ez)dE2> dEq

Ey

N Bt B+l
< — Immpy(z + in)dx + 12/ / El,EQ,m)dEQdE1+O<(N72€),
E—1 E—1

where we have applied (3.23) and (3.25). The first term is 7 1X(s — [, s,,7). For the second term,
we obtain from the definition of R(E4, E,m)

#(E+ 7m,E+ +l+m)

1 E+1 2 2
1—2/ / R(Ex, By, m)dB, dBy < 7' 4(E ~ 1~ m, B+ m) + 7"
E-1

Applying (3.24) to crudely bound #(E — 1 — m,E +m) and #(Ey —m, EL + 1+ m) by #(E, —
254, B, + 25.), and noting m/l = N~2¢, we obtain

#(E,Ey) <71 %(s —sg,n) + O<(N7/2).
Theorem 3.7 yields #(FEy, E. + §) = 0 with probability 1 — N~ for N > Ny(e, D), so
#(E, B +6) <77 X(s — 1, s4,m) + O<(N*/?). (3.26)

Similarly, setting £, = E, + sy + [, we have

1 B+ By
(B, E. +6)> 5 / ( #(EDEQ)dEQ) dE,

E By—l

> (s +1,s5,m) — O<(N~/?). (3.27)

For any D > 0 and all N > Ny(e, D), (3.26) implies that 7=1X(s — I, s,,n) > 2/3 whenever
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#(E, + s, E. + 6) > 1, except possibly on an event of probability N=P. Similarly (3.27) implies
7 X(s+1,sy,n) < 1/3 whenever #(FE, + s, Ex +§) = 0, except possibly on an event of probability
N~P. The result then follows from the definition and boundedness of K. O

3.3 The interpolating sequence

We now construct the interpolating sequence T, ... T(E) described at the start of this chapter. We
consider only the case of a right edge; this is without loss of generality, as the edge can have arbitrary
sign and we may take the reflection T +— —T. For each pair T = T® and T = T¢+Y | the following

definition captures the relevant property that will be needed in the subsequent computation.

Definition 3.19. Let 7,7 € RM*M be two diagonal matrices satisfying Assumption 3.1. Let F,
be a right edge of the law p defined by T, and let E, be a right edge of p defined by T. (T, E.) and
(T, E,) are swappable if, for a constant ¢ > 0, both of the following hold.

e Letting t, and i, be the diagonal entries of T and T,
M
tha - £a|< ¢
a=1

e The m-values m,m, of E,, F, satisfy

my — 17,|< ¢/ N.

We will say that (T, E,) and (T, E,) are ¢-swappable if we wish to emphasize the role of ¢. All
subsequent constants may implicitly depend on ¢.

We first establish some basic deterministic properties of a swappable pair, including closeness of
the edges E,, F, as claimed in (3.5).

Lemma 3.20. Suppose 7,7 are diagonal matrices satisfying Assumption 3.1, E,, E, are regular
right edges, and (T, E,) and (T, E,) are swappable. Let m,,~ and 77,5 be the m-values and scales
of E,, E,. Denote sq = (1 +tam,) " and 3, = (1 + {n4n,) "' For integers i, j > 0, define

1 M
Aij = > sl
a=1

Then there exists a constant C' > 0 such that all of the following hold:

(a) For all 4, j satisfying i + j < 4,
|Aij — Aijol< C/N.
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(b) (Closeness of edge location)

and
M

(B.— B.) - % (f — L) sada| < C/N2. (3.28)

a=1
(¢) (Closeness of scale)

|y —¥|< C/N.

Proof. By Proposition 3.11, |t4/|,|sal, [m«|,7 < C, and also |ta|, |34], [7«],¥ < C. From the defini-

tions of s, and $4, we verify

taSa — tada = (ta — ta)Sada + (e — My )taSatada-
Then swappability implies
-

M
1 R T
|Aiy = A< > JthshE T 8 [ada — tasa|< C/N.
a=1

TIteratively applying this yields (a).
For (b), note that

1 1 1 X
E*—E*:_ ~r ta a_iava
m*+m*+N;( s 5a)

1 1 &
= L —A ~ ta *Ea aSa-
(M — 1) (m*m* 1,1> + NO;( )08

Recall 0 = 2{(m.) = m;? — Aso. Then part (b) follows from the definition of swappability, together
with |A11 —m?|=|A11 — A2,0|< C/N and |m;? —m; < C/N.

For (c), we have =2 = 2{/(m.)/2 = —m;> + A3. Then (c) follows from |y~
my3|+|As0 — Aos|< C/N. O

2—572< Im? -

In the rest of this section, we prove the following lemma:

Lemma 3.21. Suppose T is diagonal and satisfies Assumption 3.1, and F, is a 7-regular right
edge with scale v = 1. Then there exist 7-dependent constants C’, 7/, ¢ > 0, a sequence of diagonal
matrices 7, 7MW .. TE) in RM*M for [, < 2M, and a sequence of right edges E”, BV, ..., B
of the corresponding laws u(()l) defined by 7", such that:

1. 7O =T and EY = E,.

2. T has at most two distinct diagonal entries 0 and ¢, for some ¢ € R.
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3. Each T® satisfies Assumption 3.1 with constant C”.

4. Each EY is 7/-regular.

ot

(7O, EYY and (T, YY) are ¢-swappable for each I =0, ..., L — 1.
6. (Scaling) Each Eil) has associated scale v() = 1.

We first ignore the scaling condition, property 6, and construct 7, ... T() and Eﬁo), ceey E,EL)
satisfying properties 1-5. We will use a Lindeberg swapping construction, where each 701 differs

from T in only one diagonal entry. Tt is useful to write 2} and z{ as

') 11 1
M) =295 7N Y]
m N a:ta#0 (m +la )

2 2 1
zo(m) =—— + — 1
H ="t N 2 ey

and to think about swapping entries of T as swapping or removing poles of z{), and z{. In particular,
for each fixed m € R, we can easily deduce from the above whether a given swap increases or
decreases the values of z, and z{ at m.

Upon defining a swap T — T, the identification of the new right edge E, for T uses the following

continuity lemma.

Lemma 3.22. Suppose T is a diagonal matrix satisfying Assumption 3.1, and FE, is a 7-regular right
edge with m-value m,. Let T be a matrix that replaces a single diagonal entry t, of T by a value
fo, such that |f,|< || T|| and either £, = 0 or |m, + £, !|> 7. Let zg, % denote the function (3.11)
defined by T, 7. Then there exist 7-dependent constants Ny, ¢ > 0 such that whenever N > Nj:

e T has a right edge E, with m-value satisfying |m. — m.|< ¢/N.
e The interval between m, and i, does not contain any pole of zy or Zj.
o sign(m., — ) = sign(z)(m.)).

(We define sign(z) =1if z >0, —1if 2 <0, and 0 if x = 0.)

Proof. By Proposition 3.11, |m.|> v for a constant v. Take § < min(7/2,v/2). Then the given

conditions for £, imply that (m. — &, m. + &) does not contain any pole of 2o or Z, and
|20(m) — Z5(m)|< C/N

for some C' > 0 and all m € (m. — &, m. + 0). For sufficiently small ¢, Proposition 3.12 also ensures
zy(m) > c for all m € (m, — §, ms + 0). If Zj(m.) < 0 = z{(m.), this implies Zy must have a local
minimum in (m., m, + C/N), for a constant C' > 0 and all N > Ny. Similarly, if Zj(m.) > 0, then
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%o has a local minimum in (m, — C/N, m,), and if Z(m.) = 0, then Zy has a local minimum at m..

=0
The result follows from Proposition 3.3 upon setting F, = (17, ). O

The basic idea for proving Lemma 3.21 is to take a Lindeberg sequence T(® ..., T(E) and apply
the above lemma for each swap. We cannot do this naively for any Lindeberg sequence, because in

general if E,El) is m-regular, then the above lemma only guarantees that EilH)

is m41-regular for
Ti+1 = 71— C/N and a 7;-dependent constant C' > 0. Thus edge regularity, as well as the edge itself,
may vanish after O(N) swaps.

To circumvent this, we consider a specific construction of the Lindeberg sequence, apply Lemma
3.22 inductively along this sequence to identify an edge E, for each successive T', and use a separate
argument to show that E, must be 7/-regular for a fixed constant 7/ > 0. Hence we may continue
to apply Lemma 3.22 along the whole sequence.

We consider separately the cases m, < 0 and m, > 0.

Lemma 3.23. Suppose (the right edge) E. has m-value m, < 0. Then for some 7-dependent
constant Ny, whenever N > Ny, Lemma 3.21 holds without the scaling condition, property 6.

Proof. We construct a Lindeberg sequence that first reflects about m, each pole of zy to the right
of m,, and then replaces each pole by the one closest to m,.

Suppose, first, that there are K7 non-zero diagonal entries t, of T (positive or negative) where
—t; ! > m,. Consider a sequence of matrices 7O 7M)  TED where T(O) = T, and each T*+1)
replaces one such diagonal entry t, of T*) by the value £, such that —i,;' < m, and |m, +{;'|=
|m. + t;1. For each such swap T — T, we verify |fo|< [tal< |T|, Zh(ms) = z5(ms) = 0, and
2(my) > z(m,) > 0. Thus we may take 71, = m, in Lemma 3.22, and the new edge F, = Zo(m..)
remains 7-regular for the same constant 7.

All diagonal entries of T(51) are now nonnegative. Let t = ||T(51)|| be the maximal such entry. By
the above construction, —t~! < m, < 0. Since EiKl) is 7-regular, (3.12) implies ¢ > ¢ for a constant
¢ > 0. Let K5 be the number of positive diagonal entries of T51) strictly less than ¢, and consider
a sequence T+ TUE1+EK2) where each T 1) replaces one such diagonal entry in T%) by ¢.
Applying Lemma 3.22 inductively to each such swap T — T, we verify z)(m.) < zo(m.) = 0, so
m. < 1. < 0. Then |m,|< |m.| and ming|m. + 3> ming [m. + t31]. Also m. + £, > 0 for
all T, # 0, so 2{(r.) > —2/m3 > 2t3. This verifies E, = %y(1h.) is 7/-regular for a fixed constant
7/ > 0. (We may take any 7/ < min(r,t3/2).)

The total number of swaps L = K; 4+ K> is at most 2, and all diagonal entries of T(X) belong
to {0,t}. This concludes the proof, with property 5 verified by Lemma 3.22. O

Lemma 3.24. Lemma 3.23 holds also when (the right edge) F, has m-value m, > 0.

Proof. Proposition 3.3 implies m, is a local minimum of zy. The interval (0, m,) must contain a

pole of zg—otherwise, by the boundary condition of zy at 0, there would exist a local maximum m
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of zg in (0,m.) satisfying zo(m) > zo(m.), which would contradict the edge ordering in Proposition
3.3(c). Let —t~! be the pole in (0,m,) closest to m,. Note that ¢t < 0 and [¢t|> |m.|7!> 7. We
construct a Lindeberg sequence that first replaces a small but constant fraction of entries of T" by ¢,
then replaces all non-zero t, > t by 0, and finally replaces all ¢, < ¢ by 0.

First, fix a small constant ¢g > 0, let K; = |c¢oM ], and consider a sequence of matrices
7O 7MW T where T = T and each T*+Y replaces a different (arbitrary) diagonal entry
of T™) by t. For ¢ sufficiently small, it is easy to check that we may apply Lemma 3.22 to identify
an edge Eik) for each k =1,..., K1, such that each Eik) remains 7/2-regular.

TK1) now has at least coM diagonal entries equal to ¢t. By the condition in Lemma 3.22 that the

swap m, — m, does not cross any pole of zg or %y, we have that —¢~! is still the pole in (0, miKl))

closest to mE). Let K5 be the number of non-zero diagonal entries t,, of T5*) (positive or negative)
such that t, > t. Consider a sequence TUS1+1D) T+ K2) where each T*+1 replaces one such
entry in T(®) by 0. Applying Lemma 3.22 inductively to each such swap T — T, we verify )(m.) >
zh(my) = 0,80 =t~ < 1, < m,. Then min,, -1, [T+ > mina:_t;1>_t,1|m*+t;1|> 7/2.

The conditions . > [t| 71> ¢ and

1 C()M 1

=z () <
0= Z(m.) < m2 N (ri, +t1)2

ensure that 7, +t~! > v for a constant v > 0, and hence ming |, + ;!> min(v, 7/2). To bound

Z( (), let us introduce the function

and define analogously f(m) for T. We verify f'(m) < 0 for all m, so f(17.) > f(m.). Furthermore,
if the swap T'— T replaces to by 0, then 14 t47, > 0. (This is obvious for positive t,; for negative
ta, it follows from 1, < —t;'.) Then f(m.) > f(m.) > f(m.). Applying the condition 0 = z{(m..),

we verify f(m.) = m2z{/(m.). Then

4

* I

N 1
i 2o (M) > z{ (my) > 0.

Zo (1) >

This shows that E, = Z(1n.) is 7/-regular for a fixed constant 7/ > 0. (We may take 7/ = min(v, 7/2)
as above.)

Finally, T 1+52) now has at least ¢oM diagonal entries equal to ¢, and all non-zero diagonal
entries t, satisfy ¢, < t < 0. Let K3 be the number of such entries and consider a sequence
TE KA KK+ Ks) where each T*+1) replaces one such entry of T by 0. Applying
Lemma 3.22 inductively to each such swap T — T, we verify 2)(m.) > 24(m.) = 0,50 —t~1 < 17, <

my. As in the K, swaps above, this implies min, |, + £, 1|> ¢ for a constant ¢ > 0. The condition
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to < t implies 1 + £,y < 0 for all £,, so we have

2coM  t?m3

N Q+tmp ¢

flms) >

for a constant c. Applying again f(rh,) = 2z (1m.), this yields Z/(17.) > ¢ > 0, so E, is 7/-regular
for a constant 7/ > 0.

The total number of swaps L = K + K5+ K3 is at most 2M. All diagonal entries of T%) belong

to {0,t}, so this concludes the proof. O

Proof of Lemma 3.21. By Lemmas 3.23 and 3.24, there exist 7, ..., T and E£O)7 . ,EiL) sat-
isfying conditions 1-5. By Lemma 3.20, the associated scales 7o, ..., yr satisfy |y+1 —y|< C/N for
a ¢, 7'-dependent constant C > 0 and each [ =0,...,L — 1.

We verify from the definitions of E,, m,,~ that under the rescaling 7' — ¢T for any ¢ > 0, we
have

E, — cE,, My — c_lm*, v 0_3/27.

Consider then the matrices T(!) = Wf/gT(l) and edges E,El) = VIQ/SES). We check properties 1-6 for
T® and E~£l): Properties 1, 2, and 6 are obvious. Since T, ... T() are all 7/-regular, Proposition
3.11 implies ¢ < y; < C for constants C, ¢ > 0 and every [, so properties 3 and 4 hold with adjusted

constants. Property 5 also holds with an adjusted constant ¢, since

Z ‘72/31504 - §2/3£a| < '72/3 ZHOA - iozl + "7’2/3 - '72/3| Z|£a|< ¢/
(6% (6%

«

and
—2/3, . _ 5x=2/3,5 |« ~—2/3 = —2/3 _ <—2/3| |5 "N
YT = T ] < YT ma — 1y Y sl < @'/

for a ¢, 7’-dependent constant ¢’ > 0. O

3.4 Resolvent comparison

We will conclude the proof of Theorem 2.6 by establishing the following lemma.

Lemma 3.25 (Resolvent comparison). Fix e > 0 a sufficiently small constant, and let s1, s2,7 € R be
such that [s1|,[s2|< N™2/3%¢ and n € [N~2/37¢, N=2/3]. Let T, T € RM*M he two diagonal matrices
and F,, E, two corresponding regular right edges, such that (T, E,) and (T, E,) are swappable and
their scales satisfy v =% = 1. Suppose Assumption 3.1 holds.
Let my, iy be the Stieltjes transforms as in (3.16) corresponding to T T, and define
E,+so E,+s2

X=N Immpy(y + in)dy, X=N Im oy (y + in)dy.
E.+s1 E*+51
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Let K : R — R be any function such that K and its first four derivatives are uniformly bounded by
a constant. Then
E[K(X) — K(X)] < N™4/3+16¢, (3.29)

Let us first prove Theorem 2.6 assuming this lemma.

Proof of Theorem 2.6. By rotational invariance of X, we may assume that F' = T is diagonal and
satisfies Assumption 3.1. By symmetry with respect to T — —T, it suffices to consider part (a), the
case of a right edge. By rescaling T — +2/3T, it suffices to consider the case where v = 1.

Let 7O, ..., 7% and B, ..., B satisfy Lemma 3.21. Define X (s, s2,7) as in (3.22) for
each (T™*), Eﬁk)). For a sufficiently small constant € > 0, let n,s4,l and K : [0,00) — [0,1] be as in
Lemma 3.18, where K has bounded derivatives of all orders.

Fix € R and let s = xtN~2/3. Applying Lemma 3.18, we have (for all large N)
PAmax(S) < Ex + 8] < E[K (7' X0 (s + 1,54, m)] + N1
Setting &/ = 9¢ and applying Lemma 3.25, we have
EK(n 'X®) (s +1,5,,m)] <E[K(m ' xFHD (s 41,5, )] + N-4/3+17

for each k =0, ..., L —1. Finally, defining (%) = X'T(E) X and Apax (X)) as its largest eigenvalue
in (E£L) -, EL 4 0") for some ¢’ > 0, applying Lemma 3.18 again yields

E[K (n 2B (s + 1, 55, 1)] < PPhmax(EE)) < BE) 45421 + N1
Recalling L < 2M and combining the above bounds,
PIN?3Amax(2) — E,) < 2] < PIN?3Amax(5D) — B < 2+ 2N 9] + o(1).

The matrix 75 has all diagonal entries 0 or ¢, so (X = tX'X for X € RM*N having N(0,1/N)
entries. The corresponding law ﬂ(()L) has a single support interval and a unique right edge, so EiL)
must be this edge. Regularity of E{*) and (3.12) imply |t|< 1 and M/N =< 1. If EX) > 0, then

t > 0. Applying [Joh01, Theorem 1.1] for the largest eigenvalue of a real Wishart matrix, we have

PIN*? Amax (B) = B) < @ 42N~ = Fi() +o(1) (3:30)

where F} is the distribution function of ppy . If E,EL) < 0, then t < 0, and edge regularity implies
M /N is bounded away from 1. Then we also have (3.30) by considering —S(@) and applying [FS10,

Theorem I1.1.1] for the smallest eigenvalue of a real Wishart matrix. (If M < N, we apply this result
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to the companion matrix X X’.) Combining the above, we obtain
PIN?/3(Amax(2) — E,) < 2] < Fi(z) + o(1).

The reverse bound is analogous, concluding the proof. O

In the remainder of this section, we prove Lemma 3.25.

3.4.1 Individual resolvent bounds

For diagonal T" and for z = y+in as appearing in Lemma 3.25, we record here simple resolvent bounds
that follow from the local law. Similar bounds were used in [EYY12, LS16]. We also introduce the
shorthand notation that will be used in the computation.

Let E, be a regular right edge. Fix a small constant £ > 0, and fix s1, $2, 7 such that |s1],|s2|<

N~—2/3+¢ and 5 € [N~2/3=¢ N=2/3]. Changing variables, we write
S2
X =X(s1,892,m) = N/ Immy(y + E« + in)dy.
For y € [s1, s2], we write as shorthand
z=z@y)=y+E. A+,  G=G(y), my=my(y),

(0% 1 (03 52 (03 .
G = G(a)(z(y)), mgv) = ¥ Z ng )7 x(@) = N/ Immsv)(y+ E, +in)dy.
i€LN S1

The above quantities depend implicitly on y.

We use the simplified summation notation

2=2 . L= 2

1,J€IN o,BE€ELM

where summations over lower-case Roman indices are implicitly over Zn and summations over Greek

indices are implicitly over Zp;. We use also the simplified integral notation

/GAB—/G D) andi, /mN—/ m(=(§))di,

etc., so that integrals are implicitly over [s1, s2], and we denote by F the function F evaluated at

F(2(3)) for § the variable of integration. In this notation, X and X(® are simply

%:ZIm/G’“—, x@ :Zlm/égf).
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We introduce the fundamental small parameter
U = N71/3H3e (3.31)

We will eventually bound all quantities in the computation by powers of ¥. In fact, as shown in
Lemmas 3.26 and 3.27 below, non-integrated resolvent entries are controlled by powers of the smaller

quantity
N~ 1/3+4¢ .

However, integrated quantities will require the additional slack of N2¢. We will pass to using ¥ for
all bounds after this distinction is no longer needed.

We have the following corollaries of Proposition 3.13 and Theorem 3.16:

Lemma 3.26. Under the assumptions of Lemma 3.25, for all y € [s1,52],7# j € Iy, and a # 5 €

IM7
1 Gaa to
Gy <1, <1, <1, <1,
" G“ ta Gaa
Gij < N71/3+s’ % = N71/3+5’ Ga[ﬁ ~ N’1/3+€, My — My < N-1/3+e
to tats

When T is not invertible, these quantities are defined by continuity and the form (3.17) for G.

Proof. Proposition 3.13 implies Immg(2(y)) < Cy/k +1 < CN7V/3%/2 while n > N~=2/3-¢ by
assumption. Then Theorem 3.16 yields (tatp) ™} (G —I)ap < N~Y/3% for all A, B € Z. Proposition
3.13 also implies |mg(z)|< 1 and |14+t,mo(2)|=< 1, from which all of the entrywise bounds on G follow.
The bound on my follows from |mg —m.|< Cy/k + 1 < CN~YV3+/2 and |my —mo|< N~1/3+. O

Lemma 3.27. Under the assumptions of Lemma 3.25, for all i € Ty and « € Ty,

STGEY Kok < N7V NGO X Xag —ma < N7V
k

p.q

Proof. Applying Lemmas 3.15(b) and 3.26,

3G Xak = ~Gia/Gaa < N7H3Fe,
k

Similarly, applying Lemma 3.15(a) and Theorem 3.16,

ZGI(O?;)Xaanq — My = — — — — My = + (mO _ m*) = N71/3+5.

Goa  ta oo Gao

p,q

(These types of bounds are in fact used in the proof of Theorem 3.16 and may also be derived

directly from concentration inequalities and the independence of X, and G(").) O
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Remark 3.28. All probabilistic bounds used in the proof of Lemma 3.35, such as the above, are
derived from Theorem 3.16. Thus they in fact hold in the union bound form of Corollary 3.17. We
continue to use the notation < for convenience, with the implicit understanding that we may take

a union bound over all y € [s1, s3], and in particular integrate such bounds over y.

We record one trivial bound for an integral that will be repeatedly used, and which explains the

appearance of W.

Lemma 3.29. Suppose the assumptions of Lemma 3.25 hold, F(z(y)) < N*(~1/3%4) for some a > 2,
and we may take a union bound of this statement over y € [s1, s2] (in the sense of Lemma 3.10).
Then, with ¥ = N—1/3+3¢

N / F <ot

Proof. This follows, for a > 2, from

N(82 _ Sl)Na(_l/3+E) < 2N1/3+5Na(—1/3+5) < Q\I/a_l.

The next lemma will allow us to “remove the superscript” in the computation.

Lemma 3.30. Under the assumptions of Lemma 3.25, for any y € [s1,$2], i,j € Zn (possibly
equal), and « € Ty,
Gij — GE;X) < N2=1/3+9)

my — mg\?) < N2(=1/3+e)
x-x@ <0
Proof. Applying the last resolvent identity from Lemma 3.15,

Gi(ija el % toc

Goo ta Gaa’

Gij — G =

so the first statement follows from Lemma 3.26. Taking ¢ = j and averaging over Zy yields the

second statement. The third statement follows from

x-x® =Im (N/mN —m§$>)

and Lemma 3.29. O

3.4.2 Resolvent bounds for a swappable pair

We now record bounds for a swappable pair (T, E,) and (T, E,)), where E,, E, are both regular. We

denote by my, G, X the analogues of my,G, X for T. For ¢,s1, 52,1 and y € [s1,82] as in Section
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3.4.1, we write as shorthand

i=iy)=y+E.+in, G=G(E(y), my=mnn(iy)),

where these quantities depend implicitly on y. The results of the preceding section hold equally for
G, my, and X.

The desired bound (3.29) arises from the following identity: Suppose first that T and T are
invertible. Applying A=t — B! = A=Y(B - A)B~1,

i —3 Id 0 .
G c-qg| 7 ) el
0 G e S
Hence, asz—,é:E*—E*,
Gij — Gij =Y GiunGir(E. Z G to = ta)- (3.32)
J J - J ~ a t

This holds also by continuity when T is not invertible, where G;,/t, and Gja /fa are well-defined
by (3.17).
The following lemma will allow us to “remove the check” in the computation.

—1/3+3¢

Lemma 3.31. Suppose the assumptions of Lemma 3.25 hold. Let ¥ = N Then for any

y € [s1,82], 1,7 € Iy (possibly equal), and o € Zyy,
Gij — G’ij < NQ(_1/3+E),

my —my < ZVQ(_l/BJ'_E)7
X-X<0.

Proof. Applying Lemma 3.26 for both G and G, and also the definition of swappability and Lemma
3.20, we have from (3.32)

Gij — Gij < |Ex — E|'N - N2(=1/3+e) tha — | N2(EY/34e) ¢ N2(=1/34e)

e

(The contribution from k& = i or k = j in the first sum of (3.32) is of lower order.) Taking ¢ = j
and averaging over Zy yields the second statement, and integrating over y € [s1, s3] and applying
Lemma 3.29 yields the third. O

In many cases, we may strengthen the above lemma by an additional factor of W if we take
an expectation. (This type of idea is an important part of the argument in [EYY12, LS16]. For
example, setting ¢ = 0 and Y = Y(® = 1 in Lemma 3.33 below yields the second-order bound
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E[X — X] < ¥2.) To take expectations of remainder terms, we will invoke Lemma 3.9 combined with

the following basic bound:

Lemma 3.32. Under the assumptions of Lemma 3.25, let P = P(2(y)) be any polynomial in the
entries of X and G with bounded degree, bounded (possibly random) coefficients, and at most N¢

terms for a constant C' > 0. Then for a constant C’ > 0 and all y € [s1, s2],
B[P < N

Proof. By the triangle inequality and Holder’s inequality, it suffices to consider a bounded power of
a single entry of G or X. Then the result follows from Lemma 3.14 and the form (3.17) for G. O

Lemma 3.33. Under the assumptions of Lemma 3.25, let Y be any quantity such that ¥ < ¥¢
for some constant a > 0. Suppose that for each o € Ty, there exists a quantity Y(® such that
Y — Y@ < @otl and Y@ is independent of row @ of X. Suppose furthermore that E[|Y]f] < N¢
for each integer £ > 0 and some constants C1,Cs, ... > 0.

Then, for all i,j € Zy (possibly equal) and y € [s1, s2],
E[(Gij — Gij)Y] < N>C/3He) gt < gots,
E[(my — my)Y] < N2CU/3+e gatl o gats,
E[(X - X)Y] < ¥t
Proof. Applying (3.28), the trivial bound N~ < W3, and Lemma 3.26 to (3.32),
la

e 1 X Gia é'a a+5
« k «

«

; g n Gia
(Gij — Giy)Y = ; GitGjr(Es — E,)Y — ; . (ta —1a)Y

By swappability and Lemma 3.26, the explicit term on the right is of size O (N2(=1/3+2)@e). (The
contributions from k = ¢ and k£ = j in the summation are of lower order.) Applying the assumption
Y —Y(@ < wotl a5 well as Lemma 3.30, we may replace Y with V(% G5, with GE,?), and G'j;g with

G;‘z) above while introducing an O (N2(=/3+e)@wa+1) error. Hence,

s « Gzoz G o a _ &) ma
(Gij — GZJ)Y = Z(ta to <5a5a Zle jk}) i tj ) y( )+ O_<(N2( 1/3+e)y +1).

[e3%

(3.33)
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Applying the resolvent identities from Lemma 3.15,

Gia  Gaa () 1 ()
= 2 :sz Xak = — ZGik Xok-
ta ta k 1 + tOl Zpﬂ G;?Z)XQPXQCI k

Recalling s, = (1 + tom.)~!, and applying Lemma 3.27 and a Taylor expansion of (1 + t,z)7!

around z = my,
Gia
to

= =5y G Xak + O (N?CH349),
k

where the explicit term on the right is of size O (N -1/ 3+€) < W. A similar expansion holds for
Gja/ta. Substituting into (3.33),
b M -~ 1 a) Ala « ~(a o
(Gij - Gij)Y = Z(toz —ta)Sada N ZGl('k)Gék) - ZGZ('k)XOCkGé‘l )Xal y(@)
a k k,l
+ O< (N2(71/3+5)\Ija+1)'

Denoting by E, the partial expectation over only row a of X (i.e. conditional on Xg; for all 5 # a),
we have
Eo % S EPEY -G XaGY X | =0,
k k,l

while the remainder term remains O (N 2(=1/ 3“)\1/““) by Lemma 3.9, where the moment condition
of Lemma 3.9 is verified by Lemma 3.32, the moment assumption on Y, and Cauchy-Schwarz.
Then the first statement follows. The second statement follows from applying this with i = j
and averaging over ¢ € Zn. The third statement follows from integrating over y € [s1, s2] and
noting N/3te N2(=1/3+¢) — ¥ as in Lemma 3.29. (If Y depends on the spectral parameter z(y),
this integration is performed by fixing this parameter for Y, evaluating my and rhy at a different
parameter g, and integrating over y. The preceding arguments do not require Y and my,muy to

depend on the same spectral parameter.) O

Finally, recall the notation sq = (1+tams) " and A; = N~' 3" ¢! s (This corresponds to 4; o
in Lemma 3.20.) We derive a deterministic consequence of swappability and the scaling condition
v = 4 = 1. In the proof of [LS16] for a continuous interpolation 7%, denoting f, and 71, the

derivatives with respect to [, the differential analogue of the following lemma is the pair of identities
D tatash = Ninw, Y iatlsh = N (Ag —m?).
«@ (0%

These may be derived by implicitly differentiating 0 = z{(m.) and 1 = z{/(m.) with respect to .

We show that discrete versions of these identities continue to hold, with O(N 1) error:
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Lemma 3.34. Suppose T, T satisfy Assumption 3.1, E,, E, are associated regular right edges with
scales v = 4 = 1, and (T, E,) and (T, E.) are swappable. Define s, = (1 + tom.) !, 34 =
(L +1amma) ™t Ay = N71 Y5, tass, an

Pa = Saga(tozsa + £a§a>7 Qa = saga(tisi + tasafaga + iiéi)

Then for some constant C' > 0, both of the following hold:

M
IN (M., — 17, Z < C/N (3.34)
M
BN (ma — ) (As —my ) =Y (ta — 1a)Qa| < C/N. (3.35)
a=1

Proof. For (3.34), we have from the identity 0 = z{(m.) applied to T' and T

m;2—m %= Zﬁ 2252, (3.36)

The left side may be written as

—2 -2

my % — ;% = (M — my) (e +ma)my 2m; % = 2(h, — ma)m, > + O(N~2), (3.37)

where the second equality applies |m.|, |7h.|< 1 and | —m.|< C/N. The right side may be written

as
1 oo, 1 § o o
v > t2st — 252 = = D (to — ta)tast + (2 — §2)tata + (ta — fa)fasa.
« «@

Including the identities (1 + t,m4)so = 1 and (1 + £41M4)34 = 1,

1 - 1 . - - -
N Ztisi —iasn = N Z(ta — o) (tasa (1 + fam)da + 185 (1 + tam)sa) + (5 — 52)tala
1 - - - - -
= xr o ta SaSa tasa + aSa + tasatam* + taSataMsx + (s — § ta a
v 2 5 tad Ty + Ladat 2 — 52 )tal
«
1 - -
= 2_(la —la)sadaltasa +lada) + Ra, (3.38)

where we define R, as the remainder term. Noting that

= (Sa - éa)(sa + ga) = (tam* - tam*)saga(sa + ga)a
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we have

R, = tafasaéa(toesam* + taSams — Easam* - Eaéam* + Easam* + tvaéoem* —taSaMs — taéam*)

= taSalada(Ms — M) (tasa + tada)-

Then, applying Lemma 3.20(a),
1 _
N 2 Ba = (it = m)(Az + Arz) = 2ri — m.) Az + O(N2).

By the scaling v = 1, we have A3 = 1+ m; 3. Combining this with (3.36), (3.37), and (3.38) and
multiplying by N yields (3.34).
The identity (3.35) follows similarly: The condition v = 4 implies

m; 7V73 ZtS 37{33

The left side is
(11 — my) (M2 4+ mating, +m2)m3m 2 = 3(m, — m)m;* + O(N?),
while the right side is
~ Zt?’ o lade = Z 283 4 (82 — 32500 + (ta — La)tasalad?
+ (80 = a)talads + (ta — La)E282

1 ) ) .
= D (ta —fa) (tisi(l + Eatit)3a + tasatad (1 + tams)sa

YRS+ tam*)sa> ¥ (50— 30) (S + 8o )2 50l + taf252)

= \

Z f0)Sada(t2s2 + tasalada + 1252)
«

+ taSatada (M — my) (1282 + taSalada +1252)
1 .
- (N Z(ta - ta)Qa> + 3(17y — my) Ay + O(N72).

Combining the above and multiplying by N yields (3.35). O
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3.4.3 Proof of resolvent comparison lemma

We use the notation of Sections 3.4.1 and 3.4.2. Define the following quantities, depending implicitly

on a fixed index ¢ € Zyy and y € [sq, $2]:
/ 1 2
Xaaz = K(X)(my —mi) Zk: Gik

1
X33 = K'(f)ﬁ Z GirGriGi
Kl

1 -~
X035 = K”(%)ﬁ Z GG Im/ijGﬂ
dikl

1 ~
s - 10, St [ 6
7.k,

1
Xigy = K'(X)(my —m.)* > Gy
k

, 1
X413 = K'(X)(my — m*)m Z GirGriGi
Kl

1
X440 = K’(f)ﬁ Z GijGikGrGa

Skl
1
Xyu = K’(%)W Z Gzsz?l
Skl
1 -
X105 = K"(X)(mn - ) 373 > GG Im/ijsz

Jiksl

y 1 -
X, 103 = K'(X)(my — m*)m Z G?, Im/G?l

Jiksl

1 -~
:{4,3§:Kll(x)m Z GipquGp’r‘ Im-/quG]r

2,P,4,T

1 S
:{4,3"5: Ku(x)ﬁ Z Gzerpq Im/Gijjq

2,P,4,T

1 ~
Xysy = K”(%)ﬁ Y GigGinGyr Im/G?p

J,p,q;r

1 i .
Xy = K”(ﬁﬁ > GirGa Im/(mN —m.)GkGji
Gkl

1 i ~
Xty = K”(ff)ﬁ Z G Im/(mN B m*)G?k
.k

1 " -
X055 =K"(X) 5z D GipGigIm / GjpGirGar

J:pq,r
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1 a0~
Xyo3 = KN(%)W Y GuGig Im/G?Tqu

J3,p,qr
1 -~ o~
X053 = K/I(X)ﬁ Z G?P Im/quGerqr
J3p,qr
1 S S
354’255: KH/(X)F Z Gipqu <Im/Gijjr) <Im/quGkr>
J.k.p,q,r
1 -~ S
X093 = Km(f)ﬁ Y G, (Im/quGjr (Im/quGkr>
J.k.p,q,r
1 -~ -
X0 = K'”(}C)ﬁ Z GipGiq <Im/Gijjq) <Im/Gir>
J,k,p,q,m
1 ~ -
%472@5/ == K/H(x)ﬁ Z G12p (Im/G?q) <Im/Gi,’,>
J.k.p,q,r

Define the aggregate quantities

X3 =X312+ X33+ X305

X4 =3%X420 +6X13 +12X4 4 + 3Xg 0 +4X, 155 +8X, 35 + 4%, 35
+ 2}:4’215 + 234’25, + 4.%4’25 + 43:4’2557

X, = x4,2’1§ + x4,2§’ + 2%4725 - x4,12§ - x4,3/§ - 2%4735.

(Not all of the above terms appear in these aggregate quantities; we define them because they appear
in intermediate steps of the proof.) The notation signifies that each term X3 . is of size at most
O<(¥3), and each term X, . is of size at most O (¥?), as may be verified from Lemmas 3.26 and
3.29. A ~ in the subscript denotes an integrated quantity, and a ’ in the subscript denotes a squared
resolvent entry.

Lemma 3.25 is a consequence of the following two technical results.

Lemma 3.35 (Decoupling). Under the assumptions of Lemma 3.25, denote Xy = A\X + (1 — \)%
for X € [0,1]. For fixed i € Zy and y € [s1, 2], define X3, X4, and X as above. For fixed o € Ty,
let s = (1 +tomy) and 3, = (1 + £471.), and define

Pa = Saga(tasa + iaéa)a Qa = saéa(tisi + tasoztvozéa + Eigi)v Ra = Saga(tasa - tvaéoz)?

Then

1 . B 1
/ E[K’(%A)Gm G“} d)\:saéa/ E
0 0

ta la

1 .
K'(X)) 5 > GGk | dA
k

— PoE[Xs] + 1 QuE[X4] + LR E[X]] + O (V7).
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Lemma 3.36 (Optical theorems). Under the assumptions of Lemma 3.25, for fixed ¢ € Zn and
y € [s1, s2], define X3 and X4 as above. Let Ay = N=13° t1s2. Then

2Im E[X3] = (A4 — m; ) ImE[X4] + O (T5).

Lemma 3.35 generalizes [LS16, Lemma 6.2] to a swappable pair. We will present its proof in
Section 3.4.4, following similar ideas. We introduce the interpolation Xy = AX+ (1—\)X as a device

to bound K (%) — K(X). (This is different from a continuous interpolation between the entries of T

and T.) Let us make several additional remarks:

1. The proof in [LS16] requires this lemma in “differential form”, where T = T. In this case, we
have G = G, X5 = X for every A € [0,1], 84 = 34, and t, = fo. Then the integral over X is

irrelevant, and Lemma 3.35 reduces to the full version of [LS16, Lemma 6.2].

2. There is an additional term X, that does not appear in [LS16], and which is not canceled by the
optical theorems of Lemma 3.36. (When T = T, we have R, = 0 so this term is not present.)

The cancellation will instead occur by symmetry of its definition, upon integrating over y.

3. The main additional complexity in our proof comes from needing to separately track the terms
that arise from resolvent expansions of G and G, and from X and X after Taylor expanding K’ (X5).
An important simplification is that we may use Lemmas 3.31 and 3.33 to convert O (¥3) and
O (T*) terms to involve only G and not G—hence X3, %4, X, are defined only by T and not 7.
Swappability of (T, E,) and (T, E.) is used for this simplification.

The other technical ingredient, Lemma 3.36, is identical to the full version of [LS16, Lemma B.1],
as the terms X3 and X4 depend only on the single matrix 7. We briefly discuss the breakdown of
its proof in Section 3.4.5.

In [LS16], for expositional clarity, these lemmas were stated and proven only in the special case
K’ = 1. Full proofs were presented for an analogous deformed Wigner model in [LS15]. Although
more cumbersome, we will demonstrate the full proof of Lemma 3.35 for a general function K in
Section 3.4.4, as much of the additional complexity due to two resolvents G and G arises from the
interpolation X, and the Taylor expansion of K.

We conclude this section by establishing Lemma 3.25 using the above two results:
Proof of Lemma 3.25. We write

1 1
K(%)fK(je):/O %K(%A)d)\:/o K'(X))(X — X)dA. (3.39)

Recalling

%:ZIm/éﬁ



CHAPTER 3. EDGE FLUCTUATIONS UNDER SPHERICITY 72

and applying (3.32),

X-X= Zi:lm/ (zk: CuGu(B. — B =Y CZ: Cja (to — 5a)> .

«

(G and G denote G and G evaluated at the variable of integration §.) Further applying (3.28),
Lemma 3.26, and the trivial bound N—2/3+¢ < 02,

. . 1 ~ = Gia i
%—%:ZIm/Z(ta—ta) (sa§aNZGikGik— P ) + O<(U).
; - A « a

Applying this to (3.39), taking the expectation, exchanging orders of summation and integration,

and noting that K’(X,) is real,
E[K(X) - K(%)]

—Zi:%:(ta{a)lm//ollﬁl

EN) (}V 3 GG - S f)] dXdj +0-(),
k « «

where the expectation of the remainder term is still O (¥*) by Lemmas 3.9 and 3.32. Denoting
by X3(i), X4(i), and X (i) the quantities X3, X4, and X; defined by § and the outer index of

summation ¢, Lemma 3.35 implies

EIK(X)-K(X)] =3 > (ta—la) Im / (PaE[X3(1)]— 3 QuE[X4(0)] - s RAE[X] (1)])dj+O< (N/3H0P),

where the error is N/375W® because Y |ta — fo|< C and the range of integration is contained in
[~ N—2/3+e N=2/3+¢] We note

Im/i‘;(i)dz} =0
by symmetry of the terms defining ,';CZ, so this term vanishes. Then, applying Lemma 3.36,

E[K(X) - K(X)] = ZZ@Q —1a) (PQA‘*_Q’”*LL - Q;) Im/E[§€4(i)}dg + O (NY3+ewd),

Finally, applying Lemma 3.34, we have

-
3 (ta — o) <7>QA4 2m* - Q;‘) < C/N.

[e3%

Hence E[K (%) — K(X)] < N1/3+e@b = N—4/3+16e -
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3.4.4 Proof of decoupling lemma

In this section, we prove Lemma 3.35. We will implicitly use the resolvent bounds of Lemma 3.26
throughout the proof.

Step 1: Consider first a fixed value A € [0,1]. Let E, denote the partial expectation over row
a of X (i.e. conditional on all Xg; for § # ). In anticipation of computing E, for the quantity on
the left, we expand

Gia éia
K'(%3)~

a fa
as a polynomial of entries of row « of X, with coefficients independent of all entries in this row.

Applying the resolvent identities,

wz: aaZGa)X

ZGO‘)X

14t quGéij

Applying Lemma 3.27 and a Taylor expansion of the function (1 + t,z)~! around z = m.,

Cj“" = —saZsz ok + tas? (ZGW XopXag ) > TGE Xar
“ k

b,q
2
(Z G X opXag m> STG Xor + 0<(Y)
b,q k
=U, + Uy +Us + O (9%, (3.40)

where we defined the three explicit terms of sizes O (¥), 0 (¥?), 02 (¥3) as Uy, Us, Us. Similarly
G‘.
Lo

=Uy + Uy + Us + O (%), (3.41)

where U; are defined analogously with 3, a, 74, G in place of sqa, ta, ms, G.
For K'(X),), define x&“) = AX® + (1 = )X and note from Lemma 3.30 that X, — x(;*) <.

Taylor expanding K'(x) around x = %E\O‘ ,

K" (xg\a))

; (X — X2+ 007, (3.42)

K'(%) = K'(x\) + K" (&) (&, — ) +

Applying the definition of X, X(®) and the resolvent identities,

x—x = Im/Z(G‘jj ~ Gy =
J

= Im / oo Y G X G X,

J,p,q
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Further applying the resolvent identity for Gaa, & Taylor expansion as above, and Lemma 3.29,

x—x<a>=—tasa1m/ZG“>X GY X g
7,P-4

+ 252 Tm / 3 (éﬁ@xwxas ) 3 G X0 Gl X oy + O (1)

3:p.q
=Vi + Vo + O (¥3), (3.43)

where V; < ¥ and V, < W2, Analogously we may write
X-X =V, 4V +0,(F%), (3.44)

where Vi, Vs are defined with 34, 14,77, G in place of sq,tq,m,, G. Substituting (3.43) and (3.44)
into (3.42), and combining with (3.40) and (3.41), we obtain

Gia Gia
ta o

K/(}:)\) =Wo+ W3+ W4+ Oy (\I/S) (3.45)

where the O (¥?) term is
W, = K'(X\")u, 04,

the O (¥3) term is
Ws = K' (X)) (U0, + U Uz) + K" (X)W + (1 = W) UL,

and the O (¥*) term is

Wy = K' (X (Ul + UaUs + U Us) + K"(X) AV + (1= V) (UaU + UL 0,)
K//I(f( ))

+ K@) Ve + (1= No) + =

(AVi+ (1= NW)?| U104,

Step 2: We compute E,, of Wy, W3, W, above. Note that x@ x(@) G@ G are independent

of row « of X. Then for W5, we have

Eo[Wa] = s03a K" (X7) " G4V GV EaXar Xall
’” (3.46)
= sa8a K" (X)) Z GIal)

where we have used E[X,x X = 1/N if k =1 and 0 otherwise.

For W3, let us introduce

il = K/ ) = m)

Z sz zk ’

E\H
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2%, = K@) — )~ OGRS
k

(03 « 1 « o) Al
g)és) = K'(x ))ﬁ ZGik Gay

Z?E%) )\a) N2 Z sz Oc)G(a)
() " (a Oc) (a)
@3,2'2' = K" (Xy Z sz ik Im/
7.k,

(a) 1" (a (@) (a)
2 s = K" (X} N2 ZGm G Im/ (G}
7.k,

(@) 17 (04) (@) A(a) (@) Ala)
D, 5 = K7 (XX ZG Gy Im/ij G

7.k,
a (a (o) A(@) A(a)
Z?E 2)5 = K"(%} Zsz G Im/ij G
7.k,

which are versions of X3 , that don’t depend on row o of X and with various instances of my, m,, G, X

replaced by i, s, G, Xx. Consider the first term of W3 and write

Eo[K' (X)) U04]

=Eo |—tas25a (Z G Xy Xag ) 3G XarGY X

p.q k,l

@ @ 1 @ @
= —tas25a K/ (X)) S (G;qm«:a [XapXagXarXa] = m1{p = ¢}Ea [Xaanl]> GGl
k,l,p,q

The summand corresponding to (k,l,p,q) is 0 unless each distinct index appears at least twice in

(k,1,p,q). Furthermore, the case where all four indices are equal is negligible:

1 « (o —
> (G,(;;; Wl XA — Nm*Ea[sz]> GG SN N2 W LU,
k

(The k =i case of the sum may be bounded separately as O (N~2).) Thus up to O<(¥%), we need
only consider summands where each distinct index appears exactly twice. Considering the one case

where k = [ and the two cases where k = p and k = g,

(k)
B KU = ~tast ol () | 32 2 R

Z Z GGG | + o<,
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Re-including p = k and [ = k into the double summations introduces an additional O (¥®) error;

hence we obtain for the first term of W3
Eo[K' (X)) UsU1] = ~tas23a (D5 1y +2259) + O<(T9). (3.47)
Similar arguments apply for the remaining three terms of W3. For the terms involving an integral,

we may apply Lemma 3.29 and also move X, outside of the integral and imaginary part because

X is real and does not depend on the variable of integration . We obtain

Eo[K'(X\)U10s) = ~fa32 50 (2550 +225%) + 04 (9°), (3.48)
EoAK" (X\)\VULUL] = —Mos sa@gz,z,m)(“ )+ 0<(0°), (3.49)
Eol(1 = VK" (X)AUIT] = —(1 = Mfaslsa( 205, +225%) + O<(¥°),  (3.50)

and E, [W3] is the sum of (3.47-3.50).

For Wy, consider the first term and write

2
Eo[K'(X\")UsTh] = Eq |1253 50 (ZG"‘)X Xaq ) S EY XX

k,l

= 2535, K'(x) Y <G§,‘;‘)G£§‘)Ea[XaanqXMXasXaanl]

P,q,7,8,k,1

1
— Nm*]l{p = q}Gg)Ea [XarXasXaanl]

- %m*]l{r = 5}GEo[XapXagXakXal

1 o) Al
+ milp = a)i{r = s}E[XaanzQ GG,

A summand corresponding to (k, [, p, g, r, s) is 0 unless each distinct index in (k, 1, p, ¢, 7, s) appears at
least twice. Furthermore, as in the computations for W3 above, all summands for which (k, I, p, ¢, , s)
do not form three distinct pairs may be omitted and reincluded after taking E,, introducing an

O<(¥®) error. Considering all pairings of these indices,

EoK' (X)) U] = 22,6350 K7 (X57) << - ZG“‘ G

A =) ZGE?G;?GEP s Y GREE e

7.k,

N3 ZG(Q)G(G) G(‘X)) > +O<(\I/5)

7.k,

At this point, let us apply Lemmas 3.30 and 3.31 to remove each superscript («) above and to
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convert each G to G, introducing an O (¥5) error. (We could not do this naively for Wy and W,
because the errors would be O (¥3) and O (¥*) respectively.) We may also remove the superscript

(o) and convert X to X in K’(i‘g\a)), via the second-derivative bounds
K(Q) = K/(2) < [ K oc] 7 = 25|< 0.

K'(X)) — K'(X) < ||K"||oo| X\ — X|=< ©.

We thus obtain
EQ[K’(XE\O‘))UJ]J = tisiéa(X47gg/ + 4%4713 + 8%474 + 2%4,4/) + O_<(\If5).

Applying a similar computation to each term of Wy, we obtain

Eo [K' (X)) (UsU; + UsUs + Uy Us)] (3.51)
= Saéa(tisi + tasafaéa + {igi)(x4722/ + 4%4713 + 8%474 + 2%474/) + O<(\If5), (3.52)

EolK" (X)W + (1= NVA) (U0 + U1 0)]
= S5a8a(Masa + (1 = Nlada)(tasa + Lada) X
(%4,12/'2'/ + 2x4,12§ + 2%4,3'27 + 2364,3/'2' + 8%4735) + O<(‘1’5>7 (3~53)
Eo[K"(X5))(AVa + (1 = A)V2)U1 U]
= Safa(Mas% + (1= NI282) (X, piy + 2%, 075 + 2%, 55 + 2%, 5 + 8%, 55) + O<(¥°),  (3.54)

K/// x(a) . .
Eq %(m + (1 = NW)2U.0,
SaSa v
= (Masa + (1= )‘)tasa)2(x4,2/§/§/ + 2£4,2"2’§ + 4%4,2'2”27 + 8%4’255) + O<(\Il5), (3.55)

2

and E, [Wy] is the sum of (3.52-3.55).

The O (¥®) remainder in (3.45) is given by the difference of the left side with Wa, W3, Wy. As
this is an integral over a polynomial of entries of G(*) and X, its partial expectation is still O (¥®)
by Lemmas 3.9 and 3.32.

Summarizing the results of Steps 1 and 2, we collect (3.45), (3.46), (3.47-3.50), and (3.52-3.55):

5, [y 9 ]

« 1 « (o
= SaéaK'(fE\ ))NZGz(‘k)Gz(‘k)
%

- tasiga( i(;,ll)Q/ + 22):(’,&3?) - aézsa(z?(,,al)? + QZ?(,%))

2 5 (@) (@) P2 (@) (@)
- )‘tozsasoc(g.)gg@/ + 2@3’2§> - (1 - )\)tasasa(z:gg/a/ + 223’25)



CHAPTER 3. EDGE FLUCTUATIONS UNDER SPHERICITY 78

+ Sada (1282 + tasatada + 1252)(Xa0o + 4% 413 + 8X a4 + 2X 4 00)
+ 8a8a(Masa + (1 = Nlada) (tasa + 7Eocgoz)(x4,12/'2” + 2x4,12§ + 2%4,35' + 2%4,3/5 + 8:{4,35)
+ 8a8a(M282 + (1 = N) %53)(364)2@/ +2X, 515 + 2%, 53 + 2%, 53 + 8%, 53)

SaSa
+

(Masa + (1= Niada)? (X, 055 + 2%, 2a5 + 4%, 055 + 8%, 533) + O<(¥°).  (3.56)

Step 3: In (3.56), we consider the first term on the right (of size O (¥?)) and remove the
superscripts (), keeping track of the O (¥?) and O (¥?) terms that arise.

Applying the resolvent identities and a Taylor expansion for G, we write

e} GiaG a
Gz(k) =Gir — Gaak
= Gik - Gaa Z GE?)Xarng)Xas
T,8

S

= Gir +tasa Y Gi XarG\D Xoy — 1252 (Z G X Xg — m*> 3G X0 G X
p,q T8

+ 0 ()
= Gip + Raop, + Rap + O< (%), (3.57)

where we defined the two remainder terms of sizes O (¥?), O4(¥3) as Ray, R3i. Similarly we write
GEZ) = Gik + Rzk + ng + O<(\I/4). (3.58)

For K’(}ﬁE\O‘)), we apply the Taylor expansion (3.42) and recall V3, Vi, Va, Va from (3.43,3.44) to obtain

(o) (o) @, K& (@)
K'(X,7) = K'(X)) — K"(X7) (X — X,") — %(%A - X2 + 0 (¥?)
= K'(X)) = K"(X{) (Wi + (1 = WVh) — K"(X{7)(AVa + (1 = \)Va)
K///(xg\a)) (3'59)

DOV (1= W2+ 08,
Taking the product of (3.57), (3.58), and (3.59), applying the identity
zyz = (x — 0,)(y — 8y) (2 — 0,) + 2yd, + xoy2z + 0,yz — 10y0, — 6,yd, — 00,2 + 0,,0,0
(with z = GE,?), x — 0, = Gy, and 6, = Roy + Ry, etc.), and averaging over k € Zy, we obtain

[e3% 1 o) Ala
K’(%& ))N Z ng)GEk) =59+ S5314+ 532+ 541+ Sa2+S43+ S44+Sa5+ 0O (\1’5), (3.60)
k

where the O (¥?) term is
1 .
Sy = Kl(}:)\)ﬁ ; GikGir,
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the O (¥?) terms are
Sy1 = K'(x() ~ Z G Roy + K'( Z R Gy,

S0 = —K"(X) AV + (1 - ZG (o) gyla)

and the O (¥*) terms are

Si1 = x(a ZG Rar + K'( (a) ZRSkle )
Si2 = —K"(XS)(AVa + (1 - ZG(Q)Gf,‘: :
Sip= ) ”'(;E(*a)> (Vh+ (1 - A)Vl)Q% S GE,
k
Sya=—-K'(X ZRszzk,
Sus = K"(X OV + (1 - ZG((’)R + K@)+ (1 - ZRMG(@).

Recalling the definition of Ry, and applying E, to the O (¥?) terms, we obtain

alS31] = ta sa2)33 +1, saZ?()a)

Y
a[93,2] = Ato s,ﬂjs g T (1= )\)tasaZ&z@.

E
E
Similarly, we apply E, to each of the O (¥*) terms, considering all pairings of the four summation
indices as in Step 2. Then applying Lemmas 3.30 and 3.31 to remove superscripts and convert G to

G, we obtain

Eo[Spa] = —(262 + 282)(Xans + 280.4) + O (T5),
EO&[S‘LQ} = 7()‘75?)45?1 + (1 - /\)tigi)(:}:4,2/i§/ + 2-}:4,2@) + O-<(\IJ5)7
1 .
Ea[s4,3} = 75()\&!504 + (1 - )\)taéa)Q(x4 21919/ + 2}:4’2/55) + O-<(\I’5)7
EQ[SZL } = —t Sat Sa(:f4 4w+ 2%y 4) + Oy (1115)
Eo[Ss5] = —(Masa + (1 = Miada) (fasa + tada) (X, 53 + 2%, 53) + O<(T°).

Then applying E,, to (3.60), noting that the remainder is again O (¥®) by Lemmas 3.9 and 3.32,



CHAPTER 3. EDGE FLUCTUATIONS UNDER SPHERICITY

and substituting into (3.56),

Gia Gia — 5.3
ta tva ada

1 = - a o
E{K@n nNEJMQk—mﬁ%@gg+m@

— 8250 (25 + Z?(,O‘)) 20025
+ Sadal(tass +1252) (X400 + 3% 413 + 6X44 +2X44)
+ Saéa (tasafaga)(£4,22’ + 4-’*t4,13 + 6:£4,4 + x4,4’) + Saéa(AtaSa

; (a).
—2(1 = Nfaslsa 2%

80

+ (1 - )‘)faéa)@ Sa +f ga)(%zl 123 T 2%4 123 T %4 32/ + 2:{4,3/5 + 6%4,35)

+ saBa(Mash + (1= NI252) (2%, 515 + 2%, 45 + 8%, 53)

(Masa + (1= Niada)? (4%, 435 + 8%, 433) + O<(T°).

(3.61)

Step 4: In (3.61), we remove the superscript (a) from 9s. and Zj ., keeping track of the

O (¥?) errors that aribe For each quantity Q_)éa*) or Zéi), let 93 . or Z3 . be the analogous quantity

with each instance of m ) Gl Gl %E\O‘) replaced by my, G, G, X .
For 2]3712,, recall from (3.57)

G = Gik + Ry + O (%),
and from (3.59)
K'(X5") = K'(X3) = K"(X) AL+ (1= WV1) + O<(¥2).
For mg\?) — My, we apply the resolvent identities and write

(@) G2,
my — My =My — m*_NZG

1 « «
= MmN — My — Gaaﬁ Z G‘gk)onkG; )Xal
j7kl

=N — Mo + taSa~ Z G X kG Xt + O (W2)
J k,l

=my —my +Q+ 0<(¥°),
where @ is the O~ (¥?) term. Multiplying the above and averaging over k yields
1 .
:(3 Dy = Dz + KX (mly) — m*)ﬁ ZGz(':)RZk
k
(@Y (@) ) "z Q
+ KXY (my — ZleRm—Kx Nzk:

— K"V + (1= )V (mS ZG ®) 4 O, (19),
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where each term except 2)3 12/ on the right is of size O (¥?). Taking E,, and applying Lemmas 3.30

and 3.31 to remove superscripts and checks,

Q,)g 127 = =E, [2)3,12'] + (tasa +£a§a)%4,13 +ta5ax4,4’ + ()\tasa + (1 - A)£a§a>:£4712/§/ +0< (\115) (362)
Similar arguments yield

Eu[Z512] + (tasa + tada) X113 + ladaXaa + (Masa + (1 = Niada)X, 153 + O0<(¥°),
Ea[s.3] + (2tasa + lada)Xaa + (Masa + (1 = Niada) X, 55 + O<(¥7),

28 = EalZ35] + (fasa + 2ada)Xaa + (Masa + (1= Niada) X, 45 + O (V)
Eol

)
ggaz)'z” = Ea[V3.95] + (tasa +fada) Xy 55 + 2tasaXy o3 + (Masa + (1 = Nlada)X, o33 + 0<(¥?),
zg(;g = EalZ; 53] + (taSa + fada) X, 3 + 20adaXy gz + (Masa + (1 — Niada)X g 55 + O<(¥°).

Substituting into (3.61),

Gia Gia

t(x (03

K' (%)= ZGme — tastdaEaWs12 + Vs3]

E. [K/(%)\) :| = saSalfq

— 108250 E0[Z3 10 + 23 3] = 2Mta5250Ea(D ;5 03] — 2(1 — N)iadlsaEalZ; 4]
+ Sa8al(t is +tasatada +1252)(Xaoo +2X413 +4X44 + Xaa)

+ Sa8a(At + (1= Nfodo)(tasa + tasa)(2x4,122 +2X, 35+ 4%4’35)

+ Sada(A t2 32 + (1= N282) (2%, 75 + 2%, 55 + 4%, 03)

+ 45080 (Masa + (1 — Ny )2%472*25 + O (99).
(3.63)

Step 5: We take the full expectation of both sides of (3.63), applying Lemma 3.33 to convert
D3« and 23, into X3 .. We illustrate the argument for Z3 12/:
For k # i, denote

Y = K'(X)) iy —m2)Gir, YV = KX (008 — m.) Gl

Then Y < U2, and Y — Y(® < U3 for all @ € Ty, the latter from Lemma 3.30 and the second-
derivative bound for K. Then applying Lemma 3.33,

E[YGi] = E[Y Gix] + O ().

Hence
K,(%,\) mN m* Zsz ik — Zk') = O<(\I/5), (364)

where the k£ = i term is controlled directly by Lemma 3.31. Applying this argument again with
Y = K'(X,)G?%, together with the bound 7, — m, < C/N < ¥3 we may convert the term
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mN —’ﬁ’l*l

E | K'(X))(y — Ty —my 4+ m.,) ZG = 0, (9°). (3.65)

Finally, a Taylor expansion of K'(x) around X yields
K'(%))=K'X)+ 1 -MNK"(X)(% - %)+ 0(¥?), (3.66)

where we have used X — X < ¥ by Lemma 3.31. Applying the third implication of Lemma 3.33 with
Y = K"(X)(mnx — m.)G%, < 3 for k # i, we obtain
E

K"(X)(X = X)(mn —my) Z G2 | =0 (9. (3.67)

Then combining (3.64-3.67), we obtain E[Z3 12/] = E[X312/] + O<(¥?).

The same argument holds for the other terms )3 . and Z3,. Then taking the full expectation
of (3.63),
o Gia

7 — (tas23a +1a8250)E[X3 12 + X33]
«

B | K'(e) 2

:| = 545.E K/(:f)\)f

—2(Masia + (1= Niadlsa)E[X, 53]
+ 8080 (t282 + tasalada + 1252 E[Xs 00 + 2Xa13 +4X44 + X4u/]
+ 5a8a(Masa + (1 = Niada)(tasa + tada)E[2X, 155 + 2%, 55 + 4%, 53]
+ sada(Mase + (1= NEas2)ER2X 15 + 2%, 3 + 4%, ]
+ 48080 (Masa + (1 = Niada) E[X, 455] + O<(T°).
(3.68)

Finally, we integrate (3.68) over A € [0, 1], applying [A = [(1-X) =1/2and [ A% = [2X\(1-)) =
J(1 = X)? = 1/3. Simplifying the result and identifying the terms X3, X4, X7, Pa, Qa, and R,

concludes the proof of the lemma.

3.4.5 Proof of optical theorems

We discuss briefly the proof of Lemma 3.36. In the setting K’ = 1, Lemma 3.36 corresponds to
[LS16, Lemma B.1] upon taking the imaginary part.

The proof for general K is the same as that of [LS16, Lemma B.1], with additional terms arising
from the Taylor expansion of K’ as in the proof of Lemma 3.35. The computation may be broken

down into the following intermediate identities:

- (EIK/ ()] + 2 B[ () (my — m)])

= 2E[X3] — 2m; (2 — E.)E[X3] — (Ag — 2m ' — m_HE[X4] + O (TP), (3.69)
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1

N]E[K’(ae)(mN — ma)] = 2E[X4000 + Xa13 + Xaa + Xy 105 = O<(V°), (3.70)
E[2X413 + 3X44 + X0 + 2%, 5] = O<(¥°), (3.71)

(2 — BOE[Xs] — E[X420 + 4% 44 + Xy w + 2%, 55] = O<(¥°), (3.72)

E[x4,12§ + 2364,35 + %4,3/5 + %4,215 + 2:{4,2'?? + %4,2'??/ + 2:{4,2'2"2”] = O<(\I’5)= (3~73)

where

1
Xy = K'(X) > G
k

For K’ =1, (3.69) reduces to [LS16, (B.29)], (3.70) to [LS16, (B.33)], (3.71) to [LS16, (B.38)], and
a linear combination of (3.71) and (3.72) to [LS16, (B.51)]. The last identity (3.73) is trivial for
K’ =1, as the left side is 0. It is analogous to [LS15, Eq. (C.42)] in the full computation for the
deformed Wigner model, and may be derived as an “optical theorem” from X; ,5 in the same manner
as (3.70) and (3.71). (The derivations of these identities do not require positivity of T' or E,..) We
omit further details and refer the reader to [LS16].

Lemma 3.36 follows from substituting (3.70) and (3.72) into (3.69), adding 4m; ! times (3.71)
and 4m; ! times (3.73), and taking the imaginary part (noting K’ is real-valued). This concludes

the proof of Lemma 3.25, and hence of Theorem 2.6.



Chapter 4

Outliers in the spiked model

In this chapter, we prove Theorems 2.12-2.14, which describe the behavior of outlier eigenvalues
and eigenvectors of S under a spiked model for ¥q,...,3;. We also prove Theorem 2.17, which
provides theoretical guarantees for Algorithm 1 for estimating spike eigenvalues and eigenvectors in

this setting.

Notation: Throughout, § > 0 is a fixed constant. C, ¢ > 0 denote J-dependent constants that may

change from instance to instance. For random (or deterministic) scalars £ and (, we write
¢<Cand £ =0<(Q)

if, for any constants €, D > 0, we have
Plg[> n¢]] < n™ P

for all n > ng, where ng may depend only on 4, e, D and the constants of Assumptions 2.1 and 2.10.

4.1 Behavior of outliers

The proofs of Theorems 2.12-2.14 will apply a matrix perturbation approach developed in [Pau07].
Without loss of generality, we may rotate coordinates in R? so that S corresponds to the first L

coordinates. Hence for every r =1,... k,

84
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where V, € RLxr, Recalling N = p — L and assuming momentarily that o2 > 0, we may write

r., 0 .
Y, =02 ( OT . ) ., I,=1d;+0,2V,0,V,.. (4.1)
N

Letting X, € R™ L and X, € R™ N be independent with i.i.d. N(0,1/N) entries, and setting

== )2}1",1«/2, we may represent . as
a0, =VN (X, X,)SF?=VNo, (2, X,).

Recalling F,.s = No,o,U.BU; from (2.7), we then have

S =Y'BY = Ek:o/U’BUa = Ek: =) g (E X,): S S (4.2)
rYr sts X/ rs s s 521 522 )

rs=1 r,s=1

where
Su Si\ (EFE EFX (H X)_
So1 Se) \X'FE X'FX)’ - h

Note that 2T, 0,Z,, and F,s/(0.0s) are well-defined by continuity even when o2 = 0 and/or

[1]

e Xg

02 = 0. The above definitions are understood in this sense if 02 = 0 for any 7.

For any z ¢ spec(X’'FX), the Schur complement of the lower-right block of S —zIdis
K(2) = (S11 — 21d) — S12(S2 — 21d) 7185 = —Z'Gp(2)E — 21d,, (4.3)
where
Gu(z) = FXGy(2)X'F — F, Gn(2) = (X'FX — zIdy)™ " (4.4)
If \is an eigenvalue of 5 separated from supp(uo), then we expect from Theorem 2.5 that A ¢
spec(X'FX), so we should have 0 = det K (). Defining the complex spectral domain

Us = {z € C : dist(z,supp(po)) = 6},

we will show that on Us, the matrix K (z) is close to the deterministic approximation

k
K(2) =Y t.(2)(o}T,) — 21d,, . (4.5)

r=1

Recalling (4.1) and comparing (4.5) with (2.12), we observe that K(z) is the upper L x L submatrix
of —T(z). This will yield Theorems 2.12 and 2.13. Studying further the fluctuations of K (z) about
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K(z), we will establish Theorem 2.14.

We show in Section 4.3 that Gas(z) and Gy (z) are blocks of a linearized resolvent matrix for
X'FX. Our proof establishes deterministic approximations for linear and quadratic functions of
the entries of Gpr(z), which we may state as follows: Recall (2.13), and define a deterministic

approximation of G as
My = —F(Id+moF)~! = moF(Id +moF) ' F — F.
Define
A(z) = XGn(2) X' — mo(2)(Id +mg(2)F) L. (4.6)

Then, omitting the spectral argument z for brevity, we have
Gy =Ty + FAF,  t. = (No?) ' Tr,.(—~Gy + FAF). (4.7)

We prove the following lemmas in Section 4.3.

Lemma 4.1. Fix 6,e, D > 0. For any z € Us and any deterministic matrix V € CM*M

P[|Trm/|> n= V2| V|us | < nP.

Lemma 4.2. Fix §,¢,D > 0. For any z € Us and any deterministic matrices V, W € CM*M

IP[| Tr AVAW — N™Y(8.mo) Tr [V (Id +moF) ™2 Tr [W (Id +mo F) 2| > n'/27¢| V|| HW||} <n P,

We will use Lemma 4.1 to approximate linear functions in Gs(z), and then use Lemma 4.2 to
approximate quadratic functions in Gs(z). Note that if V' = wv’ is of rank one, then Lemma 4.1 is
an anisotropic local law of the form established in [KY17] for spectral arguments z separated from
supp(po). For general V, the statement above is stronger than that obtained by expressing V as
a sum of rank-one matrices and applying the triangle inequality to the Hilbert-Schmidt norm. We
will require this stronger form for the proof of Theorem 2.14.

We record here also the following basic results regarding supp(ug) and the Stieltjes transform
mo(z) for spectral arguments z separated from this support, which are restatements of Propositions
A.3 and A.8 in Appendix A.

Proposition 4.3. Suppose Assumption 2.10 holds, and let pg be the law defined by Theorem 2.4.
For a constant C' > 0, supp(ug) C [-C, C].

Proposition 4.4. Suppose Assumption 2.10 holds, and let mg(z) be the Stieltjes transform of the

law po. Fix any constant § > 0. Then for some constant ¢ > 0, all z € Us, and each eigenvalue t,,
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of F,

|14 tamo(2)]> c.

4.1.1 First-order behavior

We prove Theorems 2.12 and 2.13. Let us first establish the approximations

sup || K (2) — K(2)] < n™'/2, (4.8)
zeUs
sup |0, K (2) — 0. K (2)|| < n~ /2. (4.9)
zeUs

Denote by (Gpr)rs and (Ipr)rs the (7, s) blocks of Gy and IIp,. We record a basic lemma which
bounds G, IIp, and the derivatives of K and K. Quantities such as F,.;/(0,05) are defined by

continuity at 02 = 0 and/or o2 = 0.
Lemma 4.5. There is a constant C > 0 such that

(a) For all z € Us and r,s = 1,... Kk,

1Evs/(ovas)|/< C, l(Mar)rs/(ovas)[< O [|K(2) +21d||< O, [|0.K(2)[< C.

(b) For any D > 0 and all n > ng(d, D), with probability at least 1 — n=P, for all z € Us and

rs=1,...k

1(Gar)rs/(0r00) < C, K () +21d|< C, [0.K(2)I<C, 92K (2)]< C.

Proof. For (a), | Frs/(0,0s)||< C by Assumption 2.1. From Proposition 4.4, we have ||(Id +moF) || <
C'. Furthermore, |mg(z)|< 1/6 for z € Us by (2.11). Then, denoting by P, the projection onto block
r and applying

(Iar)rs = moPrF(Id +moF) " FPs — Fq,

we obtain
||(HM)TS/(UTUS)”< CHPTF/UT”HFPS/USH"'HFTS/(UTUS)H< C.

This implies also |¢,(z)|< C, which together with [|o2I',||< C yields the bound on K. The bound
for 0. K follows similarly.

For (b), applying Theorem 2.5 and a standard spectral norm bound for Gaussian matrices, on
an event of probability 1 — n~" we have spec(X'FX) C supp(uo)s/2, | X.]|< C, and || X,[|< C

for all » = 1,...,k. From the spectral decomposition of Gy, on this event, we have ||Gn||< C,
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0.Gn| < C, and ||0?G y||< C for all z € Us. Then

”(GM)TS/(UTO'S)”a ||6Z(GM)rS/(UTUS)”7 ||3§(GM)TS/(UTUS)”< C.

As K =-Y E'GyE, —21d and ||0,E,||< C|o2T,||*/2< C, this yields the bounds on K and its

r,s =T

derivatives. O

We recall also the following bound for Gaussian quadratic forms.

Lemma 4.6 (Gaussian quadratic forms). Let x and y be independent vectors of any dimensions,
with i.i.d. M(0,1/N) entries. Then for any complex deterministic matrices A and B of the corre-
sponding sizes,

X'Ax - N'Tr A < N"YA|us, x'By < N7YB|us.
Proof. The first statement follows from the Hanson-Wright inequality, see e.g. [RV13]. The second
follows from the first applied to (x,y), with A a 2 X 2 block matrix having blocks 0, B, B’, 0. O

Applying (4.7), we may write K (z) — K(z) = Ey(z) + Ey(2) where

k
Bi(z) = —ZGuE+ Y (N7 T, Gur )T, (4.10)
r=1
k
Exz) = - (N*l Tr, FAF)FT. (4.11)
r=1

Writing P, for the projection onto block 7, Lemma 4.1 yields
(No?)™' Tr, FAF = (No2) ' Tt AFP,.F < n~%/?|FP.F/o?|us< n" . (4.12)

Hence || Eq(2)||< n~t. For E;, we write

k

S (o2r,) e e g 2p e
Or0s

(1]

k
/GME = Z E;(GM)TSES =
r,s=1

r,s=1

Recall that the matrices X, are independent of each other and of Gj;. Applying Lemma 4.6 condi-

tional on Gy and taking a union bound over the columns of )D(T and )0(5, for all r, s,

S G TS ~7 — —
HX,’,(UM;)XS —1{r =s}((No®) "' Tr, Ga)1dr|| < n " Y(Gar)rs/(0r05)| s,

oo

where ||A|loo= max; j|A;j|. As L is at most a constant, this norm is equivalent to the operator norm.
By Lemma 4.5, |[(Gar)rs/(0v05)|lus=< n'/2, so | E1(2)]|< n~'/2. Then

|K(2) — K(2)||< n~ /2. (4.13)
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Lipschitz continuity allows us to take a union bound over z € Us: On the event where the

conclusions of Lemma 4.5 hold, for any z, 2’ € Uy,
IR(:) - R(lI< Cla— 2], [K(») — K()]< Clz — 2.
Then, taking a union bound of (4.13) over a grid of values in Us N {|z|< n'/?} with spacing n~1/2,
we obtain
sup  ||K(2) — K(z)||< n='/2, (4.14)
2€Us: |2|<nt/2

For |z|> n'/2, we apply a direct argument: By Proposition 4.3 and (2.11), we have |mq(z)|<
Cn~12. Then |t,(z) — (No?)~' Tr, F|< Cn~1/2. Furthermore, on the high-probability event where
| X'FX||< Cand || X,||< C foreachr = 1,...,k, we have || Gn||< Cn= Y2, |[(Gar)rs—Frs]/ (0005 || <
Cn~'2 and ||o,Z,||< C. Then, on this event,

k
EFE-) (N'Tr, F)L,

r=1

sup ||K(z) — K(2)||< +Cn~Y2,

|z|>nl/2

Applying Lemma 4.6 again yields sup, 5,1/ | K (2) — K(2)||< n=Y/2. Combining with (4.14) yields
(4.8). Note that D;;(z) = I?(z)” — K(z);; is analytic over Us/,. Letting v be the circle around z
with radius §/2, the Cauchy integral formula implies

L [ |Dij(w)| 4
()< — [ g, < 2 (w)].
10:D;(2)|< or /. 2 — w]? dw < s %12§|Dw(w)|

Then applying (4.8) with §/2 in place of J, we obtain also the derivative bound (4.9).

Proof of Theorem 2.12. Let £ be the event where

spec(X'FX) C supp(ko)s)2,

sup HI?(Z) —K(2)|< ’rl—1/2+€/27 sup ”az[?(z) — 0.K(2)||< n—1/2+s/2’
Z€U5/2 Z€U5/2

which holds with probability 1—n~P for all n. > ng(d, e, D). On &, by the Schur complement identity
det(S — AId) = det(X'FX — AId) det(K())),

the eigenvalues of 3 outside supp(po)s/2 are the roots \e Usja N R of det(K (X)), counting multi-
plicity. As T'(z) is block diagonal with upper L x L block equal to —K(z) and lower N x N block
equal to —mg(z) ' 1d, the elements of Ay are the roots A € R\ supp(uo) of det(K())), counting
multiplicity.

Let (\) < ... < jir(\) be the eigenvalues of K (X), and let py(A) < ... < ur(\) be those of
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K (). Proposition 2.11 implies that 95K (\) has maximum eigenvalue at most -1, so for any interval
I of R\ supp(up), any A\, N € I with A < X, and any ¢ € {1,...,L},

pe(N) = pe(X) = N = .
On &, for A € I NUs/2, we may bound the largest eigenvalue of GAI?()\) by —1/2. Then similarly
(V) = i) = (N = N)/2.
For each (A, £) with A € I NU;s and pe(N\) = 0, we have
(X — n=Y/2He)y > =1/ pe(A+ nU2He) < /24

and hence on &
e =P >0, (A2 <0,

So there is some A where fig(A) = 0 and |A— \|< n~/2¢. Conversely, for each (X, ¢) with A € INUs
and fip()) = 0, there is some A with () = 0 and |A — A|< n=1/2%¢. Taking As and As to be the
roots of det(K (X)) and det(K())) corresponding to these pairs (A, €) and (X, £) for each interval I
of R\ supp(g), we obtain Theorem 2.12. O

Proof of Theorem 2.13. For the given A and ;\, Theorem 2.12 implies A — A< n~1/2. Let us write
E(}) = KX = (E(}) = KW) + (KQ) = K()).

The first term on the right has norm O (n~/2), by the bound on 83K (A) from Lemma 4.5. The

second term also has norm O (n~1/2), by (4.8). Hence
KN\ — K\)||< n~ /2. (4.15)

Similarly,
[OAK (X) — K (A)||< n~ /2. (4.16)

For the given V¥, let us write v = (¥1,¥3) where ¥ consists of the first L coordinates. Then, in

the block decomposition of S from (4.2), the equation SV =\ yields
S11¥1 + S12¥2 = Ay, So1V1 + Saa¥a = AV

The second equation yields Vo = —(Sa3 — ;\Id)_nglffl. Substituting this into the first yields
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K (A%, = 0, while substituting it into 1 = ||¥|2= ||¥1]|2+(|¥2||? yields
1= ‘»}/1 (Id —|—Slg(522 — /A\Id)72521)\71 = —\7’1 (8AK(5\))\71

Applying (4.16), we obtain
— V(K (N)91 =1+ 0<(n"'?). (4.17)

In particular, ||[¥1||> ¢ for a constant ¢ > 0. Hence ¥, /||¥1|| is a well-defined unit vector in ker I/(\'(j\)
For the given v, let us also write v = (v1,va). As v € § by Proposition 2.11, we have vy = 0,
[[vi]]= 1, and v; € ker K(A\). We apply the Davis-Kahan theorem to bound ||¥1/||¥1]|—v1||: Let
u1(A) < ... < up(X) be the eigenvalues of K (), with pe(A) = 0. By Proposition 2.11, 9y K (X) has
maximum eigenvalue at most -1. Thus, if |uy(A)|< § for another ¢/ # £, then pp (X —6) > 0 and
e (A4 0) <0, so pe(N) =0 for some X € (A — 3§, A+ §). This contradicts the given condition that
A is separated from other elements of Ag by ¢. Hence |ue (N\)|> 6 for all £/ # ¢, so the Davis-Kahan

Theorem and (4.15) imply
191 = 91 llvall < n=1/2 (4.18)

for an appropriate choice of sign of vi. Substituting into (4.17), —|[¥1||*ViO\K(\)vy = 1 +
O<(n~Y2). As viO\K (\)vy < —1, this yields

[91ll= (=ViO K (N)v1) 2 + O« (n1/2).
Substituting back into (4.18),

191 = (=VINE (A1)~ 2w | = [|[Ps9 = (VAT (W) v) ™2y < n ™12,

where the equality uses v = (v1,0), Psv = (¥1,0), and that K is the upper-left block of —T". This
proves (a).

For (b), note simply that for any O € RY*V | the rotation X + XO induces the mapping
(V1,V2) = (¥1,0'¥3). As X and S are invariant in law under such a rotation, V5 must be rotationally

invariant in law conditional on V7. O

4.1.2 Fluctuations of outlier eigenvalues

Next, we prove Theorem 2.14. We establish asymptotic normality using the following elementary

lemma.

Lemma 4.7. Suppose z € R"™ has law AN (0,VV’) where V € R™ ™ and let A € R™™". If
IV'AV|/|[V' AV ||lgs— 0 as n — oo, then

V' AV ||;34(2' Az — E[2' Az]) — N(0,2).
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Proof. Denote the spectral decomposition of V' AV as O'DO where D = diag(ds,...,d,), and let
¢ € R™ have i.i.d. N(0,1) entries. Then z’' Az — E[z’ Az] is equal in law to

m

¢DE—E[E'DE =Y di(&] — 1)
i=1
As . .
SB[ - 1% =2IDlEs, S E[lai(e? - 1P| < CIDIEs DI,
i=1 i=1
and || D||/||D|lus— 0, the result follows from the Lyapunov central limit theorem. O

Proof of Theorem 2.14. For the given A and v, we have v = (v1,0), where v; € R” and K(\)v; = 0.
Furthermore, recall from the proof of Theorem 2.13 that for the given 5\, there is a unit vector ¥
where K(\)¥; = 0 and |97 —v1||< n=1/2. Lemma 4.5 implies ||I/(\’(5\)||< C with probability 1—n=P,
SO
VIKA)vy = (@1 —vi) KQA)(¥1 —vi) <n~ "
Applying this and v K (A\)vy = 0, we obtain
VI(EQ) = E(\)vi + Vi(E(\) — K(\)vy <n~ . (4.19)

Recall that Theorem 2.12 implies A — A=< nl2, Applying a second-order Taylor expansion for
the first term of (4.19), approximating BAI?()\) by OAK (A) using (4.9), and bounding af\f?()\) using

Lemma 4.5, we get

~ ~

VI(EQ) — E\)vi = (A= DV K(\)vy + O (n™h). (4.20)

For the second term of (4.19), recall I?()\) —K(A\) = E1(A\)+ E3(\) with Eq and Es as in (4.10-4.11).
Recall also from (4.12) that ||E2(A\)||< n~!. Then (4.19) becomes

A= NViWK(N)vy + Vv, Er(A\)vy < n~ L (4.21)
Observe that Z is independent of X, and z = Zv; € RM has independent Gaussian entries. The
covariance matrix of z is V'V’ for the diagonal matrix
E
V=V =N"2Y(vil,v1)/?P,.
r=1

Then viE1(A)vy = E[-2'Gp(N)z | X], and we may apply Lemma 4.7 conditional on X: Lemma 4.5
implies, with high probability, ||(Gar)rs/(0r0s)||< C for each r,s, so [|[V'Gp(A)V]< C/n. On the
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other hand, since v'T'(A)v = 0, we have from (2.15) and (2.11)

k
> L (WVIV0,V vy

r=1

1
= > 4.
‘moo\)‘

Then for some constant ¢ > 0 and some r € {1,...,k} we must have
t-N)|>¢,  |[VIV,0,VIvi|> c.

The latter implies v} (c2T)vy > ¢. The former implies (No2)~!|Tr, Gar(M\)|> ¢ on an event of
probability 1 —n~L, by (4.7) and (4.12). Then ||(Gs)rr/02|lus> cv/n, and for this r

IV'Grr(MNV s> NV (T ) Vil (Gar)rr /02 s> en™ /2. (4.22)

Thus, on this high probability event, we have ||[V'Gar(ANV|/||[V'Gar(\)V]ms< Cn~/2. Applying

Lemma 4.7 conditional on X and this event,
IV'Gar(NV llgs (Vi EL(A)v1) = N(0,2).

As the limit does not depend on X, this convergence holds unconditionally as well. Then, applying
this, viO\K(A)vy = —v'O\T(\)v, and (4.22) to (4.21), we have

(V'ONT(A)v)
V2I[V'Gr(WV s

(A —A) = N(0,1). (4.23)
Finally, let us approximate ||V'Gpr(A)V]|as: We have
k
IV'GuVfs=Tr GuVV'GuVV' = > N2(vilvi)(viTev1) Tr Gy PGy Ps.
r,s=1
We apply Gps = + FAF from (4.7) and expand the above. Note that Lemma 4.1 implies

Telly P,FAFP, ) |[FPI P F s
n

2
I

< |NEFPs/os||-|(Tar)sr/(os00)||-[| P F /o || < 1,

2 252
(gt (gt

so the cross terms of the expansion are negligible, and we have

TeGuPrGuPy _ Trlly Py P, | Tt FAFP,FAFP,

2 2
Or T

+04(1).

2 2 252
gg 0.0 0,05

The first term on the right may be written as Tr(PsIly P, ) (P Il Ps)/(0202) = |[Ila/(0r05)]2-
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For the second term, applying Lemma 4.2,

TrAFP.FAFPF

— = (No202)"Y(dxmo) Tr, [F(Id +moF) "2 F) Tr, [F(Id +moF)"2F] + O (n'/?)
0—7’0—8

= N(Oxt,)(Oxts)(Ormo) ™t + O (n'/?).

Then, recalling w,s from (2.16) and applying v/ (c2I',)v; = v'3,v by (4.1), we obtain

k i 2
IV'GuV ;g =Nt Z wrs(N)(VEv)(VEgV) + (Noymg) ! (Z(am)v'zrv> + 02 (n7%%)

r,s=1 r=1

k
=N"1 Z wTS(A)(V/ETV)(V/ZSV) + (N(?,\mo)*l(v’é)ATv _ 1)2 I O<(n73/2),

r,s=1

where the second line applies (2.12). By (4.22), the O (n~3/2) error above is negligible. Then
Theorem 2.14 follows from this and (4.23). O

4.2 Guarantees for spike estimation

In this section, we establish Theorem 2.17. For notational convenience, we assume r = 1. Part (c)
of Theorem 2.17 follows immediately from the observation that Algorithm 1 uses only the eigenval-
ues/eigenvectors of f](a), so each estimated eigenvector ¥ is equivariant under orthogonal rotations
on S+.

For parts (a) and (b), we may decompose their content into the following three claims.

1. With probability at least 1 — n~, for each (fi,¥) € M, there exists a spike eigenvalue and

eigenvector (11, v) of ¥; and a scalar a € (0,1] such that | — pu|< n~1/?*¢ and | Ps¥ — av||<
—1/2+4¢
n .

2. For each spike eigenvalue p of ¥ and a sufficiently small constant € > 0, with probability at

least 1 —n~P, there is at most one pair (i, V) € M where | — p|< €.

3. For a constant ¢y > 0 independent of C' in Assumption 2.1, and for each spike eigenvalue
p of ¥y with g > co, with probability at least 1 — n~P, there exists (ji,¥) € M such that
i = pl< /2

The first claim will be straightforward to show from the preceding probabilistic results. The
second and third claims require a certain injectivity and surjectivity property of the map (5\7 a) —
(t1(\a), ..., tx(A a)) for a € S¥~! and A € spec(S(a)). For this, we will use Assumption 2.16.

Denote by mg(\, a), T(), a), etc. these functions defined for B = B(a) = a1B1+ ...+ apB,. We

record the following basic bounds.
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Lemma 4.8. There is a constant C > 0 such that

(a) For alla € S¥=1 X\ € R\ supp(uo(a))s, and r = 1,... k,
|m0(>\aa)‘< 07 |a)\m0()\7a)|< C? |a§m0()‘7a)|< Oa ‘mO(/\va)|71< O(|>‘|\/1)1

10amo(X,@)[[< O, [0xdamo (N, @) < C,  [|02mo (X, a)]|< C,
t-(Aa)l< C,  |oxtr(Na)l< O, |03t (N, a)|< C,
[0at- (N, Q)||[< O, [|0xOat-(N,a)[|< C, |03t (N a)|< C.
(b) For all a € S*~!, the roots A of 0 = det T'(\, a) are contained in [~C, C].

(c) For any D > 0 and all n > ng(6, D), with probability at least 1 —n=?,

~ k ~
sup ||X(a)|l< C, sup sup||d,,.X(a)||< C.
acSk-1 acRk r=1

Proof. For (a), the upper bounds on mg, dxmg, and d3mg follow from (2.11) and the condition
|z — \|> 6 for all z € supp(ug(a))s. The upper bound on mgy ' follows from (2.8) and the bounds
|F(a)||l< C and ||(Id +moF (a))~!||< C, the latter holding by Proposition 4.4. For the derivatives
in a, fix r and denote mg = mo(A,a), F = F(a), and 9 = 9,,. We have

a(F(Id +m0F)’1) = (OF)(Id +moF) ™' — F(Id +moF) ™! ((8m0)F + mo(ap)) (Id +mo F) !

= (Id +moF) Y (OF)(Id +moF) ™" — (8mo) F*(Id +moF) 2. (4.24)
Then, differentiating (2.8) with respect to a, and also with respect to z = A, we obtain the equations

0= (mo)(my? — N~ Tr[F%(Id +moF)~2]) + N~  Tr[(0F) (Id +mo F) 2],
1= (Oamo)(mg? — N~VTr[F2(1d +mo F)~%)).

Applying the second equation to the first,
Omo = —(Oxmo) N~ Tr[(OF)(Id +mo F) ). (4.25)

The bound ||damgl||< C then follows from |dymo|< C, ||F.||< C, and ||(Id +moF)~!||< C. The
bounds [|0x0amol||< C and [|02my||< C follow from the chain rule. For t,(\, a), recall from (4.7)
that

—t, = (No?) ' Tr, Ty = (No2) ' Tr,.(moF(Id +moF) ' F — F).

The bound [t,|< C then follows from ||P.FP,||< Co? and || P, F||< Co,, where P, is the projection
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onto block r. The bounds on the derivatives of t, follow from the chain rule and those on my.

Part (a) implies |T(A,a)||< C for all A € R\ supp(po(a))s. As Proposition 2.11(c) shows
O T'(\, a) has smallest eigenvalue at least 1, T'(A,a) must be non-singular for all A outside [-C, C]|
for some C > 0, implying part (b). Finally, part (c) follows from f)(a) =>,.a;,Y'B,Y and the
observation that ||Y'B,Y|< C for all r = 1, ..., k with probability 1 —n=P. O

Next, we verify that for the conclusions of Theorems 2.12 and 2.13(a), we may take a union

bound over a € §¥~1.

Lemma 4.9. Under the conditions of Theorem 2.17, for all n > n¢(6, €, D), with probability 1—n=%

the conclusions of Theorems 2.12 and 2.13(a) hold simultaneously for all a € S¥~1.

Proof. Consider a covering net N' C S*~1 with |NV|< n% for some C = C(k) > 0, such that for all
a € S*1 there exists ag € N where ||ag — a]|< n~'/2. With probability 1 — n~", the conclusions
of Theorems 2.12 and 2.13 hold with constants §/2 and /2 simultaneously over ag € A/ by a union
bound. Furthermore, by Lemma 4.8, with probability at least 1 — n=2 we have ||S(a) — S(ag)|<
Cn~12 for all a € S¥~1, where ag is the closest point to a in N. Note that by Theorem 2.5, this
implies also supp(ko(a)) € supp(to(ao))s/a and supp(po(ao)) € supp(po(a))s/a for all large n.

On the above event, consider any a € S*~! and nearest point ag € N. Let As/2(ag) and K(;/Q(ao)
be the sets guaranteed by Theorem 2.12 at ag, so

ordered-dist(As/2(ao), K(;/Q (ag)) < n~1/2+e/2,
The condition ||£(a) — £(ag)||< Cn~/2 implies there is Ag(a) C spec(S(a)) such that
ordered—dist(Kg(a), K,;/Q (ag)) < Cn~ Y2,

Since K(;/Q (ap) contains all eigenvalues of % (ag) outside supp(o(an))s 2, we have that As(a) contains
all eigenvalues of 3(a) outside supp(uo(a))s. On the other hand, As/2(ag) is a subset of roots of 0 =
det(K (X, ag)), where K (), ag) is defined by (4.5) at B = B(ap). Letting p1 (A, a9) < ... < up(A, ag)
denote the eigenvalues of K (), ag), the multiset Ag(ag) is in 1-to-1 correspondence with pairs (¢, A)
where 10(\g,a9) = 0. For each such (¢, \g), Lemma 4.8 implies ||K (\g,a) — K (Ao, ag)||< Cn=1/2,
50 |ue(Ao,a)|< Cn~1/2. As —K is the upper L x L submatrix of T', Proposition 2.11(c) implies 1
decreases in \ at a rate of at least 1, so pg(A,a) = 0 for some A with |X\ — A\g|< Cn~'/2. Thus there
exists As(a) C Ag(a) where

ordered-dist(As(a), As/2(ag)) < Cn~Y2,
and similarly As(a) contains all elements of Ag(a) outside supp(uo(a))s. Then

ordered-dist(As(a), Ag(a)) < 20012 4 n=1/24e/2 < p=1/2+=,
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so the conclusion of Theorem 2.12 holds at each a € S*¥~1.

For Theorem 2.13(a), let A € Ag(a) be separated from other elements of Ag(a) by §. Then
Proposition 2.11(c) implies 0 is separated from other eigenvalues of T'(\, a) by J. Letting A\ € Ag(ap)
be such that |\g—A|< Cn~1/2, as identified above, Lemma 4.8 implies || T (A, ag) —T'(\,a)||< Cn~1/2.
Thus if v and vg are the null unit eigenvectors of T'(\,a) and T'(\g,a0), then ||[v — vo|< Cn=1/2
for an appropriate choice of sign. Similarly, if A € spec(3(a)) and Ao € spec(S(ap)) are such that
A — A< n= Y2+ and [Ag — Ao|< n~Y/2F<, then A is separated from other eigenvalues of $(a) by
§ —Cn~1/2%¢ and the bound ||f)(a) - i(ao)|\< Cn~'/2 implies that the corresponding eigenvectors
v and Vg satisfy |V — ¥o||< Cn~'/2. Lemma 4.8 finally implies [|OxT'(\, a) — dxT'(No,a0)||< Cn~1/2,

so the conclusion of Theorem 2.13(a) at a follows from that at ag. O
We may now establish the first of the above three claims for Theorem 2.17.

Proof of Claim 1. Consider the event of probability 1 —n~" on which the conclusions of Theorems
2.12(a) and 2.13 hold simultaneously over a € S¥~1.

For each (f1,¥) € M, there are a € S*~! and A € spec(fl(a)) NZs(a) with 4 = A/ti(\,a)
and tg(j\,a) = ... = tk(S\,a) = 0. On the above event, for each such (5\,3), there exists A\ with
A — A< n~Y2* and 0 = det T'(\,a). Then Lemma 4.8 implies

IT(A,a) — T(\ a)||< Cn~Y/2+e, (4.26)

An eigenvalue of T'(\,a) is 0, so an eigenvalue of T'(\,a) has magnitude at most Cn~'/2+<. From

the two equivalent forms (2.12) and (2.15) of T and the condition t5(\,a) = ... = t,(),a) = 0,
. . . 1 .
T\ a)=Ald—t;(\,a)X; = —————Id —t1()\,a) V{0, V7. (4.27)
mO()‘v a

Since |mo(), a)|< C, the second form above implies that the O(n~/2¢) cigenvalue of T'(\, a) must
be A—t1(\, a)u = —1/mo(X,a) — t1 (A, )6 for a spike eigenvalue p = 0+ o2 of £1. As 6 is bounded,
the condition |—1/mg(A,a) — ¢1(),a)f]< Cn~/2¢ implies in particular that |t;(A,a)|> ¢ for a
constant ¢ > 0. Then dividing |A — t; (A, a)u|< Cn~Y/2%¢ by (A, a), | — pu|< Cn~ /%t for a
different constant C' > 0. Furthermore, on the above event, ||Psv — aw|< n~'/2*¢ for the null
vector w of T(\,a) and for a = (WI\T(\,a)w)~ /2. By the second form in (4.27), the separation
of values of ©; by 7, and the above lower bound on tl(j\, a), the null eigenvalue of T'(\, a) is separated
from other eigenvalues by a constant ¢ > 0. Then (4.26) implies |w — v||< Cn~'/2*¢ where v is the
(appropriately signed) eigenvector of T'(, a) corresponding to the eigenvalue A — 1 (), a)u. This is

exactly the eigenvector of ¥ corresponding to p, and thus ||Ps¥ — av||< Cn~ /e, O

For the remaining two claims, let us first sketch the argument at a high level: Suppose p is a
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spike eigenvalue of ¥, and ag € S*¥~! and o € spec(i(ao)) are such that
/A\o/tl(j\o,ao) ~ [, tr(j\o,ao) =~ 0 for allr:2,...,k.

We will show that under Assumption 2.16, this holds for some (5\07a0) whenever p is sufficiently
large. The separation of p from other eigenvalues of ¥; will imply that Xo is separated from other
eigenvalues of i(ao). Then for all a € S¥~! in a neighborhood of ag, we may identify an eigenvalue
Ma) of $(a) such that A(ag) = Ao and A(a) varies analytically in a. Applying a version of the

inverse function theorem, we will show that the mapping
= (t2(A(a),a), ..., te(Ma), a))

is injective in this neighborhood of ag, and its image contains 0. This local injectivity, together with
Assumption 2.16, will imply Claim 2. The image containing 0 will imply Claim 3.
We use the following quantitative version of the inverse function theorem to carry out this

argument.

Lemma 4.10. Fix constants C,cg,c1,m > 0. Let xg € R™, let U = {x € R™ : ||x — x¢||< ¢o}, and
let f: U — R™ be twice continuously differentiable. Denote by df € R™*™ the derivative of f, and
suppose for all v e R™ i, 5,k € {1,...,m}, and x € U that

I dfxo))vlIZ vl [0z,00; fa(x)[< C.

Then there are constants €g,£1,¢ > 0 such that f is injective on Uy = {x € R™ : ||x — x¢||< €0},
If(x1) — f(x2)]|> c||x1 — x2]| for all x1,x2 € Uy, and the image f(Up) contains {y € R™ : ||y —
fxo)l<er}

Proof. Assume without loss of generality xo = 0 and f(xg) = 0. By Taylor’s theorem and the given
second derivative bound, for all x € U and a constant C' > 0, ||df(x) — df(0)||< C||x||. Then for
sufficiently small eg > 0, all x € Uy = {x € R™ : ||x||< &0}, and all v € R™,

[(dfE)VIZ A ONVI=ClxlIvIZ (er = Ceo)llvl[= (e1/2)[IV]-
Furthermore, for all x;,x5 € U,
1£(x2) = f(x1) = (df(x1))(x2 = x1) | < Cllxz — x|

Then for sufficiently small g > 0 and all x1,x5 € U,

1£(x2) = f(x0)l1= (e1/2)[1x2 = x1[|=Cllxz = x1[*> ¢f|x2 — x| (4.28)
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for a constant ¢ > 0. In particular, f is injective on Uj.
To prove the surjectivity claim, let K = {x € R™ : ||x||< €9/2} C Up. For a sufficiently small

constant 1 > 0, the above applied with x5 = x on the boundary of K and x; = 0 implies
| f(x)||> 2¢; for all x on the boundary of K.

Fix any y € R™ with ||y||< 1, and define h(x) = || f(x) — y||? over x € K. As K is compact, there
is x, € K that minimizes h. Since h(0) = |ly||?< €% while h(x) > €% for x on the boundary of K by

the above, x, is in the interior of K. Then

0= dh(x.) = 2(f(x«) — ¥) (df(x4)).

Since df(x.) is invertible by (4.28), this implies f(x.) =y. So f(Up) contains any such y. O
We now make the above proof sketch for Claims 2 and 3 precise.

Lemma 4.11. Let ;1 = 6 + 07 be the /*! largest spike eigenvalue of ¥;. Define
t+(>\a a) = (tQ()‘7 a): cee atk(A7 a))

Then there exist constants ¢,eg,e1 > 0 such that for any D > 0 and all n > ng(d, D), under the
conditions of Theorem 2.17, the following holds with probability at least 1 —n~": For all ag € S*~1,
if there exists Ao € spec(S(ag)) N Zs (ag) which satisfies

1

—_ — tl(j\(),ao) 0| < €1, Ht+(;\0,a0)||< €1, (429)
mo (Ao, ag)

then:
e )\ is the ¢*® largest eigenvalue of f](ao).
e The ¢ largest eigenvalue A(a) of $(a) is simple over O = {a € R¥ : ||la — ag||< o}

e The map f(a) = t,(\(a),a) is injective on U = O N S*~! and satisfies ||f(ai) — f(az)||>
clla; — ag|| for all a;,ay € U. Furthermore, its image f(U) contains {t € RF~1 : ||t||< &1 }.

Proof. Throughout the proof, we use the convention that constants C, ¢ > 0 do not depend on €, 7.
Let V' C S*~! be a covering net with |N/|< n®, such that for each a € S*~! there is ag € A with
la — ag||< n~1/2. Tt suffices to establish the result for each fixed ag € A" with probability 1 —n =P,
The result then holds simultaneously for all ag € S*~! by a union bound over N and the Lipschitz
continuity of my 1 ¢y, and t4+ as established in Lemma 4.8.
Thus, let us fix ag € N. Consider the good event where the conclusion of Theorem 2.12 holds for
B = B(ay), and also ||S(a) — S(ag)||< Clla—ag|| and ||0,, S(a)||< C for all 7 = 1,...,k and a € RF.
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Consider my, t., T defined at ag, and (for notational convenience) suppress their dependence on ag.
On this good event, for each A satisfying (4.29), there exists Ao with [Ag — Ag|< n~ /2 and 0 =
det T(\o). Lemma 4.8 implies [mg(Xo) ™! — mo(Ao) 1)< Cn=Y/2+€ and [t,(Ag) — t,(Ao)|< Cn~1/2Fe
for each . Then (2.15), (4.29), and the condition # > 7 in Theorem 2.17 imply

HT()\()) +m0()\0)_1(1d —9_1‘/1(“)1‘/1/)||< Ceq. (430)

Since \g € Zs(ap) is greater than supp(ug), we have mg(Xg) < 0 by (2.11). As @ is the ¢!
largest value of ©p, this implies the ¢! smallest eigenvalue of —mg(\g) " *(Id —071V;0,V}) is 0.
Then, denoting by p1(A) < ... < p,(A) the eigenvalues of T'(N), (4.30) yields |pue(Ao)|< Cey. The
separation of values of ©1 by 7 further implies py_1(Xo) < —|mo(Xo)0| ™17 + Ce1 and ppr1(No) >
|mo(Xo)0| ™17 — Ce1. As 6 < C and |mg(A\g)|< C, for sufficiently small &1 this yields

te+1(Xo) > ¢, fre—1(Ao) < —c, pe(Ao) =0

for a constant ¢ > 0, where the third statement must hold because 0 = detT'(A\g). For each
j=1,...,pand all A < X in Zs(ap), note that

N =A< (V) = pi(A) < OV =),

where the lower bound follows from Proposition 2.11(c) and the upper bound follows from ||OyT'(A)||<
C. Then ) is separated from all other roots of 0 = det T'(\) by a constant ¢ > 0. Furthermore,
there are exactly £ —1 roots of 0 = det T'(\) which are greater than Ao, one corresponding to each ;
for j=1,...,f — 1. Then on the above good event, there can only be one such ;\0 satisfying (4.29),
which is the ¢t largest eigenvalue of i(ao). Furthermore, it is separated from all other eigenvalues
of i(ao) by a constant ¢ > 0, and for a sufficiently small constant £y > 0, the /** largest eigenvalue
A(a) is simple and analytic on O = {a € R¥ : |a — ap||< &o}. This verifies the first two statements.

To verify the third statement, consider a chart (V,¢) where V = {v € R¥"! . ||v|< &0},
¢ :V — U is a smooth, bijective map with bounded first- and second-order derivatives, ¢(0) = ay,
and |[o(v1) — @(va)||> [[vi — va||/2 for all v, vy € V. We apply Lemma 4.10 to the map § = f o ¢.
To verify the second-derivative bounds for §, note that for a € O, letting ¥(a) be the unit eigenvector

where $(a)¥(a) = A(a)¥(a), we have

da Ma) = ¥(a) (8., 5(a))v(a), (4.31)

where (A(a)Id—%(a))! is the Moore-Penrose pseudo-inverse. Since A(a) is separated from other
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eigenvalues of $(a) by a constant, ||(A(a)Id —S(a))T||< C. Then Lemma 4.8 and the chain rule imply
that on the above good event, § has all second-order derivatives bounded on V. It remains to check
the condition ||(dg(0))v||> ¢|v|| for a constant ¢ > 0 and all v € RF~1. Since dg(0) = df(ag)-dp(0),
and dp(0)v is orthogonal to ag with ||[de(0)v]> ||v|/2, we must check

(. (a0))wl|> ] wll (4.32)

for a constant ¢ > 0 and all w orthogonal to ag, where d f is the derivative of f: O — RF™1,

For this, let A\g = o + O(n=1/%%%) be the root of 0 = det T(\,ag), and let vy € ker T'(\g, ag).
As \g is a simple root, the implicit function theorem implies we may define A(a) analytically on a
neighborhood of ag such that A(ag) = A\g and 0 = det T'(A(a),a). As T(A(a),a) is analytic in a and 0
is a simple eigenvalue of this matrix at ag, we may also define the null eigenvector v(a) analytically

on a neighborhood of ag, so that v(ag) = vo, T(A(a),a)v(a) = 0, and ||v(a)|*= 1. We show in

D

Lemma 4.12 below that on an event of probability 1 — n~", we have

[d\ (a0) — dA(a)||< n~1/2+=. (4.33)

Assuming (4.33) holds, let us first show that the analogue of (4.32) holds for the function

Denote m(a) = mg(A(a),a), b(a) = m(a)a, and s;(b) = (s2(b),...,sk(b)) where s is as in (2.20).
Then m(a)f(a) = s4(b(a)). Denote by = b(ag) and differentiate this with respect to a at ag to get

f(ao)(dm(ao))' + m(ao)df(ao) = d5+(b0)db(a0)
Hence for any w € R¥,

df(ag)w = dsy(bg)db(ag)w — f(ao)(dm(ao))’w).

1
iy (

Applying || f(ao)||= |lt+ (o, a0)||< €1 from (4.29), and ||[dm(ag)||< C and ¢ < |m(ag)|< C from the
chain rule, (4.33), (4.31), and Lemma 4.8, we have

d (a0)wl|> flds. (bo)db(ag)w| ~Ce: [[w]. (4.34)

To bound the first term on the right, recall (2.15) and multiply the condition 0 = v(a)'T'(A(a),a)v(a)
by m(a) to get

k
0=v(a) (- Id+) sT(b(a))VT@TVT’> v(a).
r=1
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Differentiate this with respect to a at ag, and set y, = v(V;.0,V/vg and y = (y1,...,yx), to get

k
0= ds.(bg)db(ag) - vjV;©,V;vo = y'ds(by)db(ay).
r=1
For any w € R¥, letting y 4 = (v2,...,yx), this yields
[y+1l-lds+ (bo)db(ag)wl| > [y, ds(bo)db(ag)w]|
= [y1dsi1(bo)db(ag)w|
2 [y1]-l[ds(bo)db(a)w||—|y1|-[|ds 4 (bo)db(ag) wl|.

So

|y1-[[ds(bo)db(ag)w|
ya+lly -+l
Note that |y1|+|ly+]|< C. Applying v{T(Mg,a0)vo = 0 to (4.30), we have also |y; — 0|< Cey,

s (bo)db(ag)w]|> (4.35)

so |yi1|> 6 — Ceq > c for sufficiently small €; > 0. Finally, recall b(a) = m(a)a, so db(ag) =

m(ap) Id +ag(dm(ag))’. If w is orthogonal to ag, then
[db(ag)wl|= [[m(ao)w + ap(dm(ao))'w||= [lm(ao)w||= c[[w].

As ||bo|l< C, Assumption 2.16 implies ||ds(bg)v|> c||v| for any v € R¥, so combining these
observations with (4.35) and (4.34) yields finally ||(df(ag))w||> ¢||w| for w orthogonal to ag.

To conclude the proof, recall f(a) = t,(\(a),a) while f(a) = t;(\(a),a). Applying (4.33),
Lemma 4.8, and the chain rule, we obtain [|df(ag) — df(ag)||< Cn~1/2*<. Hence (4.32) holds, and
we may apply Lemma 4.10 to the function g = fo . This shows, for some constants ¢, £g,€1 > 0,
that f is injective on U = {a € S¥~1: |la — ap||< &}, f(U) contains {t € RF1: ||t — f(ag)||< &1},
and || f(a1) — f(az)||> ¢llay — ag|| for a;,a; € U. Observe that if ||t]|< ey, then ||t — f(ao)||< 21 by
(4.29). Reducing &g and &1 to £y and £;/2 concludes the proof. O

Lemma 4.12. Let ag € S5 let U C R¥ be a neighborhood of ag, and let A(a) and A(a) be
analytic functions on U such that 0 = det T'(A\(a), a) and A(a) € spec(i(a)) for each a € U. Suppose
Mag) — AM(ag) < n~ /2, and A(ag) is separated from all other roots of 0 = det T'(\, ag) by a constant
¢ > 0. Then

[dA(ag) — dA(ag)||< n~/2,

Proof. Let Ag = A(ag) and Ag = A(ap). Denote by K (), a) and K (), a) the functions (4.3) and (4.5)
for F' = F(a). Let us first establish, for each r =1,... k,

(10, K (Aos a0) — 80, K (Ao, a0)||< n~'/2. (4.36)
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The proof is similar to that of (4.8), and we will be brief. For notational convenience, we omit all

arguments (Mg, a9) and denote 0 = J,,.. Recalling Gy from (4.4),

0Gy = (OF)XGNX'F + FX(0GN)X'F + FXGnX'(0F) — OF
= (OF)XGnX'F — FXGNX'(OF)XGnX'F + FXGNX'(OF) — OF
= —(FXGyX' —1d)(0F)(XGyX'F — 1d). (4.37)

Denoting by (G s),s the (r, s) block, (4.37) and Lemma 4.5 imply ||(0Gas)rs/(0,05)|lus< n'/?, so
Lemma 4.6 applied conditionally on X yields

k
Haf( +3 (N*l TrT.((‘BGM))F,. <2, (4.38)
r=1

Now recall XGn X' = A+mo(Id +moF) ! from (4.6), so XGNX'F —1d = AF — (Id +moF) L.
Substituting this into (4.37) and applying Lemmas 4.1 and 4.2, we obtain after some simplification

0, 2 Tr.(0G ) = —0, 2 Tr,. [(Id +moF) " (OF)(Id +moF) 1]
— N=Y0ymyo) Tr [(OF)(Ad +moF) Yo 2 Tr, [F2(1d +moF) 2] + O (n'/?).

Applying (4.24) and (4.25),
(No2) ™ Tr, (0Gar) = —(No?) ™ T, [0 FAd +moF) 1) | + 0<(n™1/2) = 0, + O<(n”1/2).

Applying this to (4.38) and recalling the definition (4.5) of K, we obtain (4.36) as desired.
Note that (4.8), (4.9), Ao — Ao < 7~ /2, and Lemma 4.5 imply

1K (Ao, a0) — K (Ao, a0)||< n~ 12, (4.39)
|OAK (Ao, a0) — 3,\1?(5\0730)“* n=1/2. (4.40)

From (4.38), we verify that on the high-probability event where spec(X'F(ag)X) C supp(po(ao))s/2,
|X,]|< C, and || X,|< C for all r = 1,..., k, we have

sup ||8a7,f(()\,ao)||< C, sup H8>\8a,,f(\'()\,ao)||< C.
AER\supp(po(ao))s AER\supp(po(ao))s

Then this and (4.36) yield similarly
180, K (Ao, a0) — Oa, K (Ao, a0) || < n~ /2. (4.41)

Let pi1(Aa) < ... < prp(ha)and fi1(Aa) < ... < (N a) be the eigenvalues of K (A, a) and
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K (X, a). Then (4.39) implies 1¢(Ao, ag) — fie(Ao, @) < n~1/2 for each £. Note that 0 = det K (A(a), a)
and 0 = det IA((;\(a),a) for all a € U. In particular, pus(Ag,a0) = 0 for some £. As )\ is separated
from other roots of 0 = det T'(\,ap) by ¢ > 0, Proposition 2.11(c) implies 0 is separated from other
eigenvalues of T'(A\g, a9) by ¢. Assuming U is sufficiently small, this implies that p(A(a),a) =0 and

fe(A(a),a) = 0 for the same ¢ and all a € U. Differentiating these identities in a at ag, we obtain
dX(ag) = —(Oape(Xo, a0)) ™' Bapue( Ao, o), dA\(ao) = —(dxjie(Mos a0)) " Oafie(No,a0).  (4.42)

Letting vy € ker K(\g,a9) and Vg € ker IA{(XO, ap) be the unit eigenvectors, we have for both @ = 9
and 0 = 0, that

aug()\o, ao) = VéaK()\o, a())V()7 8,&4(5\0, ao) = \768}?(5\0, ao)VO.

The Davis-Kahan theorem yields ||vo—¥o[|< n71/2, so (4.40), (4.41), and the bounds |0K ], ||0K||< 1

imply
Ae(No, a0) — Ofie( Ao, ag) < n 12, Ope(Xo,ap) < 1, dfue(No,a0) < 1.

Applying this and x (Ao, a0) < —1 to (4.42), we obtain ||dA(ag) — dA(ag)||< n~/2, O
We now conclude the proofs of the remaining two claims for Theorem 2.17.

Proof of Claim 2. Suppose = 0+07 is a spike eigenvalue of ¥;. Each estimated /i where |fi—p|< e
corresponds to a pair (A, a) where a € S¥=1, \ € spec(E(a)) N Zs(a), and

‘5\/t1(5\,a)—ﬂ‘< g, tg(jx,a):...:tk(/\,a):O.

Then A = —1/mg(),a) + o2, (A, a) by (2.8). Applying this and |¢;(),a)|< C to the above, (), a)

satisfies

el <0 t(ha) =...=ti(Aa) =0 (4.43)
mo (A, a)

By Lemma 4.11, there exist constants €g,e7 > 0 such that if Ce < €1, then with probability
1 —n~P, (4.43) cannot hold for two different pairs (j\o,ao) and (5\1,a1) with ||ja; — ag||< €9. On
the other hand, on the event where the conclusion of Theorem 2.12 holds for all a € S*~1 we
have —C' < mo(j\o,ao) < —cand —C < mg(j\l,al) < —c for constants C,c > 0 by Lemma 4.8.
On this event, if (4.43) holds for (Ag,a0) and (Aj,a;) with |la; — ag||> €0, then ||mo(Xo,a0)ap —
mo(j\l,al)al\b ceg for some ¢ > 0 because both ag and a; belong to the sphere. Recalling s :
RF — RF from (2.20), note that mg(\,a)t(\,a) = s(mo() a)a). Assumption 2.16 then implies
l[mo(Xos a0)t(ho, ag) — mo(Ar,a1)t(Ar,a1)||> ceo for a different ¢ > 0. But the first condition of
(4.43) implies |mo(Xo,ag)t(Ao,a0) + 1/0|< Ce and similarly for (A;,a;), for some C' > 0. This is a

contradiction for e sufficiently small, so with probability 1 — n~2, at most one pair (5\, a) satisfies
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(4.43). O

Proof of Claim 3. We first show that for a constant ¢y > 0 (independent of C') and any value 6 > c,
there exist ag € S*~! and \g € Z5(ag) where

1

_m—h(/\o,ao)ezo, t2(Nosa0) = ... = (Ao, a9) = 0. (4.44)

Indeed, Proposition 4.3 shows supp(uo(a)) € [~C1,C4] for a constant C; > 0 and all a € SF~1.
Then for each a € S¥~1, at the left endpoint A, of Zs(a) we have

1
mo(sa) = [ i ola)(do) < - (261 +8), (1.45)
X — )\+

and mg(A,a) increases to 0 as A increases from Ay to co. We apply Lemma 4.10 to the map
s from (2.20): Note that s(0) = 0, and Assumption 2.16 guarantees ||(ds(0))v||> ¢||v]. Setting
U= {b:|bl][< e} for a sufficiently small constant € > 0, we have |9,0y, s-(b)|< C for all i, j,r and
b € U. We may take ¢ < (2C; + §)~!. Then applying Lemma 4.10, for some constant ¢y > 0 and
any 6 > cg, there exists by € U such that s(bg) = (—1/6,0,...,0). Now let ag = —bg/||bo|l€ S¥1.
As ||bol|< (2C1 + 8)71, (4.45) implies there exists A € Zs(ag) with mg(A,a9) = —||bo||, and hence
bo = mo(/\o,ao)ao. Noting that mo()\o, ao)t()\o,ao) = S(bo) = (—1/9, 0, ey 0), this yields (444)

Now let u = 6 + 02 be a spike eigenvalue of ¥1, where § > cg, and let (\g,ag) be as above. By
Theorem 2.12, there exists Ao € spec(f)(ao)) NZs(ag) with o — Ao < n~ /2. Applying Lemma 4.8,

1 N N
——— —t1(Ag,a0)0 < n /2, tr(Ao,a0) <n Y2 forallr =2,... k.
mo (Ao, ao)
Lemma 4.11 implies there exist a € S¥~! and \ € spec(f](a)) with ¢, (\,a) = 0 and ¢|la — ag||<
It (Ao, a0)]||. The latter condition implies ||a—ag||< n=1/2, so also ||S(a) — S(ag)||< n= /2, A= Ag <
n=Y2 and \ € Zs(a) with probability 1 — n~P. Applying Lemma 4.8 again, we obtain
1 3 —1/2 3
——— —t1(Aa)f < n7 =, ta(A,a) =...=tp(\a) =0.
mo(A, a

This and (2.8) imply A/t1(\,a) — p < n~1/2, so with probability 1 — n~2, there is an estimated
eigenvalue i with |f — u|< n=1/2Fe, O

4.3 Resolvent approximations

We conclude the preceding proofs by establishing Lemmas 4.1 and 4.2.
Both statements rely on a “fluctuation averaging” idea, similar to that in [EYY1l, EYY12,
EKYY13b, EKYY13a], to control a weighted average of weakly dependent random variables. We
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introduce a variant of this idea which controls the size of the weighted average by the squared-sum
of the weights, rather than the size of the largest weight, and also develop it for sums over double-
indexed and quadruple-indexed arrays. We present this abstract result in Section 4.3.1, and then

apply it to combinations of resolvent entries and their products in the remainder of the section.

4.3.1 Fluctuation averaging

Let x1,...,x, be independent random variables in some probability space. For ) a scalar-valued

function of xy,...,x,, denote by E;[))] its expectation with respect to only x;, i.e.
E;V] =EY [ X1, X1, Xit 15+ -, Xn)-

Define
YV =Y -E V.

Note that the operators {E;, Q; : i = 1,...,n} all commute. For S C {1,...,n}, define

Es=][E, Qs=]]<
icS icS
where the products denote operator composition.

We will consider subsets S C {1,...,n} of size at most a constant £ > 0. For quantities £ and ¢

possibly depending on S, we write

= (

to mean P[|¢|> nf[¢|] < n~P for all |S|< £ and all n > ng(¢, ¢, D), where the constant ng is allowed
to depend on ¢ (in addition to € and D).

We will require ) to satisfy the moment condition of the following lemma.

Lemma 4.13. For constants 7,C;,Ca, ... > 0, suppose ) < n~" and E[|V|*] < n®* for each integer
£ > 0. Then for any sub-c-algebra G, E[Y | G] < n~".

Proof. See Lemma 3.9. O

A variable Y; is centered with respect to x; if E;[};] = 0. If it is independent of x;, then
Q,;[Vi] = 0. We quantify weak dependence of ); on x; by requiring Q,;[Y;] to be typically smaller
than )); by a factor of n=1/2. The following is an abstract fluctuation averaging result for variables

that are weakly dependent in this sense.

Lemma 4.14. Let 7,C;,Cs,... > 0 be fixed constants, and let each Y. € {YV;, Vi;, Vijiui} below be

a scalar-valued function of x,...,x, that satisfies V. < n~" and E[|),[*] < N for each £ > 0.
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(a) Suppose (Y; :i=1,...,n) satisfy E;[);] =0 and, for all S C {1,...,n} with i ¢ S and |S|< ¢,
QsVi] <¢ N~77I812, (4.46)

Then for any deterministic (u; € C:i=1,...,n),

1/2
Zuiyi <N7T <Z|ul|2> .

(b) Suppose (Vij : 4,7 =1,...,n, i # j) satisfy E;[Vi;] = E;[Vi;] = 0 and, for all S C {1,...,n}
with i,5 ¢ S and |S|< ¢,
Qs[Viy] =¢ NTTISI2,

Then for any deterministic (u;; € C:4,j=1,...,n, i # j),

1/2

Zuijyij <N7T Z|“ij|2

i#] i#]

(c) Suppose (Vijui : 4,4,k 1 = 1,...,n all distinct) satisfy E;[Viju] = E;[Vijui] = Ex[Vijr] =
Ei[Yijr] = 0 and, for all S C {1,...,n} with ¢,5,k,l ¢ S and |S|< ¢,

Qs[Vijrt] <¢ N7T715172,

Then for any deterministic (u;; € C:4,j=1,...,n, i#j)and (v € C: k,l=1,...,n, k#1),

1/2 1/2

> wiondign < N7 Juig)? > lowl?
0,5kl i#] k#l
all distinct
Proof. The proof is similar to the “Alternative proof of Theorem 4.7” presented in [EKYY13a,
Appendix B]. Fix any constants €, D > 0, and choose an even integer ¢ such that (¢ — 1)e > D.
For part (a), let us normalize so that ) _,|u;|*= 1. We apply the moment method and bound the

quantity
¢
E D udi| | =Y wEY, (4.47)
where we denote as shorthand
n /2 Vi £/2 ¢
i:(ila"wié)a Z: Z 3 ui:HU/ia H m7 yi:Hyia H yiu~
i i1yt =1 a=1 a=~0/2+1 a=1 a=(/2+1
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Fix i, and let 7 = T (i) C {1,...,n} be the indices that appear exactly once in i. Applying the
identity

y=JIE+2)|¥y=> EnsQsy

JET SCT

to each V;, and expanding the product of the sums,

14
~ ~ yz'a GSE/Q
Vi= > V(Si....S),  Y(Si....8) =]]Ens.Qs. Vi, Vi, =
S1,..,80CT a=1 Vi, a>{/2+1.

Note that Q;, Vi, = Vi, , so (4.46) and Lemma 4.13 yield
Ens, Qs, Vi, <¢ Qs,Vi, <¢n~ 7~ US\iadD/2,
Then, taking the product over all a = 1,...,¢ and applying >_|S. \ {ia}|> =T+ >, |Sals

[Sal

y(Sh ey S@) < TL_ZT+|2L‘_Z‘€=1 2, (4.48)

Next, note that if i, € T, then Qg Vi, = 0 and Y(S1,...,S¢) = 0 unless i, € S,. Furthermore, if
iq € Sy but i, ¢ Sy for all b # a, then Eg, st)}ib does not depend on x;, for all b # a, so we have

B, [V(S1,...,80)] =Eqi, [ET\Sa Qsaj’z‘a} I Ers,Qs.9:,) =0.
b:b#a

Thus if E[Y(S1,...,S¢)] # 0, then each i, € T must belong to both S, and at least one other Sy, so
> |8al> 2|T]. Then (4.48) and Lemma 4.13 yield E[Y(S1,...,S)] <¢ n=7~|71/2. As the number

of choices of subsets S1,...,S; C T is an ¢-dependent constant, we arrive at
]E[yl] =<0 nféfrflT\/Z.

Returning to (4.47), we obtain

¢ ¢
([ |« 5
i =0 T (i) | =t
We may separate the sum over {i: |7 (i)|= ¢} as a sum first over groupings of the indices i1, ...,

that coincide, followed by a sum over distinct values of those indices. Under our normalization,

Z\UHS nt/?, Z\uilkgl for all k > 2.
; ,

7
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Furthermore, the number of groupings is an ¢-dependent constant, so

14

Z us|<¢ nt/?, E -,

i T ()=t

<¢n

Z u; Vi

The latter statement means that the expectation is (deterministically) at most n=¢"*¢ for all n >

no(¢,€). Then, as ¢ depends only on € and D, and we chose (£ —1)e > D, Markov’s inequality yields

for all n > ng(e, D)
P l Z u; Vi

As g, D > 0 were arbitrary, this concludes the proof of part (a).

—LT+e
n _
<n P

-7+
>]§<>

Parts (b) and (c) are similar, except for an additional combinatorial argument encapsulated in

Lemma 4.15 below: For (b), normalize so that Z#ﬂuij\gz 1 and write

¢
E Z uij Yij| | = Z CRIDINZR]
i

i#j
where

£/2 ‘ 02 ¢

Yo => > wy=Jwise [ % V=1V I Vi
a=1 a=1

i wFjL e je a=0/2+1 a=0/2+1

Fixing i,j and letting 7 = T (i,j) be the indices that appear exactly once in the combined vector
(i,j), the same argument yields E[Y; ;] <o n=¢7~I71/2,

and Byli,i] =0foralla=1,...,¢ and ¢ # j, we get

Z |uz < nt/2’

Lj:| T (L) |=t

Applying Lemma 4.15 with B,[i, j] = |ui;]

which concludes the proof in the same way as part (a). For part (c), normalize so that -, ug;|>=

Zk¢l|vkl|2= 1, and write analogously

12

E E UV Vijkl| | = E U Uk 1 B[V j ke 1]
1,5,k,1 i,j,k,1
distinct

Letting 7 be the indices appearing exactly once in the combined vector (i,j,k,1), the bound
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E[Vi k1] < n~ 717172 follows as before, and the bound

t/2
E |us joka| < n/
ik, 1| T|=t

follows from Lemma 4.15 applied with B,[i, j] = |u;;| and Bgli,i] =0 fora=1,...,¢ and B,[i,j] =
|vij| and B,li,i] =0 fora =£€+1,..., 2L -

Lemma 4.15. Fix £ > 1. For each a = 1,...,¢, let B, = (B[, j]) € R™*"™ satisfy
Ba[iaj] >0, Ba[ivi] =0, ”‘BGHHSS 1

for all 4,5 € {1,...,n}. For (i,j) = (i1,...,i¢,71,---,J¢) € {1,...,n}?, denote by s(i,j) the number
of elements of {1,...,n} that appear exactly once in (i,j). Then for a constant C; > 0 and all
s€{0,...,2¢},

14
> ]I Balia:da) < Cen®/?.

i,je{l,...,n}2¢a=1
s(i,j)=s
Proof. Define an equivalence relation (i,j) ~ (i',j') if a permutation of {1,...,n} maps (i,j) to
(i",j)). For an equivalence class E, define s(F) = s(i,j) for any (i,j) € E. Let & be the set of

equivalence classes where i, # j, for all a = 1,...,£. Then, as B, has zero diagonal,

¢ ‘
> I Bdliaddd= > B(E), BE)= > ]]Baliajdl-
i,je{l,...,n}2¢t a=1 Ec&:s(E)=s (ij)eE a=1
s(ij)=s
For E € &, if (i,j) € E has m distinct values, then let (u,v) = (u1,...,up,v1,...,0¢) €
{1,...,m}* be the canonical element of E where these values are {1,...,m} in sequential or-
der. Identify E with the directed multi-graph on the vertex set {1,...,m} with the ¢ edges
{(uq,vq) 1 a=1,...,¢}. Writing the summation defining B(E) as a summation over the m possible
distinct index values,
n 4
B(E)= ) I 1 Bali(ua), i(va)).
a=1

i(1),...,¢(m)=1
distinct

As B, has nonnegative entries, we may drop the distinctness condition in the sum to obtain the

upper bound

n 14
BE)<UE)= Y ] Bali(ua)i(va)].

i(1),...,i(m)=1 a=1
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The number of equivalence classes in £ is a constant Cy > 0, so it suffices to show for all £ € €

U(E) <n®P)/2, (4.49)

Let the degree of a vertex be the total number of its in-edges and out-edges. Then s(FE) is the
number of degree-1 vertices. Consider first a class E where every vertex has even degree. Then each
connected component of the multi-graph may be traversed as an Eulerian cycle, where each edge is
traversed exactly once in either its forward or backward direction. Letting C be the set of connected

components, this yields

UE)< [] T I B.]|.
cecC a:(Uq,vq)EC
where the second product over edges is taken in the order of the Eulerian cycle of C', and B, = B, if
(g, vq) is traversed in the forward direction and B, = B! if it is traversed in the backward direction.
(This holds because each term of U(FE) appears on the right upon expanding the traces, and the

extra terms on the right are nonnegative.) Note that for any k& > 2 and any matrices Ay, ..., Ak,
Tr Ay ... Ak < [|A1]lus || Az . .- Akllus< [|A1||as||Az|lus. - - | Axkllas-

The multi-graph has no self-loops, so each C' € C has at least 2 edges. Applying this and ||B,||us< 1
for each a, we obtain U(E) < 1.

Next, consider E where every vertex has degree at least 2, and there is some vertex u of odd
degree. Then there is another vertex v of odd degree in the same connected component as u, because
the sum of vertex degrees in a connected component is even. We may pick v such that there is a
path P from wu to v, traversing edges either forwards or backwards, where every intermediary vertex
between u and v has degree 2. (Otherwise, replace v by the first such vertex along any path from
u to v.) Let us remove the path by summing over the intermediary vertex labels: For notational
convenience, suppose the intermediary vertices are p+ 1,...,m. Then, since only edges in the path

P touch the vertices p+ 1,...,m, we have

U(E) = Z H Bali(ua), i(va)] Z H Bq[i(ua), i(va)]

i(1),...,5(p) a:(uq,va )¢ P i(p+1),...,i(m) a:(tq,vq)EP

Note that the quantity in parentheses is element [u,v] of the matrix

where the product is taken in the order of traversal of P, and B, = B, or B! depending on the
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direction of traversal of edge a. As the Hilbert-Schmidt norm of this product is at most 1, we obtain

UE)<UE), UE)= > [T Bali(ua),i(va)).

i(1),...,i(p) a:(uq,vq)¢P

Here E’ corresponds to the multi-graph with path P and intermediary vertices p+1, ..., m removed.
Each vertex of this new multi-graph still has degree at least 2—hence we may iteratively apply this
procedure until the resulting graph has no vertices of odd degree. Then U(E) < 1 follows from the
first case above.

Finally, consider E where s(E) = s > 0. For notational convenience, let 1,...,s be the vertices
of degree 1. Then, applying the general inequality Ef\il w; < N2 (vazl w?)Y/? with N = n?, we

have
2

n 14
U(E) <n*PUE)?,  UE)= ) > I Balitua),i(va)]
i15eris=1 \ist1,mrim=1a=1
The quantity U(E’) corresponds to a multi-graph with s + 2(m — s) vertices and 2¢ edges, where
each vertex s+ 1,...,m is duplicated into two copies. Each of the original vertices 1,...,s now has
degree 2, and each copy of s + 1,...,m continues to have degree at least 2. Then U(E’) < 1 from
the above, so U(E) < n®/2. This establishes (4.49) in all cases, concluding the proof. O

4.3.2 Preliminaries

We first reduce the proofs of Lemmas 4.1 and 4.2 to the case where F' is diagonal and invertible,
and z belongs to
Uf ={z€Us: [Imz|> N2},

This latter reduction is for convenience of verifying the moment condition of Lemma 4.13.

Lemma 4.16. Suppose Lemmas 4.1 and 4.2 hold for z € US and when F is replaced by any
invertible diagonal matrix T satisfying || T||< C. Then they hold also for the given matrix F and
any z € Us.

Proof. Applying rotational invariance in law of X and the transformations F — O'FO, X — O'X,
V= O'VO, and W — O'WO, we may reduce from F to the diagonal matrix T of its eigenvalues.

If T is not invertible and/or z ¢ US, consider an invertible matrix T with |7 — T||< N~2 and
Z € US with |z — 2|< N=2. Then, denoting by 71 and A these quantities defined with T and Z, on
the high-probability event where spec(X'T'X) C supp(uo)s/2 and || X||< C, we have

|mo — mg|< CN ™2, 10.mg — 0,10|< ON ™2, |A - Al< CN~2.

Here, the first two statements follow from (2.11) and the condition z € Us, and the third applies
Proposition 4.4 and the identity A~! — B~! = A=Y(B — A)B~!. Bounding the trace by M times
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the operator norm, one may then verify Tr AV — Tr AV < N~'/2|[V||ys. Similarly, the quantity on
the left of Lemma 4.2 changes by O~ (N'/2||V||||W]|) upon replacing mq and A by g and A. So it
suffices to establish Lemmas 4.1 and 4.2 for T and 2. O

Thus, in the remainder of this section, we consider a diagonal matrix
T = diag(t, ..., ty) € RM*M to # 0 for all t,.

Define the (N + M) x (N + M) linearized resolvent

-1
—zIdy X’ Gn(z) Go(z)
G(z) = = ,
X —-T-1 Go(z) Gu(z)
where the Schur complement identity yields
Gn(2) = (X'TX —21dN)"",  Go(2) =TXGn(2), Gu(2)=TXGN(z)X'T-T. (4.50)
From (4.7), we have
Az) = T Y G (2) — T ()T, Mar(2) = =T (Ad +mo(2)T) . (4.51)

Note that G, Gy, Gy are symmetric, and 1, is diagonal. We omit the spectral argument z when
the meaning is clear.

We use the same index notation as in Chapter 3: Denote Zy = {1,..., N}, Iy = {1,..., M},
and the disjoint union Z = Zny LU Zy;. We index Gy by Zn, G by Zas, and G by Z. We use Roman
letters 1, j, k for indices in Zy, Greek letters «, 8, for indices in Zp;, and capital letters A, B, C
for general indices in Z. We denote by x; € RM and x, € RV the i*" column and o® row of X,
both regarded as column vectors. For any subset S C Z, X() denotes X with rows in S N Zy,
and columns in & N Zy removed, TS) denotes T" with rows and columns in S N Zy; removed, and
G, Gg\f) etc. denote these quantities defined with X () and T(5) in place of X and T. We index
these matrices by Zn \ S and Zys \ S.

Lemma 4.17 (Resolvent identities).
(a) For all i € Iy and a € Ty,

1 la

Giz‘:—i@y Gaa:_—M~
2+ xGyx; 1+ tax, Gy '%a

(b) For all i # j € Iy and a # 3 € Ty, denoting by e; € RY and e, € RM the standard basis
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vectors for coordinates i and «,

Gij = —G”X;G(()i)ej = GmG;lJ)X;Gg\ZJ)X],

Gia = _Giixgag\ff)ea = _GaaegGg\?)Xaa

Gap = ~Gaa€hGi %0 = GaaGYyx, G x4,

(¢c) Forall C e Z and A,B € T\ {C},

GacG
Gy = Gap — — 5.
cC
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Proof. See Lemma, 3.15. The second equalities for G;; and G, follow from applying the identities

again to the matrices G(Oa) and Ggi).

For i # j € Iy and o # 8 € Ty, define

Z=xGUxi — NGV, Z,=x,GVxe - NG,

Zij = x;GS\?)xj, Zop = X;GS\?B)XB.

O

We will use the following bounds implicitly throughout the remainder of this section. Note that

(Jz|lv1)~t <1 and t, < C, so we will omit these factors in the bounds in certain applications.

Lemma 4.18. For all z € Us,

(a) (Norm bounds)
IGNII= (VD) 7Y [1Goll= (VD)7
(b) (Diagonal bounds) For all i € Ty and « € Ty,
G < (|z|v1)7L, Gt < |z|V1, Gaa < ta,

(¢) (£ bounds) For all i £ j € Iy and a # B € Ty,

Z; < N~/2 Z, < (|z|V1)TINTY/2 Zy; < N7V2

egGS\?)xa < (|z|v1)"INTY2, x;Gg\?ea < toN7V/2,

xjGPe; < (|2|VI)INTV2 ey Glxq < tp(l2|VI)TINTY2,

Zop =< (|2)V1)TINTY2)
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(d) (Off-diagonal bounds) For all i # j € Ty and « # 5 € Iy,

Gij < (Jz|v1)2N~1/2, Gia < to(|]z|V1)TINTY/2, Gap < tat5(|z|\/1)’1N’1/2.

Proof. By Theorem 2.5, spec(X'T'X) C supp(uo)s/2 holds with high probability. On this event,
IGN||< Cmin(1/0,1/|z]). As || X||< 1, part (a) follows from (4.50).

For (b), the bounds on Gj; and Gy, follow from (4.50) and part (a). The bounds on G};' and
Gl follow from Lemma 4.17(a), ||G§\C,")||—< 1 and ||G5\Z/I)H—< 1 in part (a), and ||x;]|< 1 and ||xq[/< 1.

For (c), note that part (a) implies ||G§\?||Hs< N'/2 and HGE\?)HHS< (|z|]v1)"*N'/2, Then the
bounds for Z; and Z, follow from Lemma 4.6 applied conditionally on X () and X (). For Zij, a8 X;
is independent of G%Zj)xj, we have that x;G%[j)xj is Gaussian conditional on X and |x;G§fj)xj|<
N’1/2||G5\i[j)xjH—< N’1/2||G§\i4j)\|—< N~1/2. The remaining five bounds are similar.

Finally, (d) follows from Lemma 4.17(b) and parts (b) and (c). O

4.3.3 Linear functions of the resolvent

We prove Lemma 4.1. Let E; and E,, be the partial expectations over column x; and row x, of X.
For S C Iy or S C Iy, let Eg, Qg, and <, be as in Section 4.3.1. Note that E;[Z;] = 0, E,[Z,] =0,
and Eo[Z,4] = Eg[Zap] = 0. We verify that these quantities satisfy the conditions of Lemma 4.14.

Lemma 4.19. For z € U§:, each Z, € {Z;, 2., 248}, and some constants Cy,Cs,... > 0, we have
E[|Z.]*] < N for each £ > 0. Furthermore, for any constant ¢ > 0,

(a) For S C Iy with i ¢ S and |S|< 4, QsZ; <o N~1/27151/2,
(b) For S C Iy with a ¢ S and |S|< £, QsZ, <, N~V/27151/2,
(c) For S C Ty with a, 8 ¢ S and |S|< ¢, Qg Zap <o N™1/27181/2,

Proof. Let Cy > 0 denote an ¢-dependent constant that may change from instance to instance.
Taking the expectation first over x;, we have IEHXQGE\?XZ»V] < E[HGg\?HZHxiH%] < CgE[HG%[)HZ].
Note that |[GW||< 1/[Imz|< N2 for z € US, so |GY|< C(N2|X@|2+1) by (4.50). Then
E[lx,G\)x;|] < N follows. Also E[|[N-'TrG{)|] < CE[|GV||] < N, so E[|Z]f] < NC.
Similar arguments show E[|Z,|°] < N and E[|Z,s]] < N¢.

For the remaining statements, the argument is similar to the type of resolvent expansion per-
formed in [BEKT14]. We begin with (a): For S = (), this follows from Lemma 4.18. For |S|> 1,
observe that Z; = Q; [ngg\?xi], so Qg[Z;] = qu{i}[x;Gg\i}xi]. Define

G,(:]) = Z XZ-QGS; = x;Ggi)ej.

a€ly
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Suppose j € S. We may apply Lemma 4.17(c) to write

XiG\)xi = 3 XaiGU) Xgi = L({j}) + R({5})

where
Z 1 ~(35) aJ ,BJ _ XJ
313

Here, L({j}) no longer depends on x;. Note that Lemma 4.17(c) yields, for j # k,

2
Ak GxkGiik T 1 Gk
ij = ij + Gkk ) Gf - G(k) G G(k G (452)

Then if |S|> 2 and k € S, let us apply these identities to the numerator and denominator of R({j})

to further write
X[G\)xi = L({j.k}) + RU{j.k}),

where
(G(ik) )2

L({j,k}) = L({5}) + G“’“)

collects terms which no longer depend on at least one of x; or x;, and the remainder is

R kY = —(C (zk)) (ngk))Q (z‘k)chZIzG§'3c) 1 GE:;GEQ @ 1
’ xj i ik i i i i Xj ~(i) "
aeal T el o el el

xj
Recursively using (4.52) to apply this procedure for each index in S, we obtain
x,GWx; = L(S) + R(S),

where
e Each term of L(S) does not depend on at least one of the columns (x; : j € 5).

e R(S) is a sum of at most C; summands, each summand a product of at most Cy terms, for a

constant C; depending only on ¢ (the maximum size of S).

e Each summand of R(S) is a product of 2 terms of the form G)g), some number m > |S|—1 of
terms of the form Ggp for j # k, and m + 1 terms of the form (Gg?)fl, Here i € T C S.

We observe that Qgyiy[L(S)] = 0. Applying Gg) <¢ (Jz|vV1)"IN—1/2, G;Z) <¢ (Jz|V1)"IN—1/2,
and (G;?)*l <¢ |2|V1, we have R(S) <, N~USI#1/2 Then part (a) follows from Lemma 4.13 and
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the bound

QsulRSN = I Q-E)|RS)I< D [EF[R(S)]I=e R(S).

jeSU{i} T:TCSU{i}

The proof of part (b) is similar: Define

< Gap “(a) Gpi —1/2.0 ~(a
Gos = frigirm O = 2 i Xie = 1ol Pe5Gxa
B 1€TN B

We apply Lemma 4.17(c) in the forms

()2 55 x
X/ GE\?)XQ - Xl GS\?ﬁ)Xa + (GIBX) Gaﬁ = é(’yﬁ) + GO(:/GB’Y Vl = L — (Gﬁy)Q .
G5y G~ Ges G GasGEGo,
(4.53)

This allows us to write, for each S C Zp; with |[S|> 1 and o ¢ S,
X, G\Mx, = L(S) + R(S),

where L(S) contains terms not depending on at least one row (x3 : § € S), and each summand of

R(S) is a product of 2 terms of the form ng)v m > |S|—1 terms of the form G(ﬂ:) for B # v, and
m + 1 terms of the form (Ggg— )~1. Applying Gg) < N~1/2, G'g,;) < N~'2 and (G(ﬁg))_l =<1, we

obtain part (b). The argument for part (c) is similar and omitted for brevity. O

Define the empirical Stieltjes transform
my(z) = N"'TTrGn(z) = NP Tr(X'TX — 21d) L.

We next establish a bound on my — mg for z separated from supp(ug). We follow [BEK'14,
KY17], although for simplicity we will use the result of Theorem 2.5 to establish “stability” of
the Marcenko-Pastur equation, rather than proving this directly using the stochastic continuity
argument, of [BEK*14].

Lemma 4.20. Let z € US. Then my(z) —mg(z) < N7L.
Proof. Recall the function

1 1 ta
ZO(m) = _E + Nzil +tam.

«

We first establish the following claim: If for all z € US and a constant 7 > 0 we have

z—zo(mn(2)) < N77, (4.54)
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then also for all z € U f;c we have
mo(z) —my(z) < N77. (4.55)

Indeed, fix any constants €, D > 0. Suppose first that Imz > N~""¢. Let £ be the event where
|z — zo(mp)|< N~7F/2] which holds with probability at least 1 — N~ by (4.54). On &£ we have
Im 2¢(mpy) > 0, so Theorem 2.4 guarantees that mg(zo(my)) is the unique root m € C* to the
equation zg(mpy) = zo(m). Thus mg(zo(my)) = my. Applying |0,mg|< C for all z € Us and

integrating this bound along a path from z to zg(my), we obtain
|mo(2) — mn(2)]= Imo(2) — mo(z0(mn))|< CN-T+e/2,

Now suppose Imz € (0, N"77¢). Let Z be such that ReZ = Rez and ImZ = N~ 7¢. By the
preceding argument, |mg(2) — my(2)|< CN~7/2 with probability at least 1 — N~. Apply again
|0.mo|< C, and also [0.my|< C on the event spec(X'T'X) C supp(tio)s/2, which holds with proba-
bility 1 — N~ by Theorem 2.5. Then

[mo(2) — my (2)|< fmo(2) —mo(2)|+mo(2) — my (2)|+|mu (2) — my(2)|< ON~TH/2

with probability 1 — 2N ~". The same arguments hold by conjugation symmetry for Im z < 0, and
hence in all cases we obtain (4.55).

It remains to establish (4.54) for 7 = 1. Applying Lemma 4.17(a),
Gl = —z—x’iGS\?xi =—2- N1 TrGg\? - Z;. (4.56)

(X3
Next, applying Lemma 4.17(c),

2
ga) =N'"TrGy - G;'N' Y GE,

NG = N Y60 = N Y (am -
Then applying the bounds G;;' < |2|V1 and Gy < (|2|V1)"V/2N—1/2)

Gfl:—z—N_l’I‘rGM—Zi+O.<(N_1)- (4.57)

Applying Z; < N™Y2 and Gj; < (J2|[v1)~!, this yields G;;/Gii — 1 = Gj;(G;;' — G7}') <
(|2|V1)=IN=1/2 for all 4,5 € Zn. Then for all i € Ty, we have my/Gy — 1 < (Jz|V1)"IN~1/2,
and hence also

Gii/my — 1 < (Jz|V1)"IN~L/2, (4.58)
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Expanding G;il around m;,l,
N’lzzGi_i1 Z myt —my’ (Gi — mn) + my* Gy (Gi — mn)?)
Z =my" +N"'my’ ZGZ‘ (G —mn)?>.
Thus
mN = IZG — M/mel)2).
Applying (4.58), G;;' < |z|V1, and (4.57), we obtain
myt = N7 DGR OL(NT) = =2 = NI TGy = N7 Y24 O<(NTY), (4.59)

Next, applying Lemma 4.17 and the bounds G} < ¢! and G, < to N~1/2 we obtain analo-
gously to (4.57)

taGoL — 1ox!, G xg = =1 — tamy — toaZo + O (toeN7H). (4.60)

Since Gua/ta < 1 and Z, < N2 the above implies in particular (1 + tomy)~! < 1 and (1 +
tamn +taZq)” ! < 1. Then multiplying the above by Gaa (1 +tamy + taZs) L, we obtain

t

o +OL(t2N"!

1+tomy +taZa < )
to 122

== o’ O-(t2N71). 4.61
1+tamN+(1+tamN)2+ <(oz ) ( )

Gaa:_

As TrGy = ), Gaa, combining with (4.59) and recalling the definition of zo(m), we have

_ _ t2 _
# ) = =N BN e 2+ O
K3 «

Applying first the bounds Z; < N=Y2 Z, < N=%/2 and (1 4 to,mn)~"! < 1 to the above, we
obtain z — zg(my) < N~'/2. Then (4.55) yields mo — my < N~'/2. This allows us to replace my
by mg with an additional O (N 1) error, yielding

_ _ t2 _
2 zlm) = NN Z NN s 2 H 0N,
% « @

By Proposition 4.4, [to|?/|1+tamo|?< C for a constant C' > 0. Then Lemmas 4.14(a) and 4.19(a-b)
imply that both sums above are O<(N~1!). So (4.54) holds with 7 = 1. O
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We record an estimate from the above proof for future use:
Lemma 4.21. For z € US and each « € Ty,

G —TI 1
= = Zo+O0<(N 7.
2 05 tomg)z 2o HO<WV7)

Proof. This follows from (4.61), upon applying my —mg < N~ and |1+t,mo|> ¢ from Proposition
4.4 to yield —to/(1 +tamn) = oo + Oc((2N"Y) and t2 2, /(1 + tamn)? = t2 2, /(1 + tamg)? +
O (2N, 0

We now conclude the proof of Lemma 4.1: By Lemma 4.16, we may consider the case where

F =T is diagonal and invertible, and z € Uf;c. We write

TrAV = Z ApoVao + ;Aaﬂvaﬁ.
(6% «@

Applying (4.51) and Lemma 4.21,

Goo — 11 1
Apg Vo = Y =222y N~V Z. 4+ O(N"Y2V]|us).
2 2" O Tty Voo o + O<(N 2V )

[0

As |1+ tomo|> ¢ by Proposition 4.4, we may apply Lemmas 4.14(a) and 4.19(b) to yield

> AvaVaa < N7V2|[V]|s.

For the off-diagonal contribution, by (4.51) and Lemma 4.17(b) we have

(@)
Z Aaﬁvaﬁ = Z th;B Va@ = Z MV%{;ZQB.

tat
a#B azp P arp P

As Z,5 < N7'/2 and Yozl Vasl< M(Za?ﬁﬁﬂ/aﬁp)l/2 < N||V|lus, we may make O (N 1) adjust-
ments of the coefficients of V52,5 while incurring an O (N~'/2||V||us) error in the sum. Then,

applying G(ﬁo;;)/tg = Gpg/ts + O<(N~1) by Lemma 4.17(c), followed by Lemma 4.21, we have

3 AapVap =T+ T+ HLH IV + O (N V2|V s)
a#fB

where

Maallss
1= 3 ety oz,
2 g, VesZas
a#pB
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ta ss
II == Za Va Za 9
> (1+ tamo)2 > tg P72

a#p
I, tg
III = Z5VasZ,
0;3 ‘. (1+t5m0)2 BYVaB“af;

to tg
vV = Z Z5Vis Zagp-
S Wt 2ty 2 s

Lemmas 4.14(b) and 4.19(c) yield I < N~='/2||V||gs. For II, first fixing a and summing over f3,
Lemmas 4.14(a) and 4.19(c) yield

IT _
> EVapZas < N7VIval
BE{a}

where v, is row a of V. Then, applying Z, < N~1/2,

<> N7 val< N7V V]us.

Similarly IIT < N~'/2||[V[|lys. Finally, the direct bounds Za, Z5, Zas < N~Y/? and 4l Vas|<
N||V||lgs yield IV < N=Y2||V|lgs. Thus Tr AV < N=/2||V||gs as desired.

4.3.4 Quadratic functions of the resolvent

We now prove Lemma 4.2. We will apply the fluctuation averaging mechanism, Lemma 4.14, to the

quantities
Vaprp = (X6GGx5) (X, GE %), Vapy = (LG %) (x, G x,),
Fapy = Gl (Ko GN7 %) (0GR %),
Vasi = 225 = NGV xar  Vapa = NGV %0 — N2 TGP
where o, 8,7, p above are distinct. Note that each ), above satisfies Y, < N~!, and furthermore
Eq [yaﬁ'vp] =Eg D)a,@vp] =E, D}aﬁw] =E, [yaﬁw} =0,

Eg[Yapy] = Eqy[Vasy] =0, Eg D}aﬁw] =E, [jjaﬁ'y] =0, EsVapa] =0, Ea[Yap2] =0.
The following verifies the conditions of Lemma 4.14.

Lemma 4.22. For z € Uéc, each Vi € {Vapyp, yam,)?am,yaﬁ,l,ymz}, and some constants
Cy,Cy, ... > 0, we have E[|V,|‘] < N for all £ > 0. Furthermore, for any constant £ > 0,
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(a) For S C Iy with o, B,7,p ¢ S and |S|< £, QsVapy, <¢ N717151/2,
(b) For S C Iy with a, 8,7 ¢ S and |S|< €, QsVap, <¢ N™17181/2,
(c) For S C Tps with a, 3,7 ¢ S and |S|< ¥, QsVapy <¢ N~1151/2,
(d) For S C Iy with a, 8 ¢ S and |S|< €, QsVap1 <¢ N71715172,

(e) For S C Ty with o, 8 ¢ S and |S|< ¥, QsVap2 <¢ N~17151/2,

Proof. The bound E[|V.|/] < N follows from ||G(N*)||§ 1/[Imz|< N? for z € U and the same
arguments as in Lemma 4.19.

The remainder of the proof is also similar to Lemma 4.19(b—c): For (a), define

(aﬁvp)

. Gap G(aﬁw) = G(aﬁw)x Jltn ‘1/2 Z . |1/2 L/ LR S

Ga[‘? = r_atﬁ‘l/z ’

We iterate through S and expand both of the terms x’aGg\?‘ﬁw )x5 and x;Gg\?ﬁ R )xp simultaneously,

using Lemma 4.17(c) in the form

(avp) (apvom)., ng(ﬁw)a(aﬁw)
x, Gy xp = x, G g W

together with the latter two identities of (4.53). This yields, for each S C Zp with |S|> 1 and
a,B,7v,p ¢ S, a decomposition
Vapyp = L(S) + R(S)

where L(S) collects terms not depending on at least one row (x, : n € S), and each summand of
R(S) is a product of m > |S|4+2 “numerator” terms of the form X;Gg)XQ, G’gx—l, or CJ%P and
m — 2 “denominator” terms of the form (G’%p)*l. Each numerator term is O<(N~'/2) and each
denominator term is O (1), so R(S) <¢ N717191/2. Then Qg[Vag,] = Qs[R(S)] <¢ N~1=151/2,
The same argument holds for parts (b—e). For (c¢), we expand also the term G2 together with
the other two terms, using the second identity of (4.53). For (d) and (e) we apply this argument
separately to
Zhp = (G xa) X (G7)Pxa = DG e’ TGN = Do (elG Vey)?
i i
and to each of the above summands. We obtain the additional numerator terms x/, G\ N el, ;Gs\?ﬂ )
and GEZ— = iz—)/|tn\1/2 in the expansions, which are still O (N~1/2). O

ej,

Using this, we prove Lemma 4.2. By Lemma 4.16, we may consider F' = T diagonal and invertible,
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and z € Uf. For convenience, let us normalize so that |[V||= |W|= 1. We write
TrAVAW = > AupViy Ay, Wa. (4.62)
@,B,7:p

Fixing «, 8, summing over -, p, and applying Lemma 4.1,

> Ve AW < N7V2, (4.63)
v,p&{c,B}

Combining with the bound A,z < N—1/2 and then summing over «, 3, we see that Tr AVAW < N.
We show that the terms where a = 8, « = v, 8 = p, and/or v = p are O(1): Consider first
o = . Applying again (4.63) and A,, < N~'/2, we obtain

D AvaVary Ay Woa < Y [Ana N2 <1

Y,P «

Symmetrically, for v = p,

Z AaBVMAWWW < 1.
a,B,y

For ao = 7, let v, and w,, be columns a of V and W. Summing first over 3, p, we have by Lemma
4.1

Z AosVaDapWpa = Ze;Avae;Awa =< ZN‘UZ CN72 <.
a,fB,p a a

Symmetrically, for 5 = p,

Z AQBVMA%gWﬂa < 1.
a,B,y

When two or more of these four cases hold simultaneously, for example « = 8 =~vora=7, B=p

or = 3 = = p, we have

ZAaaVaaAapra < Z‘Aaavoza|N71/2 < 17

«,p a
> AapVialasWea < N7 [V Waal< 1,
a,f a,

> AvaVaolaaWaa < N1 [VaaWaal< 1.

Then we may eliminate all of these cases from the sum (4.62) by inclusion-exclusion.
The remaining cases are when possibly & = p and/or § = v. We write the contributions from
these cases as

I= Y AV AyyWha,  IT= > AugViyAyaWaa,
a,B,7,p a,B,y
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M=) AusVasBpWoa,  IV=> AusVipAsaWaa,
a,B,p o,

where summations with * denote that all indices are restricted to be distinct.

For 1, let us first apply
Goo/ta =Tlaa/ta + O<(NTV%), Gl fts =Tlgs [t + OL(N7V/?)
from Lemma 4.21. Then, by (4.51) and Lemma 4.17(b), we have

_ Gag _ GaaGiy
Ctats talp

Moo I _
Aaﬁ Zaﬂ = %Zozﬁ +0< (N 1)' (4'64)

(2

Note that (4.63) holds also with the summation further restricted to v # p, by Lemma 4.1. Then,
as the O (N 1) remainder term in (4.64) does not depend on + and p,

- .., I
I= > (t tifzaﬂ) Vi Ao Wi + O (NV/2), (4.65)
a,B,7.p @

For fixed v and p, applying Lemma 4.14(b) and Lemma 4.19(c), we also have
- oo Igg -
Z (ttZQB) VayWoa < N 12,
a.B¢{7:p} o P

Then we may apply the approximation (4.64) to A, in (4.65), yielding

*

Moo II IT,, II
(= 3 () v (32528 W e 00 (4.0
o,B3,7,p « B 2l P

Next, let us apply Lemma 4.17(b—c) and write
Zag = x,G8 x5

B (@)
— X . (aBy) ; v Ty
,J vy

=3 XaiXs; (G577 + GEP (G %) (€GN %))
1,J
= x,G$ x5+ G (x,GRPx,) (G x). (4.67)

Applying these steps again to the first term of (4.67), we obtain Z,5 = Z&Zf )+ Rag-yp where

Z&'EP) — X/aGg\([yB’yp)Xﬂa
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Rogyp = G,(yoéﬁ)(X;GS\?BV)X,Y)(X/BGS\C;BV)X,Y) + Gg’;ﬁ”)(X;GE\(,"’BW)XP)(x};Gg\?ﬁW)xp).

By Lemmas 4.14(b) and 4.22(c), for fixed v and p, we have

*

Haa H[ﬂﬁ —
Z (tRaﬁ’YP) VeyWpa < N L
a,BE{v.p} « B

Then, applying this and Z,, < N~Y/2, (4.66) holds with Z,s replaced by Z(Sép). Applying the

)

symmetric argument to replace Z,, by ng.% , we obtain

- Moo s L., I N
I= Z <ttZé%p)> Vi~ (ﬁtppz'(ypﬂg Woa + O<(N1/2)~
Q;B:’Y,P @ B Y P

Recognizing 20P) Z(oh) Va and applying Lemmas 4.14(c) and 4.22(a), the summation above
af “P Bp
is OZ(1). Then I < N1/2.
A similar argument holds for II: Lemma 4.1 yields for fixed «, 8

> Vi AyaWaa < N7V2.
v¢{a.B}

Then applying (4.64),

(Moo 11
=3 (tt‘;ﬁza@) Viy Ao Waa + O<(N'/2),
By N

For fixed a, 7, Lemmas 4.14(a) and Lemma 4.19(c) then yield

Moo II _
Z < n tﬂﬂzaﬁ> Vﬁ'yWaa <N 1/27
B¢{any ~ > P

so applying (4.64) again to approximate A, yields

(Mo I Iy Haa
m=Y" <ttiﬁzaﬁ> Vs <tW ' Zm) Waa + O<(N/2). (4.68)
By o Y «

Note that I
Z T/BB GE/OA‘YB) (x’aGg\?M)xv)(X%Gg\?ﬁwxn,)‘/gn, <Nt
BElaq) P

by Lemmas 4.14(a) and 4.22(c). Then applying (4.67) and Z,, < N~1/2] we may replace Z,5 by
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Zgyﬂ) = X’QGS\?ﬁ ’Y)XB in (4.68). Applying the symmetric argument to replace Z,, by Zé@y), we obtain

- 3 () v (G2 ) w0,
apy \ Lo “

Recognizing ZSB)Z,S’%) = Yap- and applying Lemmas 4.14(b) and 4.22(b),

- M, II I1,, I, - -
> ( tw tﬂﬁzgﬁ)) Vm( tW taazg)> < N7 V|lug< N~V2
By¢{alt o P T

Then II < N'/2. By symmetry, III < N'/2 also.
For IV, a direct bound using (4.64), |V3s|< 1, and |[Wye|< 1 yields

~ (Moo Tgp ?
=3y ( - tﬁzaﬁ) VisWaa + O(N2).

Summing first over 8, Lemmas 4.14(a) and 4.22(d) yield

3 (Iff;) Vis (225 - Egl225]) < N7V/2,

Bé{a}

Then summing over a and applying |Woa|< 1,

Moo g5\ °
IV = Z( 55) Es[225]VesWaa + O<(N'/?).

a

Next, summing first over «, Lemmas 4.14(a) and 4.22(e) yield

2
Z (Hao‘> Waa<Eﬁ[Z§4B] *Eag[Zo%ﬁ]) ~ N-1/2
ag{B} a

Summing over 3 and applying |V3s|< 1,

I, 11
IV = Z ( ﬂﬁ) Easl224]VisWaa + O<(N'?).

Oé

Finally, let us verify
Eap[225] = N7'0.mg + O (N7/2). (4.69)

First note that ]Ea,@[Ziﬂ] = N2 Tr[(Gg\?B))Q]. Writing Gg\?ﬁ) = Gy + R, Lemma 4.17(c) implies



CHAPTER 4. OUTLIERS IN THE SPIKED MODEL 127

that each entry of R is O<(N~1!). Then Tr[(GS\?ﬂ))Q] =TrG% +2Tr Gy R + Tr R?. We have

TrGyR = ZG”R”+ZGUR” < Z 1'N71+ZN71/2~N71 =< N1/2, TI‘]%2 = ZRIQJ < 1.
i i#] i i#] 1,J

Hence Eqop[225] = N> Tr G5 + O (N—3/2). Next, note that N~ TrG%, = d,mxy by the spectral

representation of G . From Lemma 4.20, my —mo < N~'. Applying the same Lipschitz continuity

and Cauchy integral argument as in Section 4.1.1, we obtain d,mxy —d,mo < N~!, and hence (4.69).

Combining these arguments,

| (Moo Hgs\
Tr AVAW =T+ I+ I+ 1V + O (1) = N~ (0.mg) Y (ttif) VisWaa + O<(N'/?).
o, «

Including the o = 3 case into the sum introduces an O (1) error. Then writing 35 Vss(Tlgs/ts)* =
Tr(V[Id +moT]~2) and similarly for W concludes the proof.



Chapter 5

General bulk eigenvalue law

In this chapter, we prove Theorems 2.19 and 2.20, which establish fixed-point equations for the bulk
eigenvalue distribution of S for general, unstructured covariances X1, ...,%;. Our proof uses the
tools of operator-valued free probability theory, in particular rectangular probability spaces and their
connection to operator-valued freeness developed in [BG09], and the free deterministic equivalents
approach of [SV12]. We first provide an overview of the proof strategy.

Let us write o, in (2.1) as a, = \/TTTGTEi/z, where G, € R™ %P has i.i.d. N(0,1/m,) entries.
Then 3 = Y'BY takes the form

k
S =" SV2G(ymem,ULBU,)G, 5L,
r,s=1

We observe the following: If Og,O1,...,0r € RP*P and Oy, € R™*™r for each r = 1,... k are
real orthogonal matrices, then by rotational invariance of G, the eigenvalue measure pg remains

invariant in law under the transformations
V2 Hy = 008200, /mymgULBU v Frg = Oy (v/mymgULBU) O 4.

Hence we may equivalently consider the matrix

k
W= H/G.F,;GsH; (5.1)

r,s=1
for Oy, ..., Oz independent and Haar-distributed. The families {F,s}, {G,}, {H,} are independent
of each other, with each family satisfying a certain joint orthogonal invariance in law (formalized in

Section 5.1).

Following [BG09], we embed the matrices {F,}, {G,}, {H,} into a square matrix space CV*¥,

128
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We then consider deterministic elements {f-s}, {gr}, {h+} in a von Neumann algebra A with tracial
state 7, such that these elements model the embedded matrices, and {f,s}, {gr}, and {h,} are free
with amalgamation over a diagonal sub-algebra of projections in A. We follow the deterministic
equivalents approach of [SV12] and allow (A,7) and {f,s},{g-}, {h+} to also depend on n and p.

Our proof of Theorem 2.19 consists of two steps:

1. For independent, jointly orthogonally-invariant families of random matrices, we formalize the
notion of a free deterministic equivalent and prove an asymptotic freeness result establishing

validity of this approximation.

2. For our specific model of interest, we show that the Stieltjes transform of w := )" _hXg’ frsgshs

in the free model satisfies the equations (2.23-2.25).

We establish separately the existence and uniqueness of the fixed point to (2.23-2.24) using a con-
tractive mapping argument and uniqueness of analytic continuation. This implies that the Stieltjes
transform of w in step 2 is uniquely determined by (2.23-2.25), which implies by step 1 that (2.23-
2.25) asymptotically determine the Stieltjes transform of W.

Notation

For a x-algebra A and elements (a;);cz of A, (a; : i € Z) denotes the sub-x-algebra generated by
(a;)iez. We write ({a;}) if the index set Z is clear from context. If A is a von Neumann algebra,
({a;})w~ denotes the generated von Neumann sub-algebra, i.e. the ultraweak closure of ({a;}), and

la;]| denotes the C*-norm.

5.1 Operator-valued free probability

5.1.1 Background

We review definitions from operator-valued free probability theory and its application to rectangular
random matrices, drawn from [VDN92, Voi95, BG09].

Definition. A non-commutative probability space (A, 7) is a unital x-algebra 4 over C and
a *-linear functional 7 : A — C called the trace that satisfies, for all a,b € A and for 14 € A the
multiplicative unit,

7(14) =1, 7(ab) = 7(ba).

For our purposes, A will always be a von Neumann algebra having norm ||-||, and 7 a positive,
faithful, and normal trace. In particular, 7 will be norm-continuous with |7(a)|< ||a]|.
Following [BG09], we embed rectangular matrices into a larger square space according to the

following structure.
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Definition. Let (A, 7) be a non-commutative probability space and d > 1 a positive integer. For
P1y---s0a € A, (A, 7,p1,...,p4) is a rectangular probability space if pi,...,ps are non-zero

pairwise-orthogonal projections summing to 1, i.e. for all r # s € {1,...,d},

pr#0, pr=pr=p pps=0, pr+...+pi=1.

An element a € A is simple, or (r, s)-simple, if p,aps = a for some r, s € {1,...,d} (possibly r = s).

Example 5.1. Let Ny,...,N; > 1 be positive integers and denote N = Ny + ...+ Ny. Consider
the x-algebra A = CNV*V  with the involution * given by the conjugate transpose map A + A*. For
A e CN*N et 7(A) = N1 Tr A. Then (A, 7) = (CY*N N~1Tr) is a non-commutative probability

space. Any A € CV*N may be written in block form as
Ay A - A
Agr Agp -+ Agg
A= . . . )
Aar Aaz - Aaa

where Ay € CNe*Nt| For each r = 1,...,d, denote by P, the matrix with (r,7) block equal to Idy,
and (s,t) block equal to 0 for all other s,t. Then P, is a projection, and (CN*N N=1Tr Pj,..., P)

(CNXN

is a rectangular probability space. A € is simple if Ag # 0 for at most one block (s, t).

In a rectangular probability space, the projections p1, ..., pq generate a sub-x-algebra

d
D= <p17"'7pd>: {erpr:zre(c}~ (52)

We may define a *-linear map F? : 4 — D by

d
FD(O‘) = ZprTr(a)v Tr(a) = T(prapr)/T(pr)a (53)

which is a projection onto D in the sense FP(d) = d for all d € D. In Example 5.1, D consists of
matrices A € CV*N for which A,, is a multiple of the identity for each r and A,, = 0 for each
r # s. In this example, 7,.(4) = N1 Tr, A where Tr, A = Tr A, so F? encodes the trace of each
diagonal block.

The tuple (A, D, FP) is an example of the following definition for an operator-valued probability

space.

Definition. A B-valued probability space (A, B, F?) is a x-algebra A, a sub-*-algebra B C A

containing 14, and a *-linear map FZ : A — B called the conditional expectation satisfying, for
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all b,b’ € Band a € A,
FB(bab') = bFB(a)t', FB(b) =b.

We identify C C A as a sub-algebra via the inclusion map z +— 214, and we write 1 for 14 and z
for 21 4. Then a non-commutative probability space (A, 7) is also a C-valued probability space with
B=C and F8 = 1.

Definition. Let (A,7) be a non-commutative probability space and F® : A — B a conditional

expectation onto a sub-algebra B C A. FB is 7-invariant if 7 o FZ = 7.

It is verified that FP : A — D defined by (5.3) is 7-invariant. When B is a von Neumann sub-
algebra of (a von Neumann algebra) A, there exists a unique 7-invariant conditional expectation
FB : A — B, which is norm-continuous and satisfies ||FZ(a)||< ||a||. If D C B C A are nested von
Neumann sub-algebras with 7-invariant conditional expectations FP : A — D, FB : A — B, then

we have the analogue of the classical tower property,
FP = FP o F5. (5.4)

We note that D in (5.2) is a von Neumann sub-algebra of A, as it is finite-dimensional.

In the space (A,7), a € A may be thought of as an analogue of a bounded random variable,
7(a) its expectation, and F?(a) its conditional expectation with respect to a sub-sigma-field. The
following definitions then provide an analogue of the conditional distribution of a, and more generally

of the conditional joint distribution of a collection (a;);cz.

Definition. Let B be a x-algebra and Z be any set. A x-monomial in the variables {z; : ¢ € T}
with coefficients in B is an expression of the form byy1boys ... bj_1y;_1b; where [ > 1, by,...,b; € B,
and y1,...,y—1 € {z;,xf : i € I}. A x-polynomial in {z; : i € Z} with coefficients in B is any

finite sum of such monomials.
We write Q(a; : ¢ € Z) as the evaluation of a *-polynomial @ at z; = a;.

Definition. Let (A, B, FB) be a B-valued probability space, let (a;);ez be elements of A, and let Q
denote the set of all *-polynomials in variables {x; : i € T} with coeflicients in B. The (joint) B-law

of (a;)iez is the collection of values in B

{FP1Q(ai i € D]} peo- (5.5)

In the scalar setting where B = C and FB = 7, a x-monomial takes the simpler form zy1ys ... 411
for z € C and y1,...,y—1 € {z;,xf : i € I} (because C commutes with .A4). Then the collection
of values (5.5) is determined by the scalar-valued moments 7(w) for all words w in the letters
{zi,x} : i € T}. This is the analogue of the unconditional joint distribution of a family of bounded

random variables, as specified by the joint moments.
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Finally, the following definition of operator-valued freeness, introduced in [Voi95], has similarities

to the notion of conditional independence of sub-sigma-fields in the classical setting.

Definition. Let (A, B, FB) be a B-valued probability space and (A;);ez a collection of sub-*-algebras
of A which contain B. (A;);ez are B-free, or free with amalgamation over B, if for all m > 1, for
all i1,...,im € T with i1 # ig, 2 # i3, ..., bm—1 7 %m, and for all a; € A;,...,am € A, , the

following implication holds:
FB(ay) = FB(ay) = ... = FB(ay,) = 0= FB(ajas ... am) = 0.

Subsets (5;)iez of A are B-free if the sub-x-algebras (({S;, B));cz are.

In the classical setting, the joint law of (conditionally) independent random variables is deter-

mined by their marginal (conditional) laws. A similar statement holds for freeness:

Proposition 5.2. Suppose (A, B, F5) is a B-valued probability space, and subsets (S;);er of A are
B-free. Then the B-law of UieI S; is determined by the individual B-laws of the S;’s.

Proof. See [Voi95, Proposition 1.3]. O

5.1.2 Free deterministic equivalents and asymptotic freeness

Free deterministic equivalents were introduced in [SV12]. Here, we formalize a bit this definition
for independent jointly orthogonally-invariant families of matrices, and we establish closeness of the

random matrices and the free approximation in a general setting.

Definition 5.3. For fixed d > 1, consider two sequences of N-dependent rectangular probability
spaces (A, T,p1,...,pq) and (A, 7', p},...,p}) such that for each r € {1,...,d}, as N — oo,

I7(pr) = 7' (P}.)|= 0.

For a common index set Z, consider elements (a;);ez of A and (a});ez of A’. Then (a;);ez and
(a});ez are asymptotically equal in D-law if the following holds: For any r € {1,...,d} and any
s-polynomial @ in the variables {z; : i € 7} with coefficients in D = (p1,...,pq), denoting by @’

the corresponding *-polynomial with coefficients in D' = (p},...,p}), as N — oo,
|7 [Q(a; :i € I)] — 72[Q'(a : i € T)]| — 0. (5.6)

If (a;);ez and/or (a});cz are random elements of A and/or A’, then they are asymptotically equal

in D-law a.s. if the above holds almost surely for each individual *-polynomial Q).

In the above, 7, and 7, are defined by (5.3). “Corresponding” means that @’ is obtained by
expressing each coefficient d € D of @ in the form (5.2) and replacing p1,...,pq by pi,...,p}.
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We will apply Definition 5.3 by taking one of the two rectangular spaces to be (CN*N N~!Tr)
as in Example 5.1, containing random elements, and the other to be an approximating deterministic
model. (We will use “distribution” for random matrices to mean their distribution as random
elements of CV*¥ in the usual sense, reserving the term “B-law” for Definition 5.1.1.) Freeness
relations in the deterministic model will emerge from the following notion of rotational invariance

of the random matrices.

Definition 5.4. Consider (CN*N N—1Tr, Py,..., Py) as in Example 5.1. A family of random
matrices (H;);ez in CV*¥ is block-orthogonally invariant if, for any orthogonal matrices O, €
RN~ XNr for r = 1,...,d, denoting O = diag(O1, ...,04) € RV*N the joint distribution of (H;);er
is equal to that of (O'H;0);ez.

Let us provide several examples. We discuss the constructions of the spaces (A, 7, p1, ..., pq) for

these examples in Appendix B.2.

Example 5.5. Fix r € {1,...,d} and let G € CN¥*¥ be a simple random matrix such that the
diagonal block G,, € CN»*Nr is distributed as the GUE or GOE, scaled to have entries of variance
1/N,.. (Simple means G = 0 for all other blocks (s,t).) Let (A,7,p1,...,pq) be a rectangular
space with 7(ps) = Ns/N for each s = 1,...,d, such that A contains a self-adjoint simple element

g satisfying g = ¢* and p,gp, = ¢g, with moments given by the semi-circle law:
2 1
(9" = / S-Va—a?dr  foralll>0.
_9 4T

For any corresponding *-polynomials @ and ¢ as in Definition 5.3, we may verify N, Tr, Q(G) —
7-(q(g)) — 0 a.s. by the classical Wigner semi-circle theorem [Wig55]. Then G and g are asymptot-

ically equal in D-law a.s. Furthermore, G is block-orthogonally invariant.

Example 5.6. Fix r; # o € {1,...,d} and let G € C¥*¥ be a simple random matrix such
that the block G, ,, has i.i.d. Gaussian or complex Gaussian entries with variance 1/N,,. Let
(A, 7,p1,...,pq) satisty 7(ps) = Ny /N for each s, such that A contains a simple element g satisfying

Dr, 9Pr, = ¢, Where g*¢ has moments given by the Marcenko-Pastur law:

7y ((g%9)!) = /xlz/NTQ/NT1 (z)dx foralll >0

where vy is the standard Marcenko-Pastur density

1 VO e,
27 A\x

va(z) = o] (@), Ar=(1£ VN2 (5.7)

By definition of 7, and the cyclic property of 7, we also have

TTl((gg*)l) = (NTQ/NH )TTz((g*g)l)'



CHAPTER 5. GENERAL BULK EIGENVALUE LAW 134

For any corresponding x-polynomials @ and ¢ as in Definition 5.3, we may verify N, YTy, Q(G) —
Try(q(g9)) = 0 and N ' Tr, Q(G) — 7+, (q(g)) — 0 a.s. by the classical Marcenko-Pastur theorem
[MP67]. Then G and g are asymptotically equal in D-law a.s., and G is block-orthogonally invariant.

Example 5.7. Let By,..., By € CN*YN be deterministic simple matrices, say with P,, B;P,, = B;
for each i = 1,...,k and r;,s; € {1,...,d}. Let O € RM>N /0y € RNaXNa he independent
Haar-distributed orthogonal matrices, define O = diag(Oy,...,04) € RN*N and let B, = O'B;0.
Let (A, 7,p1,...,pq) satisfy 7(ps) = Ng/N for each s, such that A contains simple elements by, . . ., bg
satisfying p,,b;ps, = b; foreach i =1,... k, and

N, ' Tr, Q(By,...,By) = 7.(q(b, ..., by)) (5.8)

for any corresponding *-polynomials @ and ¢ with coefficients in (Py,..., Py) and (p1,...,p4). As
Tr, Q(By, ..., By) is invariant under B; — O'B;0, (5.8) holds also with B; in place of B;. Then

(Bi)ie{17,._,k} and (b;)ieq1,....ky are exactly (and hence also asymptotically) equal in D-law, and

(Bi)ieqa,...,ky is block-orthogonally invariant by construction.

To study the interaction of several independent and block-orthogonally invariant matrix families,
we will take a deterministic model for each family, as in Examples 5.5, 5.6, and 5.7 above, and

consider a combined model in which these families are D-free:

Definition 5.8. Consider (CN*N N~=1Tr, Py,..., P;) as in Example 5.1. Suppose

(Hi)iezys - - (Hi)iez,

are finite families of random matrices in CV*¥ such that:
e These families are independent from each other, and
e For each j =1,...,J, (H;)iez, is block-orthogonally invariant.

Then a free deterministic equivalent for (H;);cz,, ..., (H;)icz, is any (N-dependent) rectangular
probability space (A, T, p1,...,pq) and families (h;)iez,,- - ., (hi)icz, of deterministic elements in A
such that, as N — oo:

e For eachr=1,...,d, IN"*Tr P. — 7(p,)|— 0,
e Foreach j=1,...,J, (H;)icz; and (h;)icz, are asymptotically equal in D-law a.s., and
o (hi)iezy,---,(hi)iez, are free with amalgamation over D = (p1,...,pq).

We then have the following asymptotic freeness theorem, which establishes the validity of this

approximation.
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Theorem 5.9. In the space (CN*N N~!Tr Py ... P;) of Example 5.1, suppose (H,)iez,, ---
(H;);ez, are independent, block-orthogonally invariant families of random matrices, and let (h;);ez, ,

.+, (hi)iez, be any free deterministic equivalent in (A, 7,p1, ..., pq). If there exist constants C, ¢ > 0
such that ¢ < N,/N for all r and ||H;||< C as. for all ¢ € Z;, all Z;, and all large N, then

(Hi)iez, jequ,...,.y and (hi)iez, je{1,...,s} are asymptotically equal in D-law a.s.

More informally, if (h;)iez, asymptotically models the family (H;);cz, for each j, and these
matrix families are independent and block-orthogonally invariant, then a system in which (h;)icz;
are D-free asymptotically models the matrices jointly over j.

The proof of this theorem is contained in Appendix B. The theorem is analogous to [BG09,
Theorem 1.6] and [SV12, Theorem 2.7], which establish similar results for complex unitary invariance.
It permits multiple matrix families (where matrices within each family are not independent), uses
the almost-sure trace N~! Tr rather than E o N~!Tr, and imposes boundedness rather than joint
convergence assumptions. This last point fully embraces the deterministic equivalents approach.

We will apply Theorem 5.9 in the form of the following corollary, whose proof we also defer to
Appendix B: Suppose that w € A satisfies |7(w')|< C! for a constant C' > 0 and all [ > 1. We may

define its Stieltjes transform by the convergent series
my(2) =7((w—2)"") ==Y 2w (5.9)
1>0
for z € C* with |z|> C, where we use the convention w® =1 for all w € A.

Corollary 5.10. Under the assumptions of Theorem 5.9, let @ be a self-adjoint *-polynomial (with

C-valued coefficients) in (zi)icz; je{1,...,7}, and let

W=QH,; :icZjjec{l,... J})eCV¥
w:Q(hZZGIJ,]G{L,J}) e A.
Suppose |7(w')|< C! for all N,I > 1 and some C > 0. Then for a sufficiently large constant
Co > 0, letting D = {z € C* : |2|> Cp} and defining my (z) = N~ Tr(W — zIdy)~! and

ma(2) = 7((w—2)71),

mw(z) —my(z) = 0

pointwise almost surely over z € D.

5.1.3 Computational tools

Our computations in the free model will use the tools of free cumulants, R-transforms, and Cauchy

transforms discussed in [Spe98, NSS02, SV12]. We review some relevant concepts here.
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Let (A, B,FB) be a B-valued probability space and F® : A — B a conditional expectation. For
[ > 1, the I'*® order free cumulant of F? is a map x? : A" — B defined by F? and certain moment-
cumulant relations over the non-crossing partition lattice; we refer the reader to [SV12] and [Spe98,
Chapters 2 and 3| for details. We will use the properties that IilB is linear in each argument and

satisfies the relations

kB(bay,as, ... a1, a) = beB(ar,...,a)b, (5.10)
HF(al, sy @1, ajb, Aj41y--- ,al) = I'ilB(al, -, Qg baj_,_l, N ,al) (5.11)

for any b, € B and aq,...,a; € A.
For a € A, the B-valued R-transform of a is defined, for b € B, as

= Z kB(ab, ..., ab,a). (5.12)

1>1

The B-valued Cauchy transform of a is defined, for invertible b € B, as

GB(b) = FB(( => F50 Hh, (5.13)

>0

with the convention a® = 1 for all a € A. The moment-cumulant relations imply that GZ(b) and

RE(b) 4+ b~! are inverses with respect to composition:

Proposition 5.11. Let (A, B, F?) be a B-valued probability space. For a € A and invertible b € B,

GEb' + RB(b)) b, (5.14)
— (b—RE(GE®))) . (5.15)
Proof. See [Voi95, Theorem 4.9] and also [Spe98, Theorem 4.1.12]. O

Remark. When A is a von Neumann algebra, the right sides of (5.12) and (5.13) may be under-
stood as convergent series in A with respect to the norm ||-||, for sufficiently small ||b]| and [|b~!||

respectively. Indeed, (5.13) defines a convergent series in B when ||b=1||< 1/||a||, with

b~
GEOI< D I~ la]'= | . (5.16
Gq (B)]] ZZOI I Nlall T [allo-1] )

Also, explicit inversion of the moment-cumulant relations for the non-crossing partition lattice yields

the cumulant bound

l
17 (a1, ar)||< 16" [ Tllaal (5.17)
=1
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(see [NS06, Proposition 13.15]), so (5.12) defines a convergent series in B when 16||b||< 1/||a||, with

16/a]

IRED)I< Y16 laf'[Ibl|' =
¢ 2 1—16]al/[[ol

>1

The identities (5.14) and (5.15) hold as equalities of elements in B when ||b|| and [|b~}|| are sufficiently

small, respectively.

Our computation will pass between R-transforms and Cauchy transforms with respect to nested
sub-algebras of A. Central to this approach is the following result from [NSS02] (see also [SV12]):

Proposition 5.12. Let (A, D, FP) be a D-valued probability space, let B,H C A be sub-+-algebras
containing D, and let FB : A — B be a conditional expectation such that FP o F8 = FP. Let
kP and kP denote the free cumulants for F5 and FP. If B and H are D-free, then for all | > 1,

hi,...,hy €M, and by,...,bi_1 € B,
KB(hiby, .. hibi—1, hy) = kP (i FP(by), ..., hi_1FP(b_1), hy).

Proof. See [NSS02, Theorem 3.6]. O

For sub-algebras D C B C A and conditional expectations F? : A — D and F8 : A — B
satisfying (5.4), we also have for any a € A and invertible d € D (with sufficiently small ||d~1||), by
(5.13),

GP(d) = FP o GB(d). (5.18)

Finally, note that for B = C and F® = 7, the scalar-valued Cauchy transform G<(z) is simply
—myg(2) from (5.9). (The minus sign is a difference in sign convention for the Cauchy/Stieltjes

transform.)

5.2 Computation in the free model

We will prove analogues of Theorems 2.19 and 2.20 for a slightly more general matrix model: Fix
k>1letp,ng,...,ng,mi,...,mi € N, and denote M = Zle m,.. Let F € CM*M be deterministic
with F* = F, and denote by F,; € C™*™= itg (r, s) submatrix. For r = 1,...,k, let H, € C"*P
be deterministic, and let G, be independent random matrices such that either G, € R™*"r with
(G X N(0,m7Y) or G, € C™ X" with Im (G5, Re(Gy)i; & N(0, (2m,)~1). Define

k
W =Y H;GiF..G.H, € C’*?,

r,s=1
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with empirical spectral measure py. Denote y - H*H = 215:1 ysH*H, and let D(x) and Tr, be as
in Theorem 2.19.

Theorem 5.13. Suppose p,ni,..., Nk, M1, ..., mp — 00, such that ¢ < m,./p < C, ¢ < n,./p < C,
|H,||< C, and | Fys||< C for all r,s = 1,...,k and some constants C,c > 0. Then:

(a) For each z € Ct, there exist unique values z1,...,zx € Ct U {0} and y1,...,y, € CF that

satisfy, for r = 1,..., k, the equations
1
p=——Tr ((z1dp+y-H*H) 'HH,), (5.19)
1
yr = —— Tr, ((Idy +FD(x)] ' F) . (5.20)

(s

(b) pw — po — 0 weakly a.s. for a probability measure 1o on R with Stieltjes transform
1
mo(z) = —];Tr((zldp—i—y-H*H)_l) . (5.21)

(c) For each z € C*, the values z,,¥, in (a) are the limits, as ¢ — oo, of xgt),yﬁt) computed by

iterating (5.19-5.20) in the manner of Theorem 2.20.

Theorems 2.19 and 2.20 follow by specializing this result to F.; = /m,ms;U/BUs, n, = p, and
H, = nY2.

5.2.1 Defining a free deterministic equivalent

Consider the transformations
Hr = O;Hr007 Frs = O;{)+7*FTSO]€+S

for independent Haar-distributed orthogonal matrices Oy, ..., Oz, of the appropriate sizes. The
eigenvalue measure py remains invariant in law under these transformations. Hence it suffices to
prove Theorem 5.13 with H, and F,, replaced by these randomly-rotated matrices, which (with a
slight abuse of notation) we continue to denote by H, and F,.

Let N = p+ Zle n, + Zle m,, and embed the matrices W, H,., G,., F,, as simple elements

of CNV*¥ in the following regions of the block-matrix decomposition corresponding to CV = CP @
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(C"l@...@(cnk @(Cmq@...@(cmk:

W | Hf |- | Hf
Hy Gy
Hy, Gy,
G1 Fip || Fug
Gi | Fe1 | -+ | Frk
Denote by Py, ..., Py the diagonal projections corresponding to the above decomposition, and by

W, E,s,G,, H. € CN*N the embedded matrices. (For example, Py = diag(1d,,0,...,0), and W has
upper-left block equal to W and remaining blocks 0.) Then W, F.,,G,, H, are simple elements of
the rectangular space (CN*N N=1Tr, Py, ..., Py;), and the k + 2 families {F,.,}, {H,}, G4, ..., G
are independent of each other and are block-orthogonally invariant.

For the approximating free model, consider a second rectangular space (A, T, po,...,px) With

deterministic elements f,s, g,, h, € A, such that the following hold:

1. po,...,por have traces
7(po) =p/N, 7(pr) =n./N, 7(pktr)=m./N forallr=1,...,k.
2. frs, gr, hy are simple elements such that for all r,s € {1,...,k},
PrtrfrsPhts = frss  PrtrgePr =9r,  Prhepo = hy.
3. {frs : 1 < r,;s <k} has the same joint D-law as {Frs :1<rs<k},and {h, : 1 <r <k} has

the same joint D-law as {H, : 1 <r < k}. Le., for any r € {0,..., 2k} and any non-commutative

s-polynomials Q1,Q2 with coefficients in (Pp,..., Pa), letting g1, g2 denote the corresponding

s-polynomials with coefficients in (po, ..., pak),
Tl (fee st € {1,... k})] = N7 e, Qu(Fap : st € {1,...,k}), (5.22)
T lg2(hs s s € {1,... k)] = N7 Tr, Qo(H, s € {1,...,k}). (5.23)

4. For each r, gfg, has Marcenko-Pastur law with parameter A = n,./m,.. Le. for vy as in (5.7),

7((g7g.)") = /zll/nr/mr(x)da? for all I > 0. (5.24)
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5. The k + 2 families {fs}, {h+}, 91, .., gk are free with amalgamation over D = (po, ..., pai).

The right sides of (5.22) and (5.23) are deterministic, as they are invariant to the random rotations
of F,.; and H,. Also, (5.24) completely specifies 7(¢(g,)) for any *-polynomial ¢ with coefficients in
D. Then these conditions 1-5 fully specify the joint D-law of all elements f,g, g, h, € A. These
elements are a free deterministic equivalent for F,,, G, H, € C¥N*¥ in the sense of Definition 5.8.

The following lemma establishes existence of this model as a von Neumann algebra. We indicate

the references that establish this type of construction in Appendix B.

Lemma 5.14. Under the conditions of Theorem 5.13, there exists a (N-dependent) rectangular

probability space (A, T, po, - . ., p2x) such that:
(a) A is a von Neumann algebra and 7 is a positive, faithful, normal trace.

(b) A contains elements fq, g., h, for ;s € {1,...,k} that satisfy the above conditions. Further-
more, the von Neumann sub-algebras (D, {f.s}w=, (D, {h.Pw~, (D,g1)w~, ..., (D, gx)w+ are

free over D.

(c) There exists a constant C' > 0 such that || f.s|, |[|h+]], ||g-]|< C for all N and all r, s.

5.2.2 Computing the Stieltjes transform
We will use twice the following intermediary lemma:

Lemma 5.15. Let (A, 7, 0,41, - - -, qx) be a rectangular probability space, where A is von Neumann
and 7 is positive, faithful, and normal. Let D = {(qo,...,qx), let B,C C A be von Neumann sub-
algebras containing D that are free over D, and let F? : 4 — D and F¢ : A — C be the 7-invariant
conditional expectations.

Let b,s € B and ¢, € C for 1 < r,s < k be such that ¢.b.sqs = brs, ¢r¢r = ¢, ||brs]|< C, and
|ler||< C for some constant C' > 0. Define a = 25,3:1 Ctbrscs and b = Zf_’s:l b.s. Then for e € C

with |le|| sufficiently small,

k k
RS(@ = ZC:CTTT <RbD (Z Ts(cs€C§)qs>> )
r=1 s=1

where R¢ and RP are the C-valued and D-valued R-transforms of a and b.

Proof. We use the computational idea of [SV12]: Denote by ch and kP the C-valued and D-valued

free cumulants. For [ > 1 and e € C,

K,lc((le, S, ae,a)

k k k
c
= K] E crbrscse, ..., E crbrscse, g Crbrscs

r,s=1 r,s=1 r,s=1
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k
_ E Cr * * *
- Ky (Cnbﬁslcs167 ] Cm,lb?“lf1slf1cslf1ev Crlbmslcsl)
T1,81,...,71,51=1
k
_ * C * *
- E : Cr1 Ky (b7‘181081€cr2’ RS b7'zf1817168171ecr17 bT‘zSz) Csy
T1,81,...,71,51=1
k
_ *x D D * D *
= E Cr K1 (brys, F (cslecTZ), ooy by s o F (cslflecn), bris;) Csys

T1,81,...,71,51=1

where we applied the definition of a, multi-linearity of ¢, the identities (5.10) and (5.11), and
Proposition 5.12 using freeness of B and C over D.

By the identity ¢, = ¢,¢,, each cqyec) is simple, and we have from (5.3)

0 if s#r
FP(ciect) = #
Ts(esect)qs i s=r.

Furthermore, for any d € D, as d = 19(d)qo + - . . + 7 (d)qx, we have cidcs = ciep(d) if r = s and 0

otherwise. Hence we may restrict the above sum to s;1 =ry, so =73, ..., s;_1 =7, s; = r1. Then,
setting
k
d= Z Tr(crect) gy (5.25)
r=1

and applying the identity ¢.b,sqs = brs,

k
kS (ae, ..., ae,a) = Z ke Try (K7 (pyrydy oy by yryd, byyry)) (5.26)

Tl,...,’r‘l:l

On the other hand, similar arguments yield

kP (bd, ..., bd,b)
k
= Pby,s,d b d, brs,)
Ky r1s1Wy « ooy Urp_151% Urps
T1,81,...,71,81=1
k
- Z quﬁlp(bﬁﬁqmdqrza crey bm,lsl,lqsl,ldqh, bns;)‘]sl
T1,81,.,T1,81=1
k
_ D
= Z Gy KF (bpyrody ooy bpy iy by ).

7‘1,...,7‘[:1

le crer Ty (nlp(bd, ..., bd, b)) Summing over [ and

Comparing with (5.26), k¢ (ae,...,ae,a) = >
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recalling (5.12), for | e|| sufficiently small,

k
RE(e) = Z Z cieytr (57 (bd, . .., bd, b)) .

1>1 r=1

Noting that ||d||< Zle lles||?|lell and applying (5.17), we may exchange the order of summations on
the right and move the summation over [ inside 7. by linearity and norm-continuity of 7, yielding
the desired result. O

We now perform the desired computation of the Stieltjes transform of w.

Lemma 5.16. Under the conditions of Theorem 5.13, let (A, 7, po, - .., per) and frs, g, - be as in
Lemma 5.14, and let w = Zf o1 Mgt frsgshs. Then for a constant Cp > 0, defining D = {z € C* :

|z|> Co}, there exist analytic functions zy,...,z; : D — CT U {0} and y1,...,yx : D — C that
satisfy, for every z € D and for mq(z) = 70((w — 2)~!), the equations (5.19-5.21).

Proof. It H, = 0 for some r, then we may set z, = 0, define y, by (5.20), and reduce to the case
k — 1. Hence, it suffices to consider H,. # 0 for all r.

Define the von Neumann sub-algebras D = (p, : 0 < r < 2k), F = (D, {frs}h)w+, § =
(D, {g-})w+, and H = (D, {h,-})w~. Denote by FP, RP and GP the 7-invariant conditional expec-
tation onto D and the D-valued R-transform and Cauchy transform, and similarly for F, G, and
H.

We first work algebraically (Steps 1-3), assuming that arguments b to Cauchy transforms are
invertible with [|b=!| sufficiently small, arguments b to R-transforms have ||b|| sufficiently small,
and applying series expansions for (b — a)~!. We will check that these assumptions hold and also

establish the desired analyticity properties in Step 4.

Step 1: We first relate the D-valued Cauchy transform of w to that of v = Zf,s:l 95 frsgs. We
apply Lemma 5.15 with qo = pg + Ziikﬂpm gr = pr forr=1,...,k, C = H, and B = (F,G).
Then for ¢ € H,

k k
SACED S (Rf ( Zpswsch:))). (5.27)

To rewrite this using Cauchy transforms, for invertible d € D and each r = 1,...,k, define
ar(d) = 7, (h.GIE(d)R) (5.28)

Br(d) = 7 (R?(Ek:psas(d))). (5.29)

s=1
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Then (5.15) and (5.27) with ¢ = G?(d) imply

GH(d) = (d - RE (GH(@)) " = (d Zh* hy B (d ) . (5.30)

Projecting down to D using (5.18) yields

GP(d) (( Zhhﬁr ) ) (5.31)

Applying (5.30) to (5.28),

k -1
an(d) =7, (hr (d - Z h:hsﬂs(d)) h:). (5.32)

Noting that (p1 + ...+ pg)v(p1 +...+pr) = v, (5.12) and (5.10) imply RP(d) € {p1, ..., px) for any
d € D, so we may write (5.29) as

k k
RE ( Zprar (d>) = Zprﬁr (d)
r=1 r=1
Forr=0andr € {k+1,...,2k}, set 8.(d) = 0 and define a,.(d) arbitrarily, say by a.,.(d) = ||[d~1].

Since vp, = p,v =0if r =0or r € {k+1,...,2k}, applying (5.12) and multi-linearity of x7, we

may rewrite the above as

2k 2k

RE (S prac(d)) =Y pifild)

r=0 r=0

Applying (5.14) with b = Zfio prag(d), we get
D
G, <Zpr( () + B:(d )) Zprar . (5.33)

The relation between GE and GP is given by (5.31), (5.32), and (5.33).

Step 2: Next, we relate the D-valued Cauchy transforms of v and u = Z’: <=1 frs- We apply Lemma
5.15 with qg = Zfzopr, Gr =pryp forr=1,...,k,C =G, and B=F. Then for c € G,

k k
= Zg:gr7r+k (R5<Zps+kTs+k(gng:))>. (5.34)
r=1

s=1
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To rewrite this using Cauchy transforms, for invertible d € D and all r =1, ..., k, define
Yri(d) = Tk (9:GY (d)gy), (5.35)
k
0riad) = 7 (RE (S pesaneant) ) (5.36)
s=1

As in Step 1, for 7 = 0,...,k let us also define 6,(d) = 0 and v,(d) = ||[d"!|. Then, noting
(P41 + - + pok)u(Pr+1 + .. + par) = u, the same arguments as in Step 1 yield the analogous

identities

GT(d) (( nggs ool )1) (5.37)
’Yv-+k(d)—T7+k< ( Zgégé stk ( ) 19;*.), (5.38)

> 2k 1 2k
2 @) = Spvia (5.39)

As gfg, has moments given by (5.24), we may write (5.37) and (5.38) explicitly: Denote d =
dopo + . .. + dagpay for do, ..., dor € C. As d is invertible, we have d~1 = dalpo +...+ d;klpgk. For
any x € A that commutes with D,

= d @d ) =) atd

1>0 1>0

So for r = 1,...,k, noting that p, = p? and that D commutes with itself,

7 ((d — x)fl) = N ZT(pTxld*l’lpr)

" 1>0
I+1 7'7'(731)
— Z prx pr prd pr) ) = Z dl+1 .
Mo 1>0 >0 T

Noting that ¢g¥gs commutes with D, applying the above to (5.37) with = Z§=1 959s0s+k(d), and
recalling (5.24),

oy = 5 70((859:))0r 1)
R(G(@) = 3 T

x 5r k
/Z d;r+1 m/mr(x)dx

>0
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1
- / pFR———r R Vn,/m.,(T)dx

1
= 5@ Cor e e/ 3r(@), (5.40)

C
where G

Similarly, we may write (5.38) as

is the Cauchy transform of the Marcenko-Pastur law v, /. -

k _
nl@) = 22 (1= Y aiadntd)) st
r s=1

N, x
= — - d
my / d'r - $6T+k(d) VnT/’mT (x) !

n 1 d
= T _ + T G(E d’l“ 67’ d >
my ( Span(d)  Oppp(d)? W/mr( [0r+x(d))
Ny 1

e (L 4
B my < 6T+k(d) + 67‘+k(d) T(GU (d))> ’ (541)

where the first equality applies the cyclic property of 7 and the definitions of 7, and 7., the second
applies (5.24) upon passing to a power series and back as above, the third applies the definition of

the Cauchy transform, and the last applies (5.40). The relation between GT and GP is given by
(5.40), (5.41), and (5.39).

Step 3: We compute mg(z) for z € C* using (5.31), (5.32), (5.33), (5.40), (5.41), and (5.39). Fixing
z € CT, let us write

2k

1
OATZOQ«(Z), /BT:/BT(Z)a dr:air‘kﬂm dzzdrpra

r=0

2k
1

Vr = ’Yr(d)7 67" = (Sr(d)u €r = 77 + 57"; €= § €rPr-
r r=0

Applying (5.31) and projecting down to C,

mo(z) = —7o ((z - ih:hrﬂT)l).

Note that hlh, commutes with D and pohlh,po = h:h, for each r = 1,... k. Then, passing to a
power series as in Step 2, and then applying (5.23) and the spectral calculus,

mo(z) = — Z 7= (g (( Zk: h:hv-@-)l)
—1

1>0
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| )
=-> = (Hl)pTr((;ﬂrHrHr))

1>0
1 b -1
= (zldp = BTH;‘HT) . (5.42)
r=1
Similarly, (5.32) implies for each r =1,... k
1 b -1
=T ( Id, — HH) H*H, ). 5.43
e (TS AT ) (5.43)

Now applying (5.40) and recalling (5.33) and the definition of d,., for each r =1,... k,

o, = 1,(GP(d)) = L ge ( L ﬁr).

6r+k Yrfma ar5r+k 5T‘+k5

Applying (5.15) and the Marcenko-Pastur R-transform RS (z) = (1 — Az)™*, this is rewritten as

Br C my
=R rOrg) = —————. 5.44
P RE () = (5.44)
By (5.41) and (5.33), 5
n'l" ar T
e = —/ 5.45
Vr+k My Orer ( )

We derive two consequences of (5.44) and (5.45). First, substituting for 8, in (5.45) using (5.44)
and recalling the definition of e, yields

My

Cryk = (546)

NyQy
Second, rearranging (5.44), we get 5,/0r1r = 1 4+ nya,By/m,. Inserting into (5.45) yields this time

m

Br = S 5 T2 (MYt — Nty ). (5.47)

nzo;

By (5.39), for each r =1,...,k,
_ D _ -1
Yrtk = Trak(Gy (€)) = Trpr((e —u) 7).
Passing to a power series for (e — u) ™!, applying (5.22), and passing back,

1 . Lo
etk = — Trpg (diag (eoId,, ..., e Idy, ) — F) ™

1 . _
= — Tr, (diag (exp1 Idm,, . .., €2 Idm, ) — F) '

T
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L N R (5.48)

r

where the last line applies (5.46) and sets D = diag(D11d,,,, ..., DiIdy,,) for D, = nya./m,.
Noting Tr, D = n,a,, (5.47) yields

By = —53 Tr, (D™ — F)~! - D]
= mi Tr,[(F~' = D)} = H}L Tr,((Idps —FD) " F) (5.49)

where we used the Woodbury identity and Tr, DAD = D?Tr A. (These equalities hold when F is
invertible, and hence for all F' by continuity.) Setting =, = —n,a,/m, and y, = —f,, we obtain
(5.19), (5.20), and (5.21) from (5.42), (5.43), and (5.49).

Step 4: Finally, we verify the validity of the preceding calculations when z € D = {z € C* : |z|> C}
and Cjy > 0 is sufficiently large. Call a scalar quantity v = u(N, z) “uniformly bounded” if |u|< C
for all z € D, all N, and some constants Cy,C' > 0. Call v “uniformly small” if for any constant
¢ > 0 there exists Cy > 0 such that |u|< ¢ for all z € D and all N.

As ||w||< C by Lemma 5.14(c), ¢ = G7t(z) is well-defined by the convergent series (5.13) for
z € D. Furthermore by (5.16), ||c|| is uniformly small, so we may apply (5.27). «,(z) as defined by
(5.28) satisfies

1=0
—(+1) - H o\ * - —a+py NV 17 %
Y7 (hF™(wh)hi) = Z z n—T(w hyh.)
=0 =0 "

for z € D. Since |7(w'hih,)|< ||w||!||h||?, ., defines an analytic function on D such that a,.(z) ~
(zn,)" 1 Tr(H;H,) as |2|]— oco. In particular, since H,. is non-zero by our initial assumption, a,.(z) #
0 and Im,.(2) < 0 for z € D. This verifies that z,(z) = —n,a,(2)/m, € CT and =z, is analytic
on D. Furthermore, «, is uniformly small for each . Then applying (5.12), multi-linearity of ry,
and (5.17), it is verified that 8,(z) defined by (5.29) is uniformly bounded and analytic on D. So
yr(2) = —B,(z) is analytic on D.

As B, is uniformly bounded, the formal series leading to (5.42) and (5.43) are convergent for
z € D. Furthermore, d, = 1/a, + f, is well-defined as a, # 0, and ||d~!|| is uniformly small. Then
c = GY9(d) is well-defined by (5.13) and also uniformly small, so we may apply (5.34). By the same
arguments as above, v,4x(d) as defined by (5.35) is non-zero and uniformly small, and d,41(d) as
defined by (5.36) is uniformly bounded. Then the formal series leading to (5.40) and (5.41) are

convergent for z € D. Furthermore, e, = 1/7, + J, is well-defined and |le™!|| is uniformly small, so
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the formal series leading to (5.48) is convergent for z € I. This verifies the validity of the preceding

calculations and concludes the proof. O

5.3 Analyzing the fixed-point equations

To finish the proof of Theorem 5.13, we show using a contractive mapping argument that (5.19-5.20)
have a unique solution in the stated domains, which is the limit of the procedure in Theorem 2.20.

The analysis follows arguments similar to those in [CDS11] and [DL11].

Lemma 5.17 ([CL11]). Let & C C be a connected open set, let E C Q be any set with an
accumulation point in Q, let a,b € C be any two distinct fixed values, and let {f,}52; be a sequence
of analytic functions f, : @ — C. If f,(2) ¢ {a,b} for all z € Q and n > 1, and if lim, 00 frn(2)
exists (and is finite) for each z € E, then {f,}22, converges uniformly on compact subsets of ) to

an analytic function.

Proof. The result is originally due to [CL11]. It also follows by the theory of normal families:
{fn}22, is a normal family by Montel’s fundamental normality test, see e.g. [Sch13, Section 2.7].
Hence every subsequence has a further subsequence that converges uniformly on compact sets to an
analytic function. All such analytic functions must coincide on E, hence they coincide on all of

by uniqueness of analytic extensions, implying the desired result. O

In the notation of Theorem 5.13, denote x = (x1,...,2%), ¥ = (Y1,---,Yk),

fry) = ——

my

(%) = ——— Tx, ([ldys +FD(x)]"'F).

T

Tr ((z1d,+y - H*H) 'H’H,),

Lemma 5.18. Under the conditions of Theorem 5.13:

(a) Forall z € CT andy € (CH)*, 21d, +y- H*H is invertible, f.(z,y) € CtU{0}, and mo(z) € C*
for mg as defined by (5.21).

(b) For all x € (C* U {0})*, Idps +F D(x) is invertible and g,.(x) € C*.

Proof of Lemma 5.18. For any v € CP,

Im [v*(z1d, +y - H'H)v] = (Im 2)v*v + Z(Imys)v*H:Hsv > 0.

Hence z1d, +y - H*H is invertible. Letting 7' = (21d, +y - H*H) ™!,

m,fr(z,y) = —-TTHH, = —TcTH H,T* (2 1d, +y - H*'H)"
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k
= zTvTH'H.T* - Z@Tr TH'H,T*H*H,.
s=1
As Tr TRT™*S is real and nonnegative for any Hermitian positive-semidefinite matrices R and .S, the
above implies Im f,.(z,y) > 0. In fact, as Tt TH*H,T* > 0 unless H, = 0, either Im f,.(z,y) > 0 or
fr(z,¥) = 0. Similarly,

k
pmo(z) = =TT = —zTeTT* - > 7 Te TT*H; H,,
s=1
and as Tr TT* > 0, Immg(z) > 0. This establishes (a).
For (b), let us first show Idy; + FD(x) is invertible. Note if 21 = 0, then by the fact that a block

matrix
A B
0o C

is invertible if and only if A and C' are invertible, it suffices to show invertibility of the lower-right
(ng 4+ ...+ ng) X (n2 + ...+ ng) submatrix. Hence we may reduce to the case where x5 # 0, i.e.
x, € Ct, for all s. Suppose rank(F) = m and let FT denote the pseudo-inverse of F, so that FFT
is a projection matrix of rank m onto the column span of F. FT is Hermitian, since F is. Let Q

denote the projection orthogonal to FFT, of rank M — m. Then
Idy +FD(x) = Q + F(F' + D(x)).

For each s = 1,...,k, let P be the projection of rank m, such that D(x) = Zle z,P;. Then for
any v € CM|

Im[v*(F' + D(x))v] = Im[v*D(x)v] = Y _(Imz,)v*Pev > 0,
as v*Ftv and v* P,v are real and Im a, > 0 for each s. Hence F''+D(x) is invertible, so Id; +F D(x)
is of full column rank and thus also invertible.

For the second claim, supposing momentarily that F is invertible and letting J = (F~1+D(x))~!,

*

k
myrgr(x) = —Tr, J = —Tr, (J (F—l + szps> J*)
s=1

k
=-—TrP.JF'J* — Z:TSTr P.JP.J*.

s=1

As Tr P,JF~1J* is real and Tr P,JP,J* is real and nonnegative, this implies Im g,.(x) > 0. By
continuity in F', this must hold also when F' is not invertible, establishing (b). O
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Lemma 5.19. Let C, L > 0 and let S denote the space of k-tuples y = (y1,...,yr) such that each
Y, is an analytic function y, : C* — C* and sup,cc+.m -1 [y (2)[|< C. For sufficiently large C and
L (depending on p,n,, m, and the matrices H, and F,; in Theorem 5.13):

(a) p: S xS — R defined by

ply,y)=sup [y(z) =y(2)l
2z€Ct:Imz>L

is a complete metric on S, and

(b) Letting g = (g1,...,9x) and f = (f1,..., fx) where g, and f, are as above, y — ¢(f(z,y))
defines a map from S to itself, and there exists ¢ € (0,1) such that for all y,y € S,

pg(f(2,¥)),9(f(2,5))) < cply,¥)-

Proof. For part (a), p is clearly nonnegative, symmetric, and satisfies the triangle inequality. By
definition of S, p(y,y) < co for all y, ¥ € S. By uniqueness of analytic extensions, p(y,¥) =0y =
¥, hence p is a metric. If {y(l)}fﬁl is a Cauchy sequence in (8, p), then for each 2 € C* with Im 2z > L,
{yW(2)}s2, is Cauchy in (CT)* and hence converges to some y(z) = (y1(2),...,yx(z)) € (CT)*.
Then Lemma 5.17 implies each y,.(2) has an analytic extension to all of C*, and yﬁl) — 9, uniformly
over compact subsets of C*. This implies y,(z) € Ct for all z € C* and sup,cc+.m -5 1|y (2)]|1< C,
soy € S. Furthermore p(y®),y) — 0, hence (S, p) is complete.

For part (b), clearly if y = (y1,...,%x) is a k-tuple of analytic functions on C*, then g(f(z,y))
is as well. Now consider z € CT with Im z > L and fixed values y € (CT)* with ||y||< C, and define

T = (21d,+y - H*H)™", R = (Idy +FD(f(z,y)) ", (5.50)

where invertibility of these quantities follows from Lemma 5.18. Since H} H, is positive-semidefinite,
[CDS11, Lemma 8] implies ||T]|< (Im z)~!. Then if C, D > 0 (depending on p, m,,n,, H,, F,s) are
sufficiently large, we have |f.(z,y)|< C(Imz)~t, |[FD(f(z,¥))l|< 1/2, ||R||< 2, and |lg(f(z,¥))||<
C'. This establishes that for sufficiently large C, L > 0, if y € S, then g(f(z,y)) € S.

Next, consider also y € (C¥)* with ||§]|< C, and define T and R by (5.50) with ¥ in place of y.
For each s = 1,...,k, let Ps be the projection such that D(x) = Z’;Zl 2sPs. Then by the matrix
identity A= — (A+ E)"! = A"'E(A+ E)7L,

folzy) = fo(2,9) = — Tr (T(T—1 _ T‘l)TH:HT)

1
my
1

My

k
=", — ) T (THH,TH H, )
s=1

9r(f(2,¥)) — g-(f(2,7)) =
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(z,y) — fs(2,¥)) Tr P.RFP,RF.

Then g(f(2,y)) — 9(f(2,5)) = MO MMV (y —§) for the matrices M), M2 € C*** having entries

1 ~
MO = — Ty (TH;HSTH:HT) . MO =
my
For sufficiently large C,L > 0, we have |T||< (Imz)~!, [|T||< (Imz)~!, |[MM]< C(Imz)~2,
|R||< 2, |R||< 2, and |[M®@)|< C, hence |[MPMD|< C?*(Imz)~2 < C2L~2. Increasing L if
necessary so that C2L~2 < 1, this yields part (b). O

We conclude the proof of Theorem 5.13 using these lemmas, Corollary 5.10, and Lemma 5.16.

Proof of Theorem 5.13. Let C,L > 0 be (p, m,, n,-dependent values) such that the conclusions of

V= 2y are

the initial values for the iterative procedure of part (c¢). Lemma 5.19 and the Banach fixed point

Lemma 5.19 hold. Increasing C' if necessary, assume ||y(?||< C where y(©

theorem imply the existence of a unique point y € S such that g(f(z,y)) = y. Defining x = f(z,y),
Lemma 5.18 implies x € (Ct U {0})* for each z € C*. Then x,,y, satisfy (5.19) and (5.20)
for each z € CT by construction, which verifies existence in part (a ) For part (c), define the
constant functions 7. (z) = y\”) over z € C+. Then y(© = (g]io), 1) € S. Define iteratively
yED = g(f(2,®)). Then Lemma 5.19 implies

oy 7) = (g (2,3 94 (2:57)) = (3,54,

for y the above fixed point and some ¢ € (0,1). Hence p(y,5®) — 0 as t — oo. This implies by
Lemma 5.17 that y(t>( ) = y(2) for all z € C*, which establishes part (c) upon noting that 7" (z)
is exactly the value y ) of the iterative procedure applied at z. Part (c¢) implies uniqueness in part
(a), since (yg ). ,yl(f)) would not converge to (y1, ..., yx) if this iterative procedure were initialized
to a different fixed point. For part (b), Lemma 5.18 verifies that mg(z) € C* for 2 € C*. As
y1(2), ..., yk(z) are analytic, mo(z) is also analytic. Furthermore, as'y € S, y1(2),. .., yx(z) remain
bounded as Im z — 00, so mg(z) ~ —z~* as Im 2 — co. Then myq defines the Stieltjes transform of
a probability measure pg by [GHO3, Lemma 2].

It remains to verify that puo approximates uw . Let frq, g, h € A be the free deterministic equiv-
alent constructed by Lemma 5.14, and let N = p+>_ m,+> n,. Uniqueness of the solution z,., y,
to (5.19) and (5.20) in the stated domains implies that the analytic functions 1, ..., Zk, Y1, .., Yk
in Lemma 5.16 must coincide with this solution for z € . Then Lemma 5.16 implies, for z € D,

N-p
Nz

=S
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The conditions of Corollary 5.10 are satisfied by Lemma 5.14, so Corollary 5.10 implies myj, (2) —
My (2) — 0 as p,n,., m, — co, pointwise a.s. over I, where W € CVN*V is the embedding of W and

my, is its empirical spectral measure. As

myy, (2) = Emw(z) -

we have myy(z) — mo(z) — 0 pointwise a.s. over D. As mpy — mg is uniformly bounded over
{z € C* : Imz > ¢} for any ¢ > 0, Lemma 5.17 implies my (z) — mg(z) — 0 pointwise a.s. for
z € C*. Hence pw — po — 0 vaguely a.s. (see, e.g., [BS10, Theorem B.9]). By the conditions
of the theorem, ||[IW|| is almost surely bounded by a constant for all large p,n,,m,. Furthermore,
by Lemma 5.14, we have 7(w!) < [|w||'< C! for some constant C > 0 and all [ > 0, so m,, and
myg are Stieltjes transforms of probability measures with bounded support. Then the convergence

uw — o — 0 holds weakly a.s., concluding the proof of the theorem. O



Appendix A

Marcenko-Pastur model

We collect in this appendix various properties of the Marcenko-Pastur model S = X'FX and
the associated law o defined in Theorem 2.4. Without loss of generality, we assume F' = T =

diag(ty,...,tnr) is diagonal.

A.1 Density, support, and edges of

Recall the Stieltjes transform mg(z) defined by (3.8), and the inverse function zo(m) from (3.11).
Let

P={0yu{—t:t, #0}

denote the poles of zo(m). The following characterization of the density and support of g are from
[SCI5]:

Proposition A.1. The limit
mo(z) = imme(x + in) (A1)
70

exists for each € R\ {0}. At each such z, the law uy admits a continuous density given by
1
fo(z) = = Immg(z).

Proof. See [SC95, Theorem 1.1]. O

Proposition A.2. Let S = {m € R\ P: z{(m) > 0} and 2¢(S) = {20(m) : m € S}. Then
R\ supp(o) = 20(5).

Furthermore, 2z : S — R \ supp(uo) is a bijection with inverse mg : R \ supp(uo) — S.

153
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Proof. See [SC95, Theorems 4.1 and 4.2]. O
Proposition A.2 implies that pg has bounded support:
Proposition A.3. Under Assumption 3.1, supp(ug) C [—C, C] for a constant C' > 0.

Proof. Proposition A.2 and the behavior of zo(m) as m — 0 implies that po has compact support
for each N. Furthermore, each non-zero boundary point of supp(po) is given by zo(m.) for some

m. € R satisfying z(m.) = 0. Rearranging this condition yields
2t2

M
Z:: (14 mayta)?

Since ||T'||< C, this condition implies |m.|> ¢ for a constant ¢ > 0. Furthermore, Cauchy-Schwarz

yields

1 i N
ta
(o) <y e
Combining these yields |zo(m.)|< C for a constant C' > 0, so each non-zero boundary point of

supp(o) belongs to [—-C, C]. O
We next extend Proposition A.1 to handle the case = 0 (cf. Proposition A.6 below).

Lemma A.4. Denote mo(C"T) = {my(z) : z € C*}. For any m € R\ P such that z{(m) < 0, m

cannot belong to the closure of mo(C*).

Proof. zy defines an analytic function on C\ P. For any such m, the inverse function theorem implies
20 has an analytic inverse in a neighborhood B of m in C\ P. If m belongs to the closure of mg(C"),
then B Nmo(CT) is non-empty. As zo(mg(z)) = z for z € C* by definition of myg, the inverse of zo
on B is an analytic extension of mg to zo(B). By the open mapping theorem, zo(B) is an open set
in C containing m. On the other hand, as my is the Stieltjes transform of pg, it permits an analytic
extension only to C \ supp(uo), and this extension is real-valued and increasing on R \ supp(uo).
Then zo(B)NR must belong to R\ supp() and zg must be increasing on BNR, but this contradicts
that z{(m) < 0. O

Lemma A.5. Define

9(g) = 20(1/a) = —q+ Z (

a=1

> . (A.2)
Then for any ¢ € R, there is at most one value ¢ € R for which ¢g(¢) = ¢ and ¢'(q) < 0.

Proof. Denote by P' = {—t : to # 0} the distinct poles of g, and let Iy,..., I p/|4+1 be the intervals
of R\ P’ in increasing order. For any ¢ € R, boundary conditions of g at P’ imply that g(q) = ¢ has

at least one root ¢ in each interval Iy, ..., I}p|, and hence at least |P’|—1 total roots. In addition,
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every ¢ € R where g(¢) = ¢ and ¢’(¢) < 0 contributes two additional roots to g(¢q) = ¢, counting
multiplicity. As g(¢) = ¢ may be written as a polynomial equation in ¢ of degree |P’|4+1 by clearing
denominators, it can have at most |P’|+1 total roots counting multiplicity, and hence there is at

most one such gq. O

Proposition A.6. If rank(T") > N, then the limit (A.1) exists also at = 0, and o has continuous
density fo(z) = (1/7) Immg(z) at © = 0.
If rank(7T") < N, then for any sequence z, — 0 with z, € C+\ {0}, we have |mg(z,)|— co.

Proof. Suppose rank(7T') > N. Taking imaginary parts of (3.8) yields
Imz = 7Im o Z tamo(2)” (A.3)
‘mo( ‘1 +1 mo ’ '
Both Im z > 0 and Immg(z) > 0 for z € C*, whereas if |mq(2,)|— oo along any sequence z,, € C*,

then
1 [tamo(2z,)]? rank(T")
Rt S LCALLUAC VAN NS T Sl
(w S rer)

When rank(7') > N, this implies mq(z) is bounded on all of C*. In particular, it is bounded in a
neighborhood of z = 0, and the result follows from the same proof as [SC95, Theorem 1.1].
Suppose now rank(7) < N. Note (3.8) holds for z € C+\ {0} by continuity of mg. If mq(z,) — m
for some finite m along any sequence z, € C+\ {0} with z, — 0, then zo(m) = lim,, 2o(mq(z,)) = 0,
and m ¢ P. Rearranging (3.8) yields
rank (7T’ 1 1
zmo(z):—l—i-A—f Z T tamo()’

N N
a:te#0

and taking real and imaginary parts followed by z, — 0 yields

rank(7T) 1 Z 1+t,Rem 1 Z to Imm

“FleROm Ty taimm
114 tam|?’ N 1+ toml|?

N N
a:ta,#0 a:te #0

When rank(T') < N, the first equation implies Rem # 0 and >_,, _ota/|1 + tam|?# 0, and the
second equation then implies Imm = 0. Thus m € R\ P. But recalling g(q) from (A.2), we have
g(0) = 0 and ¢’(0) < 0 when rank(7") < N, so Lemma A.5 implies g’'(¢) > 0 for every other g where
g(q) = 0. Thus z{(m) < 0, but this contradicts Lemma A.4. Hence |mg(z,)|— . O

Recall R, from (3.10) and the notion of a soft edge from Definition 3.4. We record the following

consequence of the above.

Proposition A.7. If E, is a soft edge of ug with m-value m,, then E, € R, mg extends continuously
to E., and mo(Ey) = m..
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Proof. Recalling g(q) from (A.2), if E, = 0 is a soft edge, then g(1/m.) = 0 and ¢'(1/m.) = 0.
Hence Lemma A.5 implies ¢’(0) > 0, so rank(T) > N. Thus any soft edge E. belongs to R.,.
Propositions A.1 and A.6 then imply continuous extension of mg to E.. Considering m € R with
z,(m) > 0 and m — m.., Proposition A.2 implies mg(zo(m)) = m, while continuity of zy and mq

yield zo(m) = zo(m.) = Ex and mo(z0(m)) = mo(Ex). Hence mo(E,) = m.. O
We now establish the characterization of edges of g given in Proposition 3.3.

Proof of Proposition 3.3. Let g(g) be as in Lemma A.5. If m; is a local minimum (or maximum) of
20, then g; = 1/m; is a local minimum (resp. maximum) of g, where g; = 0 if m; = co. Furthermore
these are the only local extrema of g, and they are ordered as ¢1 < ... < ¢,,. We have E; = g(g;)
foreach j=1,...,n
Let P' = {—tq : to # 0} be the poles of g, and let Iy,..., I p/4; be the intervals of R\ P’ in
increasing order. Denoting
S'={qeR\ P :g'(q) <0},

Proposition A.2 is rephrased in terms of g as

R\ supp(po) = g(S"\ {0}). (A4)

(We must remove 0 from S’, as m = oo is not included in S.) As ¢g"’(q) > 0 for all ¢ € R\ P’, we have
that ¢'(q) is convex on each I;. Together with the boundary conditions ¢’(¢) — oo as ¢ — P’ and
g'(q) = —1 as ¢ — Fo0, this implies /; contains the single local extremum ¢; (a minimum), ;p/|44
contains the single local extremum ¢, (a maximum), and each I; for j = 2,...,|P’| contains either
0 or 2 local extrema (a maximum followed by a minimum). Hence S’ is a union of open intervals,

say Ji,...,Jr, with at most one such interval contained in each I;. Lemma A.5 verifies

9(J;) Ng(Jx) =0 (A.5)

for all j # k. Together with (A.4), this verifies that the edges of 1o are precisely the values g(g;),
with a local maximum g; corresponding to a left edge and a local minimum g; corresponding to a
right edge. If 0 € S’, then it belongs to the interior of some open interval J;, and supp(to) contains
an isolated point at 0 which is not considered an edge. This establishes (a) and (b).

The ordering in part (c) follows from a continuity argument as in [KY17, Lemma 2.5]: Define
for A € (0,1]

9 (q) q+z< q—l—t)

Note that g} (g) is increasing in X for each fixed ¢ € R\ P’. Hence for each local minimum (or

maximum) ¢; of g, we may define a path ¢;()), continuous and increasing (resp. decreasing) in A,
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such that ¢;(1) = ¢; and ¢;(\) remains a local minimum (resp. maximum) of gy for each A € (0,1].
As X N\, 0, each ¢;(N\) converges to a pole —t, in P’, with gx(g;(A)) \y ta if ¢;(N) 7 —to and
gr(g; (X)) St if g;(A) Ny —t. Hence for sufficiently small A > 0,

g (q1(N) > ... > gal(gn(N)).

Lemma A.5 applies to g for each fixed A, implying in particular that gx(g;(\)) # gx(gx(N)) for any
j # k. Hence by continuity in A, the above ordering is preserved for all A € (0,1]. In particular it
holds at A = 1, which establishes (c).

Finally, for part (d), suppose Ej; is a soft right edge. Proposition A.7 yields m; € R, and
mo(E;) = m;. The previous convexity argument implies ¢g”(g;) # 0 for any local extremum g;, and
hence z{/(m;) # 0. Taking x  E;, continuity of mg implies mg(x) — m;. As 2z is analytic at m;

and z((m;) = 0, a Taylor expansion yields, as ¢ * Ej,

v~ By = z(mo(2)) — z0(my) = 20 (1 1 o(1)) (mo(z) — m;).

Since Immg(z) > 0 and Imm; = 0, this yields

mo(x) —m; = \//,2(1’ — E;)(1+0(1)),

zg (my)

where we take the square root with branch cut on the positive real axis and having positive imaginary
part. Taking imaginary parts and recalling fo(z) = (1/7) Immg(z) yields (d). The case of a left

edge is similar. O

A.2 Behavior of my(z)

First consider z € Us = {z € C : dist(z, supp(uo)) > &} for a constant § > 0. We establish some

basic bounds on mg and Immy.

Proposition A.8. Suppose Assumption 3.1 holds. Fix any constant § > 0. Then for some constant

¢ >0, all z € Us, and each eigenvalue ¢, of T,
|14 tamo(2)]> c.

Proof. Note that (2.11) implies |mo(z)|< 1/6. The result then holds for |t,|< §/2. Since ||T||< Co
for a constant Cy > 0, it also holds when |mg(2)|< 1/(2Cp). Proposition A.3 shows that supp(uo)
is uniformly bounded, so there is a constant R > 0 such that |mg(z)|< 1/(2Cy) when |z|> R. Thus
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it remains to consider the case
tal> /2, Imo(2)]> 1/(2C0), |z|[< R. (A.6)

For this case, consider first z € Us N R, so that mg(z) € R. The result is immediate if t,mo(z) > 0.
Otherwise, note that sign(mq(z)) = sign(—1/t,). Since z ¢ supp(ug), Proposition A.2 implies
z4(mo(2)) > 0. By the behavior of zy at its poles, there exists m, € R between mg(z) and —1/¢,
such that z{(m.) = 0 and z{(m) > 0 for each m between m, and mg(z). Note that |1/t,|> 1/Cy, so
|m|> 1/(2Cy) for each such m. Also, differentiating (3.11) yields z}(m) < 1/m?. So 0 < 2{(m) < 4C3

for each such m. Then, since z = z9(mg(2)), we have
[mo(2) + 1/tal> [mo(2) — ms|> |z — 20(m.)|/(4CF).

Since zo(m.) is a boundary of supp(po) and z € Us, we have |z — zo(m.)|> §. Multiplying by |t.|
and applying |t,|> 0/2 yields the result when z € Us N R.
To extend to all z € Us satisfying (A.6), note that for any z, 2’ € Uj/2, we have by (2.11)

1 1

mo(:) ~ mo()|< [ polde) < Clz — 2]

r—z x—2
Thus [1 + tamo(2)|> c for all z € Us in an e-neighborhood of Us/, N R, for a sufficiently small

constant € > 0. For all other z € Uy, we have |Im z|> ¢, so the bound |z|< R in (A.6) implies

I
nmo(e)= | [ o) >

Then |1 4 toamo(2)|> |tal-Tmme(2)]|> c. O

Proposition A.9. Suppose Assumption 3.1 holds. Fix §, R > 0. Then there exist constants C, ¢ > 0
such that for all z € Uy,
|mo(2)|< C, [Im mg(2)|< ClIm 2|,

and for all z € Us with |z|< R,
|mo(2)|> ¢, [Immg(2)|> ¢[Im z|.

Proof. For each z € U, we have

tmmo(s) = [ S pn(d). mo()I< [ () < 5.

|z — 2|

This yields both bounds on Immg(z) and the upper bound on |mg(z)|. The lower bound on |mg(z)|
follows from (3.8) together with |z|< R, |t|< C, and |1 + tomo(2)|> c. O



APPENDIX A. MARCENKO-PASTUR MODEL 159

We now turn to the implications of edge regularity, and prove Propositions 3.6, 3.12, and 3.13.
The arguments are similar to those of [KY17, Appendix A]. We first quantify continuity of my,
uniformly in N, near a regular edge F.. In particular this implies that when |z — E,| is small,

|mo(2) — m.| is also small.

Lemma A.10. Suppose Assumption 3.1 holds and FE, is a regular edge with m-value m,. Then

there exist constants C,d > 0 such that
(Ey—4,E.+0)CR
and for every z € C+ with |z — E,|< 0,
Imo(2) — m.|?< C|z — E.|.

Proof. Applying Proposition 3.11, take a constant v > 0 such that |m.|> v. Fix a constant ¢ <

min(v, 7) to be determined later, and define
Sy =min (¢, inf(§ > 0: [mo(z) — m.|< ¢ for all z € CT UR, such that |z — E,|< §)).

As mo(E.) = my, continuity of mg at E, implies §; > 0. Furthermore, if rank(T) < N so that
0 ¢ R., then the divergence of mg at 0 from Proposition A.6 implies (E. — dn, Ex + dn) C Ri. A
priori, d;y may depend on N. We will first establish that |mg(2) —m.|?< C|z—E,| when |z —E,|< dn.
This will then imply that d is bounded below by a constant ¢.

Consider z € C* with |z — E«|< én. Let us write as shorthand m = mq(z). Then

|z — Ex| = [20(m) — 20(m.))|

2

M
= [m —m.[|— mm* z:: 1+t,m) 1—|—t M)

t3
m2 N Z (14 tom)(1 +tamy)?

(A7)

=m —m.|” ‘

where the last line adds to the quantity inside the modulus

1 M
!
0= z(m.) :mfﬁzm'

As |m — my|< ¢ by definition of dy, we have for each non-zero ¢,

Cc

v —0¢  m+tal  m.ttal

‘1 1’ c 1 1

T(r—¢)
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Applying this to (A.7) and recalling yv=2 = |2{/ (m.)|/2 yields

M c
_E, A e .
12 [> lm = m.| (’Y v3(v—c) NT3(T—C)>

As y72 > 72, this implies |mo(z) — m.|?< C|z — E,| when c is chosen sufficiently small, as desired.

By continuity of mg and definition of dy, either §y = ¢ or there must exist z € C+ such that
|z — E.|= 0x and |mg(2) — m«|= c. In the latter case, for this z we have ¢? = |mg(z) — m.|?<
C|z — E.|= Céy, implying 5 > ¢?/C. Thus in both cases dy is bounded below by a constant,
yielding the lemma. O

Next we bound the third derivative of zg near the m-value of a regular edge.

Lemma A.11. Suppose Assumption 3.1 holds and FE, is a regular edge with m-value m,. Then
there exist constants C,d > 0 such that zg is analytic on the disk {m € C : |m — m.|< ¢}, and for
every m in this disk,

20" (m)|< C.

Proof. Proposition 3.11 ensures |m.|> v for a constant v > 0. Taking 6 < min(v,7), the disk
D = {m € C:|m — m.|< ¢} does not contain any pole of zy, and hence z¢ is analytic on D. We

compute
6 1 6
m4 N et (t&l + m)4a

so |2{'(m)|< C for m € D and sufficiently small § by the bounds |m.|> v and |m, +t3t>7. O
Propositions 3.6, 3.12, and 3.13 now follow:

Proof of Proposition 3.12. This follows from Taylor expansion of z{ at m., the condition |z{ (m.)|=

2y~2 > 272 implied by regularity, and Lemma A.11. O

Proof of Proposition 3.6(a). Let C,§ > 0 be as in Lemma A.10. Reducing ¢ as necessary and

applying Lemma A.11, we may assume zq is analytic with |z’ (m)|< C’ over the disk
D={meC:|m—m.<VCd},

for a constant C’ > 0.
Let E* be the closest other edge to F., and suppose E* € (E, — §, Ex + §). Let m* be the

m-value for E*. Then Lemma A.10 implies m* € D. Applying a Taylor expansion of z{,

zgl(m) (m* -m )2
2 *

2h(m*) = 2h(m.) + 2 (m.) (m* —m.) +
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for some m between m, and m*. Applying 0 = z{(m*) = 2{(m.), |2{(m.)|= 2y~2 > 272, and
|24’ (m)|< C', we obtain |[m* — m.|> 472/C’. Then Lemma A.10 yields |[E* — E,|> c for a constant
¢ > 0. Reducing ¢ to c if necessary, we ensure (E, — §, E, + 0) contains no other edge E*. The
condition (F, — 4, Ex + J) C R, was established in Lemma A.10. O

Proof of Propositions 3.13 and 3.6(b). For any constant § > 0, if n = Imz > J, then all claims
follow from Propositions A.8 and A.9. Hence let us consider n = Im z < 4.

Taking & sufficiently small, Lemma A.10 implies |mq(z) — m.|< VC6 for all z € Dy. Then
|mo(2)|=< 1 and |1 4+ tomo(2)|< 1 by Proposition 3.11. Reducing J if necessary, by Lemma A.11 we

may also ensure zp is analytic with |z{’(m)|< C’ on

D={meC:|m—-m*|<VC§}.

Note z = zg(mg(2)) by (3.8) while E, = zo(m.). Then taking a Taylor expansion of zy and applying

2

the conditions z{(m.) = 0, z{ (m.) = 2772, and |z{’(m)|< C’ for all m € D, we have

2 B = 20(mo(2)) — z0(ma) = (12 +7(2))(mo(2) — m,)? (A.9)
where |r(z)|< C'vC4é/6. Taking ¢ sufficiently small, we ensure
W)=, arg(y P +7(2)) € (—ee) (A.9)

for an arbitrarily small constant £ > 0, where arg(z) denotes the complex argument. Taking the
modulus of (A.8) on both sides yields |mg(2) — m.|< /|2 — E.| < V& 1.

For Immg(z), suppose E, is a right edge. (The case of a left edge is similar.) By Proposition
3.6(a), we may assume (E, — 0, E,) C supp(uo) and (E., Ex + ) C R\ supp(up). First suppose
Imz >0 and F=Rez < E,. As Immg(z) > 0 by definition, (A.8) yields

mo(z) —m. = /(2 — B.)[(y72 +r(2))

where the square-root has branch cut on the positive real axis and positive imaginary part. Applying
arg(z — E.) € [r/2,7) and (A.9), we have Immyg(z) < Imvz — E, < |vz— E.|x Vk+7n. By

continuity of mg, this extends to z € (E, — J, E,) on the real axis. Hence Proposition 3.6(b) also

follows, as fo(z) = 7~ Immo(x).

Now, suppose £ = Rez > F,. Let us write

Immg(z) = = wo(dA) =T+ 1L

n n
G [
/)\E*<6 (A_E)QJ’_UQ ° IA—E.|>6 ()\—E)Q‘i‘

Reducing & to §/2, we may assume the closest edge to E is E,. Then we have II € [0,7/§2]. For I,
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as o has density fo(z) < VE. —z for x € (E, — 6, E,) while (E,, E. +J) C R\ supp(po),

FE. )
n n
I =< ———\/FE, — = _— .
/ Fr VB~ A /0 e e VL

s (A= K+ )

Considering separately the integral over z € [0,k + 7] and z € [k + 1, d], we obtain I < n/\/n + k.
Then II < C' -1, and this yields Immg(2) < n/v/n + k. O

A.3 Proof of local law

We verify that the proof of the entrywise local law in [KY17] does not require positive definite T
Indeed, Theorem A.13 below, which is a slightly modified version of [KY17, Theorem 3.22], holds in
our setting. We deduce from this Theorems 2.5, 3.7, and 3.16.

We use the following notion of stability, analogous to [KY17, Definition 5.4] and [BEK™14,
Lemma 4.5].

Definition A.12. Fix a bounded set S C R and a constant a > 0, and let
D={2€C":Rez€ S, Imze [N 1]} (A.10)
For z = F +in € D, denote
L(z)={z2}U{weD:Rew=E, Imw € [n,1] N (N"°N)}.

For a function g : D — (0, c0), the Marcenko-Pastur equation (3.8) is g-stable on D if the following
holds for some constant C' > 0: Let u : C* — C% be the Stieltjes transform of any probability

measure, and let A : D — (0,00) be any function satisfying
e (Boundedness) A(z) € [N=2, (log N)71] for all z € D,
e (Lipschitz) |A(z) — A(w)|< N?|z — w] for all z,w € D,
e (Monotonicity) n — A(E + in) is non-increasing for each F € S and n > 0.

If z € D is such that |zg(u(w)) — w|< A(w) for all w € L(z), then

(A.11)

Theorem A.13 (Abstract local law). Suppose Assumption 3.1 holds. Fix a bounded set S C R
and a constant a > 0, and define D by (A.10). Suppose, for some constants C, ¢ > 0 and a bounded
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function g : D — (0, C), that (3.8) is g-stable on D, and furthermore
¢ < |mo(z)|< C, en < Immg(z) < Cy(z), |1+ toamo(z)|> ¢

for all z = E+in € D and all o € Zp;. Then, letting my(2), G(2),II(2) be as in (3.16), (3.17), and
(3.19), and denoting
Immg(z) 1

v =y — 4 —
(2) Ny N

(a) (Entrywise law) For all z€ D and A,B € Z,

GAB(Z) — HAB(Z)
tatp

<a U(2).

(b) (Averaged law) For all z € D,

ma(2) — mo(2) <o min (

Proof. The proof is the same as for [KY17, Theorem 3.22], with only cosmetic differences which we

indicate here. The notational identification with [KY17]is T <+ ¥ and ¢, > ;. (We continue to use

Greek indices for Z); and Roman indices for Zp, although this is reversed from the convention in

[KY17].) Asin [KY17], we may assume T is invertible. The non-invertible case follows by continuity.
We follow [KY17, Section 5], which in turn is based on [BEK'14]. Define

Zi= Y GUXeiXpi - NG, Zo= Y GVXaiXoj - NTITIGY,

a,BELy 4,JEIN
=5 (2 2+ T Gritmap?
= N\ i (1+tam0)2 a |
i€ln a€ly
=N (@-mu|+M Y (G- Uy — |00+ O
- K22 ao | N’]7 ?
i€IN a€ly
—1II
, = max @7 A= I(G ~ 1) ap| = ={A < (logN)"'}.
A#£BET |tatp| ABET  |tatg]

These all implicitly depend on an argument z € D. Then the same steps as in [KY17, Section 5]
yield, either for 7 = 1 or on the event =, for all z € D and A € Z,

|Zal, Ao < Po, (A.12)
20(mn(2)) — 2z — [Z] < ¥ < (Nn)~ L. (A.13)
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(In the argument for n = 1, the use of [KY17, Eq. (4.16)] may be replaced by [KY17, Lemmas 4.8
and 4.9]. Various bounds using o;, for example [KY17, Egs. (5.4), (5.11)], may be replaced by ones
using the positive quantity |t,|.) Applying (A.12) and the resolvent identities for G;; and G g, we

may also obtain on the event =
0 < ‘m]\[ - m0|+|[Z]\+(N77)_1, A=< |mN — m0|—|—\I/@. (A14)

The bound (A.12) yields the initial estimate [Z] < Ug < (N75)~'/2 on Z. The conditions of
Definition A.12 hold for A = (N71)~'/2, so (A.13), the assumed stability of (3.8), and the stochastic
continuity argument of [BEK ™14, Section 4.1] yield that = holds with high probability (i.e. 1 < 1{Z})
and A < (Nn)~'/4 on all of D. Next, applying the fluctuation averaging result of [KY17, Lemma
5.6], we obtain for any ¢ € (0, 1] the implications

Immg + (Nn)—¢

) Immg + (Nn)~—©
N

= (2] o

O < (Nn) =Yg < \/ = A(z).
The conditions of Definition A.12 hold for this A(z), so applying (A.13), stability of (3.8), and
1 < 1{E}, we have the implications

®<(Nn)_C:>|mN—mo|<&:94&+A(2)+(N77)_1. (A.15)

9(2) + VA(2) 9(2) + VA(2)

We bound A(z) < C(Nn)~! and

A(z) < Immg(z)
9(z) +VAGz) ~ Nng(2)

where this applies Immg(z) < Cg(z). Hence

+ (Ny) =2 < O(Np) =t + (Np) =972,

0 < (Nn)~¢= 0 < (Np)~(+a/2,

Initializing to ¢ = 1/4 and iterating, we obtain © < (Nn)~'*¢ for any € > 0, so |my — mo|< © <
(Nn)~L. Applying (A.15) once more with ¢ = 1, we have for ¢ = 1 that A(z) < ¥(2)? and hence
also |my — mo|< ¥?/g. This yields both bounds in the averaged law. The entrywise law A < ¥
follows from (A.14). O

We now verify the stability condition in Definition A.12 near a regular edge and outside the
spectrum. The proofs are the same as [KY17, Lemmas A.5 and A.8], which are based on [BEK'14,

Lemma 4.5]. For convenience, we reproduce the argument here.

Lemma A.14. Suppose Assumption 3.1 holds.
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(a) Fix any constants d,a,Cy > 0, and let
D={z€C"%:Rez € [~Cy, Cy] \ supp(po)s, Imz € [N~*+ 1]}.

Then (3.8) is g-stable on D for g(z) = 1.

(b) Let E, be a regular edge, and let D be the domain (3.18), depending on constants J,a > 0. For
z=FE+in € D, denote k = |E — E,| and let g(z) = \/k + 1. Then, for any constant a > 0 and
any constant 6 > 0 sufficiently small, (3.8) is g-stable on D.

Proof. Writing u = u(z), m = mg(z), and Ag = Ag(z) = 20(u(2)) — 2, we have

M
m — 1 t2um
A = — =
0 = no(u) = z(m) = " ( TN T ) 1+tam)>

= a(2)(m —u)* + B(z)(m — u)

for

M 2
a(z) = ——
u = (1T +tau)( 1—i—tomz)27

plz) = um ( N Z +t m) > - —%zf)(m).

Viewing this a quadratic equation in m — u and denoting the two roots

Ri(z), R2(2) = )+ VBG) a(z) 2)80(2 ), (A.16)
we obtain mg(z) — u(z) € {R1(z), R2(2)} for each z € D. Note that (A.16) implies
Ra(2) - Ra(oy= VP EIOE RG], (a17)

()]

Also, we have |Ry Ra|= |Ag/a and |Ry + Ra|= |f/al. The first statement yields min(|R1], | Rz|) <

VIAo/a| = 2|A¢l/v/4|alo|. The second yields max(|R1],|Rz|) > |8/(2c)], so the first then yields
min(|Ry], |Rz]) < 2|A¢]/|8]. Combining these,

440 (2)]

)< |B(2)|++/4]a(z) Ao (2

We first show part (a). Let A(z) satisfy the conditions of Definition A.12. We claim that for any

min(| Ry (2)], [R2(2) (A.18)

constant v > 0, there exist constants Cy, ¢ > 0 such that



APPENDIX A. MARCENKO-PASTUR MODEL 166

1. IImz > v and |A¢(2)|< A(z), then

|mo(2) — u(2)|< CoA(2). (A.19)

2. If |Ag(2)|< A(z) and |mg(2) — u(2)|< (log N)~1/2, then

min(|R1(2)], |[R2(2)]) < CoA(2),  [Ri(z) — Ra(2)[= c. (A.20)

Indeed, if Im 2z > v and |A(2)|< A(2) < (log N)~1, then Im 2 (u(z)) > v/2. In particular zo(u(z)) €
C™*, so mo(20(u(2))) = u(z) as Theorem 2.4 guarantees this is the unique root m € CT to the

equation zg(m) = 29(u(z)). Applying |m{(2)|< 1/(Im 2)?, we obtain
[mo(2) — u(z)|= [mo(z) — mo(z0(u(2)|< (4/v*)|Ao(2)|< (4/v*)A(2),

and hence (A.19) holds for Cy = 4/v%. On the other hand, if |mg(z) — u(z)|< (log N)~/2, then
Propositions A.9 and A.8 imply |a(z)|< C and |5(z)|< C. Taking imaginary parts of (3.8) as in
(A.3), we also have |u(z)m(2)B(2)|> (Im z)|mo(2)|?/Immg(z) > ¢, so |3(z)|> c. Applying this to
(A.17) and (A.18), and increasing Cj if necessary, we obtain (A.20).

A continuity argument now concludes the proof of part (a): Consider any z € D with |Ag(w)|<
A(w) for all w € L(z). If Imz > v, the result follows from (A.19). If Imz < v, let w € L(z) be
such that Imz < Imw < Imz + N 5. Suppose inductively that we have shown (A.19) holds at w.
Applying |u'(2)|< 1/(Im 2)? < N2 for any Stieltjes transform u(z) and z € D, we obtain

Imo(2) — u(2)|< CoA(w) + 2N 3 < (log N)~Y/2,

So (A.20) implies max(|R1(z)|,|R2(2)]) > ¢/2. Then |mg(z) — w(z)|= min(|R1(2)|, |R2(z)]), so
(A.20) also shows that (A.19) holds at z. Starting the induction at Im z > v, we obtain (A.19) for
all w € L(z), and in particular at w = z. This establishes part (a).

For part (b), let g(z) = /k +n. We claim that when ¢ > 0 is sufficiently small, there exist
constants v, Cy, C7 > 0 such that

1. If Imz > v and |Ap(2)|< A(2), then

mo(z) —u(z M. A21
Imo(2) ()‘Sg(zﬂ—m (A.21)

2. If Tm z < v, |Ao(2)|< A(2), and |mo(2) — u(2)|< (log N)~'/3, then
min(| Ry ()], R (2)]) < — 22 ) (A.22)

9(2) + VA(Z)
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Cr M (9(2) = VA(2)) < |Ra(2) = Ra(2)|< Ci(g(2) + VA()). (A.23)

We verify the second claim first: If Imz < v and |mg(z) — u(z)|< (log N)~'/3, then for v and &

sufficiently small, Lemma A.10 implies
Imo(z) — mu|< CVr + 6, |u(z) — my|< CVv + 0 (A.24)

for a constant C' > 0 independent of v,d. We have

Mzt (msy) __L+i§: Bm, __ii”: 2
2 - m2 N = (L +tams)? N — (1 + tomy )3’

where the second equality applies the identity 0 = z{,(m.). Comparing the right side with u(z)a(z),
and applying (A.24) together with the bounds |m.|=< 1, |zj(m.)|=< 1, and |1 + tam.|=< 1 from
Proposition 3.11, we obtain ¢ < |a(z)|< C for constants C,c¢ > 0 and sufficiently small v,d. Next,

applying again 0 = z{(m.), we have

b = [ @)e = (m—mzgm)+ [ [ s

My My J My

Applying (A.24), |z{ (m.)|=< 1 from Proposition 3.11, |mg(z) — m«|=< /& + 1 from Proposition 3.13,
and |z{’'(y)|]< C from Lemma A.11, we obtain cg(z) < |8(z)|< Cyg(z) for v,d sufficiently small.
Applying these bounds and |Ag(z)|< A(z) to (A.18) and (A.17) yields (A.22) and (A.23). Letting
v be small enough such that this holds, for Imz > v, the same argument as in part (a) implies
|mo(2) —u(2)|< (4/v?)A(z). Noting g(z) > /v and increasing Cy if necessary, we obtain (A.21).
We again apply a continuity argument to conclude the proof: Consider any z € D with |Ag(w)|<
A(w) for all w € L(z). If Imz > v, the result follows from (A.21). If Im z < v, suppose first that

C()A(Z)

9(2) + VA(Z)

Note that by monotonicity of A, the left side is decreasing in Im z while the right side is increasing
in Imz. Thus if (A.25) holds at z, then it holds at all w € L(z). Let w € L(z) be such that
Imz < Imw < Imz+ N5 and suppose inductively that we have established (A.21) at w. Then

+2N73 < (207) Hg(2) — VA(2)). (A.25)

C()A(’w)
Imo(2) —u(2)|< ————=—=
g(w) + /A(w)
Then (A.23) and (A.25) imply |mo(z) — u(z)|= min(|R1(2)], | R2(%)]), so (A.22) implies (A.21) holds
at z. Starting the induction at Im z > v, this establishes (A.21) if z satisfies (A.25).
If 2 does not satisfy (A.25), then rearranging (A.25) and applying A(z) > N3 yields g(z)? <

+2N73 < (log N)~1/3.
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CA(z) for a constant C' > 0. Then

OoA(Z)

9(2) + VA(z)

for a constant Cy > 0. We claim

CQA(Z)
+Ci(9(2) + VA(R) < PEENING)

mo(z) —ul(z L(Z)
P EVAE)

Indeed, let w € L(z) be such that Imz < Imw < Im z+ N5, and suppose inductively that we have
established (A.26) at w. This implies in particular [mg(z) — u(z)|< (log N)~/3 as before, so (A.26)
holds at z by (A.22) and (A.23). Starting the induction at the value w € L(z) satisfying (A.25)

which has the smallest imaginary part, this concludes the proof in all cases. O

(A.26)

We now verify Theorems 2.5, 3.7, and 3.16.

Proof of Theorem 2.5. By the bound ||S||< ||T]|[| X2, we may take Co > 0 sufficiently large such
that ||§3||§ Co with probability at least 1 — NP Define

D= {Z € C+ : Re e [700700] \Supp(uo)éa Imz € [N72/37 1]}

Then Propositions A.8, A.9, and Lemma A.14(a) check the conditions of Theorem A.13 for g(z) =1
over D.

Applying the second bound of Theorem A.13(b), |my(z) — mo(2)|< ¥(2)? < N~ + (Nn)~2 for
any z € D. Taking = N~2/3 and applying also Immg(z) < 7, we obtain Immy(z) < N=2/3 <
1/(2Nn). As the number of eigenvalues of Sin [E—n, E+n] is at most 2Nn-Immy(z), this implies
S has no eigenvalues in this interval with probability 1 — N =2 for all N > No(D). The result follows
from a union bound over a grid of values E € [~Cy, Co] \ supp(uo)s of cardinality at most CN?/3,
together with the bound ||Z[|< Co. O

Proof of Theorem 3.7. The argument follows [PY14, Eq. (3.4)]. Consider the case of a right edge
E.. (A left edge is analogous.) For each E € [E, + N~2/3%¢ E, + 4], denoting x = E — F,, consider
z = FE +1n for

p= N-Y2-e/4g1/1 ¢ [N—2/3 1

)

where the inclusion holds for all large N because € [N —2/3+e d]. Proposition 3.13 implies

Cn Cn —1a7—€/2
I < < — =C(N N—¢&/=,

Also by Proposition 3.13 and Lemma A.14(b), we may apply Theorem A.13 with ¢g(z) = v/k + 7.
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The above bound on Immq(2) yields ¥(2)? < C/(Nn)?, and hence Theorem A.13(b) implies

1 1 1
< = <
e = (Nn)eve - Noverags =

Im (2) = mo(2)[< Np)TINTE2,

2/3

where the last bound uses n > N~</°. Thus we obtain

Immy(z) < C(Nn) 'N—¢/2,

Then ¥ has no eigenvalues in [E —n, E + 7] with probability 1 — N~ for all N > Ny(D), and the

result follows from a union bound over a grid of such values F. O

Proof of Theorem 3.16. This follows from Theorem A.13 applied with ¢g(z) = \/k + n, and Proposi-
tion 3.13 and Lemma A.14(b). O



Appendix B

Free deterministic equivalents

In this appendix, we prove the asymptotic freeness results of Chapter 5 and establish the existence

of the approximating free deterministic equivalent model.

B.1 Proof of asymptotic freeness

We prove Theorem 5.9 and Corollary 5.10. To ease subscript notation, throughout this section we
denote by M, j] the (¢,7) entry of a matrix M.

Let @ be a *-polynomial in (7;)icz; je{1,...,s; With coefficients in (Py,..., Py), and let ¢ denote
the corresponding *-polynomial with coefficients in (p1, ...,pq). For Theorem 5.9, we wish to show

for any r, almost surely as N — oo,
N'TeQ(H;cieZyjef{l,....J) =7 (q(hi :i €Z;,5 € {1,...,J}))| = 0. (B.1)

The high-level strategy of the proof is the same as [BG09, Theorem 1.6], and follows these steps:

1. By applying linearity of Tr and 7, we may reduce to the case @ = Hle Q, where each Qf is a

simple-valued polynomial of a single family (H; : ¢ € Z;, ).

2. By “centering” each @) and inducting on K, it suffices to consider the case where j; # jo, jo #
Js,---,Jix # j1 and each Qy satisfies Tr Qx(H; : 1 € Z;,) = 0.

3. The main technical ingredient is Lemma B.2 below, which establishes the result for such Q. We use
orthogonal invariance in law of (H; : ¢ € Z;, ) to introduce independently random block-orthogonal
matrices, and then condition on the H;’s to reduce to a statement about Haar-orthogonal and

deterministic matrices.

The last step above uses an explicit computation of the trace, together with basic properties of the

joint moments of Haar-orthogonal matrices. We follow an approach inspired by [HP00O, Theorem

170
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2.1], but which (we believe) fills in an omission in the proof and also extends the combinatorial

argument to deal with rectangular matrices and the orthogonal (rather than unitary) case.

Proof of Theorem 5.9. To show (B.1), by linearity of Tr and 7, it suffices to consider the case where
Q is a *-monomial, which we may always write as a product of Q1, ..., Qx where each QQ; depends
only on the variables of a single family Z;, . Writing Qp = (P1+...4+ P3)Qr(P1+. ..+ Py) and again
applying linearity of Tr and 7, it suffices to consider the case where each @)y is simple-valued, i.e.
P, QrPs, = Q. for some ri, s, € {1,...,d}. If s # ri41 for any k (with the cyclic identification
k41 = 71), then (B.1) is trivial as both quantities on the left are 0. If s, = ryy; for all k, then it
suffices to consider 7 = r; and to replace N,-* Tr, by N=! Tr and 7. by 7. The result then follows

from Lemma B.1 below. O

Lemma B.1. Under the assumptions of Theorem 5.9, fix K > 1, j1,...,jx € {1,...,J}, and
r1,...,7k € {1,...,d}. For each k = 1,..., K, let Q be a x-polynomial with coefficients in
(Py,. .., Py) of the variables (%)iezjk of the single family Z;, , such that P, QP ,, = Qx (with the

k41
identification rx 41 :=r1). Let ¢1,...,qx denote the corresponding #-polynomials with coefficients
in (p1,...,pq). Then, almost surely as N — oo,
1 K K
NTrHQk(HZ—:iEIjk)—T(qu(hi:iel'jk)>‘—>0. (B.2)
k=1 k=1

Proof. We induct on K. For K = 1, (B.2) holds by the assumption that (h;)iez;, and (H;)iez, are
asymptotically equal in D-law a.s.
For K > 2, assume inductively that (B.2) holds for each value 1,..., K — 1 in place of K. Let

1
tp = T(qr (h; ;1 €Z;,)),
T(prk) ( ( Jk))
and define the “centered” *-polynomials
Dy = Qi — tpPry, di, = g — tiPry -

We clarify that ¢, € C is a fixed constant (evaluated at the h;’s, not at the arguments x;’s of
these *-polynomials), and thus Dy and dj are still *-polynomials of (xi)iezjk with coefficients in
(P1,...,Py) and (p1,...,pq). We have ty = 0 if rp # rry1, because g is simple. Denoting by Sk

the collection of all subsets of {k : ry = ri11} and applying a binomial expansion,

15 .
EV:TTJ;ECQk(fﬂ :ZEEZ&k):: j{: (Q(S)

SeESK
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where

Q(S) ::Htk.%Tr II DeHiiez,).

kesS ke{l,...,K}\S

Each Dy, still satisfies P, Dy Py, ., = Dj. Hence, for every S # (), applying the induction hypothesis,

k+1

QS)— [ tr-r I di:iez,)||—o. (B.3)
kes ke{1,..,K}\S
For S =0, if jx = jr41 for some k € {1,..., K} (or jx = j1), then combining Dy Dy into a single
polynomial (and applying cyclic invariance of Tr and 7 if jx = ji), the induction hypothesis still
yields (B.3).
The remaining case is when S = () and jg # jgy1 for each k = 1,..., K. Note, by definition of
dk, that
T (prdi (hi 1 €Zj,)pr) =0

for each r and k, so by freeness of (h;)icz,,- .-, (hi)icz, with amalgamation over (p1,...,p4),

K
T <H di (hi si € Ijk)> =0.
k=1

Thus, it remains to show that Q(}) — 0. Note first that the definition of the free deterministic
equivalent and the condition N,./N > ¢ imply, almost surely as N — oo,

- 0 N (@ (i €1y,)) - hi:iel; 0.
‘Nrk 7(pry) — 0, ‘N v (Qr (H; i €Z;,) —7(qe (hi i €L;,))| —
Hence [t — Ti|— 0 a.s. for
1 .
To= o TrQu(Hs i € T,,).
Tk

Then it suffices to show

K
1
M) = NTrHMk -0
k=1

for the matrices
Mk = Qk (Hl 11 € Ijk) — TkPrka

as we may replace in Q(0) each t; by T} and bound the remainders using the operator norm.
Finally, let us introduce random matrices (Oj ) enrre{1,....a} that are independent of each other
and of the H;’s, such that each O; , is orthogonal and Haar-distributed in RN»>Nr For each j € N,

define the block diagonal matrix O; = diag(O;1,...,0;.4). By orthogonal invariance in law of



APPENDIX B. FREE DETERMINISTIC EQUIVALENTS 173

(Hi)iezjk7 we have the equality in law
K
L -1
M (D) = N H W MO
Write M, € RV *Nret1 ag the non-zero block of My. Then the above may be written as

(B.4)

K
L 1 1
M(0) = v H O}, MO} SIPR (NS
Conditional on the H;’s, M, are deterministic matrices satisfying || M ||< C for some constant C' > 0
and all large N a.s., and if ry = rigy1 then Tr M;, = Tr M, = 0 by definition of T}. Furthermore,
recall that we are in the case ji # jxr1 for each k.

The claim M (@) — 0 follows from the following lemma:

Lemma B.2. Fix d,K > 1, l1,...,lx € N, r1,...,rk € {1,...,d}, and ey,...,ex € {—1,1}. For
Ni,...,Ng > 1, let {O1,}ienrefi,....ay be independent random matrices such that each Oy, is a
Haar-distributed orthogonal matrix in RY"*Nr Let D; € CNri>*Nra Dy € CNr2XNrs | Dy €
CNrxXNri be deterministic matrices such that, for each k = 1,..., K (and cyclically identifying
lgv1 =11, ete.), if (g, Tk, ex) = (lk+1, "k+1, —€k+1), then Tr Dy = 0.
Let N = N; + ...+ Ny, and suppose there exist constants C,c > 0 such that, as N — oo,
N, /N > cforeach r=1,...,d and ||Dy||< C for each k =1,..., K. Then, almost surely,
N T (05, D10

l1,r1

20, D2 . OFF . Dic) = 0.
(We emphasize that the matrices O;, and Dy are N-dependent, while (I, 7s,ex,k = 1,..., K)
remain fixed as N grows.)

Assuming this lemma for now, write the right side of (B.4) in the form

D, 0% o DgK),

l1,m1 la, 7“2 lak,T2K

N T (0]
by making the identifications

(lak—1,72k—1, €2k —1, Dog—1)  (ji, 78, 1, My)

(l2k; T2k €2k, Dok) <= (s k1, =1, 1dw, )

Then Lemma B.2 implies M () — 0 a.s. conditional on the H;’s, and hence unconditionally as well.
Thus (B.3) holds for all S € Sk.
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Finally, reversing the binomial expansion,

K
S It~ Il di:icez;) :T<qu(hi:¢ezjk)>.
k=1

SeSk kes ke{l,... . K}\S

This establishes (B.2), completing the induction. O
To conclude the proof of Theorem 5.9, it remains to establish the above Lemma B.2. We require

the following fact about joint moments of entries of Haar-orthogonal matrices:

Lemma B.3. Let O € RV*Y be a random Haar-distributed real orthogonal matrix, let K > 1 be

any positive integer, and let 41, j1,...,ix,jx € {1,..., N}. Then:

(a) There exists a constant C := Cg > 0 such that
E[|Oli1, j1]Olia, ja] - .- Olikc, ji][] < CN~5/2.

(b) If there exists ¢ € {1,..., N} such that i;, = ¢ for an odd number of indices k € {1,...,K} or
Jjr = for an odd number of indices k € {1,..., K}, then E[O[i1, j1]...Olik, jk]] = 0.

Proof. [CS06, Eq. (21) and Theorem 3.13] imply E[Oli1, j1)?. .. Olik, jx]?] < CN~X for a constant

C := Ckg > 0. Part (a) then follows by Cauchy-Schwarz. Part (b) follows from the fact that the

distribution of O is invariant to multiplication of row i or column ¢ by —1, hence if iy, =i or ji =i

for an odd number of indices k, then E[O[i1, j1] ... Olik, jx]] = —E[Olé1,j1] ... Olik, jx]]- O
Proof of Lemma B.2. Define Vi, = O;F ~(which is O;, . if e, = —1). Expanding the trace,
K
k=1 ij
where the summation is over all tuples (i,j) := (i1, j1, %2, j2, - - -, ik, ji ) satisfying
1 <ig, jk < Ny, (B.6)
for each k =1,..., K, and where we have defined (with the identification ix 1 := i)

Jm%kﬂ

H::N

K
H klik, Ji],

Denote

2

K
E=E ‘N‘l Tr <H Vka>

=N"23" 3" DG, §)DELFIEV L)V 5], (B.7)

YY)
L) 1)
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where the second equality uses that each Vj is real and each Dy is deterministic. By the Borel-
Cantelli lemma, it suffices to show & < CN~2 for some constant C := Cg > 0.
Let R be the set of distinct pairs among (I, rg) for £k = 1,..., K, corresponding to the set of

distinct matrices Oy, that appear in (B.5). By independence of the matrices Oy,

EVEHVE.] = [[ E T VliegelVilir. grl | - (B.8)
(I,r)eER k:(li,re)=(,r)

Since Oy, is invariant in law under permutations of rows and columns, each expectation on the
right side above depends only on which indices are equal, and not on the actual index values. (For

example, denoting O := Oy,
O[1,2]071[2,3]0[1,4]071[3,3] £ 0[8,7]0~1[7,6]0[8, 5|0~ [6, 6] (B.9)

where the equality in law holds by permutation of both the rows and the columns of O.) We
therefore analyse £ by decomposing the sum in (B.7) over the different relevant partitions of (i, j, i’, )
specifying which indices are equal.
More precisely, let
T = (i, jir i gl 1k =1,..., K)

be the collection of all indices, with cardinality |Z|= 4K. For each (I,r) € R, let
Z(l,7) = (i, Ji, %, Jr : k such that Iy = 1,7, = 7).

These sets Z(l,r) form a fixed partition of Z. For each (I,r), denote by Q(I,r) any further partition
of the indices in Z(I,r), and let
Q= || e (B.10)
(I,r)er
be their combined partition of Z. Denoting by @i, = |Q(l,r)| the number of elements of Q that
partition Z(I,r), we may identify

O={(,rq) :(I,r)eR, ge{l,...,Qu+}}

We say that (i,j,1',j') induces Q if, for every two indices belonging to the same set Z(l,r), they are
equal in value if and only if they belong to the same element of Q.1 Then E[V(i,j)V (', j')] is the same
for all (i,j,i,j’) that induce the same partition Q. Thus we may define E(Q) = E[V(i,j)V(i,])]

IFor example, if K = 2, in display (B.9), both (i1, j1, 42, j2, 7, j}, 15, 5) = (1,2,2,3,1,4,3,3) and (8,7,7,6,8,5,6,6)
induce
Q(lv T) = {{ilv le}v {j17i2}7 {j27 Zl27jé}7 {]1}} with Ql,'r =4.
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for any such (i, j,i',j") and write

E=NY BE(Q Y DGHDE.J),

Q Ljij1e

where the first sum is over all partitions Q of the form (B.10), and the second is over all (i,j,i’,j)
satisfying (B.6) and inducing Q.

Applying Lemma B.3(a) and the bound N,./N > ¢ to (B.8), we have |E(Q)|< CN~—X for a
constant C := Ckg > 0 and all partitions Q. Thus

ESCNE 3" ID(Q) (B.11)
Q:E(Q)#0

where
K K
D(Q):= > DEHDE.J) = > [ DPelix:insa) [] Delik: ihsr):
iji,ye i,j,i7,§|Q k=1 k=1
For fixed Q, we may rewrite D(Q) as follows: Denote L = 2K, My, = Dy, and Mg ) = Dy,. Let
q,q9" : {1,...,L} — Q be the maps such that q(k),q'(k),q(K + k),q' (K + k) are the elements of Q

containing jy, ir41, ji, iy, 1, respectively. Then

L

D(Q) =Y [ Meleqeey: cqr o))
a (=1
where Y denotes the summation over all maps o : @ — N such that a(l,7,q) € {1,...,N,} for
each (I,r,q) € Q and a(l,r,q) # a(l,r,q") whenever ¢ # ¢'. (So « gives the index values, which
must be distinct for elements of Q corresponding to the same (I,7) € R.)

We may simplify this condition on « by considering the following embedding: Let

N= > N,

(I,r)eER

and consider the corresponding block decomposition of C¥ with blocks indexed by R. (So the (I,7)
block has size N,..) For each £ =1,...,L,if q(¢) = (I,r,q) and q'(¢) = (I',r’,¢’), then note that M,
is of size N, x Ny.. Let M, € CN*N be its embedding whose (I,r) x (I/,7') block equals M, and

whose remaining blocks equal 0. Then

L
D(Q) =Y _ ] Milovgqey: aqr o)),

a (=1

where ) now denotes the summation over all maps o : @ — {1,... ,N} such that each «a(l,r, q)
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belongs to the (I,r) block of {1,... ,N}, and the values «(l,r, q) are distinct across all (I,r,q) € Q.
Extending the range of summation of each a(l, 7, ¢) to all of {1,..., N} simply adds 0 by the definition
of My, so we finally obtain 3
DQ) = Y ][] Mg, aqe] (B.12)
1,0 €=1
where Q = |Q| and the sum is over all tuples of Q distinct indices in {1,..., N}.

We must bound |D(Q)| for any Q such that £(Q) # 0. By Lemma B.3(b) and the expression
(B.8) for E(Q), if E(Q) # 0, then for each (I,r) € R and each index value i € {1,...,N,}, there
must be an even number of indices in Z(I, ) equal in value to i, i.e. each element S € Q must have
even cardinality. Furthermore, if exactly two indices in Z(I,r) equal 4, then they must both be row
indices or both be column indices for O;,. In particular, if S € Q has cardinality |S|= 2, and if
S = {jr,irt1} or S = {ji, 4,41}, then this implies (I, 7%, ex) = (lg+1,7k+1, —€rt1). The condition
of the lemma ensures in this case that Tr D), = 0, so also Tr M}, = Tr MKM =0.

We pause to formulate a lemma which provides the bound for |D(Q)| that we need.

Lemma B.4. Fix integers L,Q > 1 and a constant B > 0. Let i,j: {1,...,L} — {1,...,Q} be two
fixed maps. Let My, ..., My € CV*¥N be such that || M;||< B for all [. Call an index ¢ € {1,...,Q}
“good” if both of the following hold:

e Exactly two of i(1),...,i(L),j(1),...,j(L) are equal to q.
o If i(¢) = j(¢) = q for some ¢, then Tr M, = 0.

Let T be the number of good indices ¢ € Q.
Denote by Zzl -
distinct. Then, for some constant C' := C(L,Q, B) > 0,

o the sum over all tuples of @ indices a1,...,ag € {1,..., N} with all values

* L
> T Melesey, aqro))| < CN@TT72 (B.13)

ag,...,aQ £=1

Assuming this lemma for now, we can complete the proof of Lemma B.2. We saw that any S € Q
of cardinality |S|= 2 is good, for if S = {q(¢), q'(¢)}, then either S = {jr,ir 41} or S = {j;, i}, } and
so Tr My = 0. Letting T be the number of elements of Q with cardinality 2, we have 2T+4(Q-T) <
4K. But T is also the number of good indices ¢, so Lemma (B.13) implies

|D(Q)|< CN@~T/2 < CN¥. (B.14)

Noting that N /N and the number of distinct partitions Q are also both bounded by a K-dependent
constant, and combining with (B.11), we obtain & < CN~? as desired, and hence Lemma B.2. O
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Proof of Lemma B.4. Denote [L] = {1,...,L} and [Q] = {1,...,Q}. We will show the following
claim by induction on ¢: For any L,Q > 1 and B > 0, if the number of good indices T satisfies
T > t, then there exists a constant C' := C(L, @, B, t) > 0 for which

* L
Z HMl[aq(l),aq/(l)] SCNQ_t/Q. (B.15)

ag,..naq l=1

The desired result follows from this claim applied with t =7 and C = maxtho C(L,Q,B,t).

For the base case t = 0, the left side of (B.15) is bounded by CN® for C = B%, regardless of T,
as each entry of M; is bounded by B.

For the inductive step, let ¢ > 1, suppose the number T' of good indices satisfies T > ¢, and
suppose the inductive claim holds for ¢ — 1,¢ —2,...,0. We consider two cases corresponding to the
two possibilities for goodness of an index g¢:

Case 1: There exists a good index ¢ and some [ € [L] such that q(I) = q’(I) = ¢ and Tr M; = 0.
For notational convenience, assume without loss of generality that ¢ = @ and [ = L. Summing first
over ari,...,ao—1 and then over ag, and noting that no other q(I) or ¢'(l) equals @ for | < L —1
because @ is good, the left side of (B.15) may be written as

LS = Z (H Ml [aq(l),aq/(l)]> Z ML[aQ,aQ] .

A, Q—1 =1 anl
agé¢{a,..., ag-1}

Then applying Tr M, = 0, if Q = 1, then LS vanishes and there is nothing further to do. If @ > 1,

we get

LS = Z (1:[ Ml[aq(l),aq/(l)]> Z ML[aQ,aQ]

=1 age{a,..., ag-1}

Q-1 * L—1
= (H Ml[aqﬂ%%’(l)]) My o, o] -

k=1 |a1,...,aqQ—-1 =1

We may apply the induction hypothesis to each of the  — 1 terms of the above sum: Define
4,q9" : [L] = [@ — 1] by (1) = q(I) and §'(I) = g’(I) for I € [L — 1] and q(L) = §'(L) = k. Each
q € [Q — 1] that was good for ¢, j remains good for i, ], except possibly ¢ = k. Thus the number of
good indices for g, q’ is at least f := max(¢t — 2,0). The induction hypothesis implies

LS<(Q—1)-C(L,Q—1,B,HN?7/2 <(Q 1) C(L,Q — 1, B, )N/~

Case 2: There exists a good index ¢ and distinct I # I’ € [L] such that one of q(1),q'({) and
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one of q(I'), q'(l') equal ¢q. For notational convenience, assume without loss of generality that ¢ = @,
l=L—-1,and ! = L. By possibly replacing M_; and/or My, by M _, and/or M}, we may further
assume q'(L — 1) = q(L) = Q.

Summing first over aq,...,ag—1 and then over ag as in Case 1, and noting that no q(I) or ¢'(l)
equals @ for I < L — 2 because @ is good, the left side of (B.15) may be written as

* L—2 N
LS := Z (H Ml[%(z)ﬂq’(zﬂ) Z Mp_ifog(r-1), aQlMlaq, g (1)) -

Q1,...,0Q—1 =1 ag=1
agé¢{on,...,aq-1}

Define M = My, _1Mj,. Then ||M| < B?, and

LS =

* L—2
> (H Mz[%(l)ﬂqf(lﬂ) (M[Oéq@—maq/(m]

A1y, Q-1 =1

— Z ML—1[Oéq(L—1),QQ]ML[O‘QvO‘q’(L)]) |

age{al,...,ag-1}

* L—-2
S Z (H Ml[aq(l),aq/(l)]> M[aq(L—l)7aq’(L)]

A1y ,0Q—1 =1

Q-1 * L—2
+ > <H Ml[%uw%'(w}) M —1[agr—1), ax]Mplo, aq )| -

k=1 |a1,...,a0-1 \Il=1

We may again apply the induction hypothesis to each term of the above sum: For the first term,
each original good index g € [Q — 1] remains good, except possibly k := q(L — 1) = ¢'(L) if k was
originally good but now Tr M # 0. Hence for this first term there are still at least £ := max(t — 2,0)
good indices. The other () — 1 terms are present only if Q > 1. For each of these terms, each original
good index ¢ € [Q — 1] remains good, except possibly ¢ = k—hence there are also at least £ good
indices. Then the induction hypothesis yields, similarly to Case 1,

LS < (C(L -L,Q-1,B*0)+(Q—-1)-C(L,Q— 1,B,E))NQ—t/2.
This concludes the induction in both cases, upon setting C(L,Q, B,t) = C(L —1,Q — 1, B%f) +
(Q-1)-C(L,Q—1,B,1). O

This concludes the proof of Theorem 5.9. Finally, we prove Corollary 5.10 which establishes the

approximation at the level of Stieltjes transforms.

Proof of Corollary 5.10. Under the given conditions, there exists a constant Cy > 0 such that
|T(wh)|< C} for all N and [ > 0, and also [N"'TrW!< |[W]|!'< C} as. for all [ > 0 and
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all sufficiently large N. Fix z € C* with |2[> Cp. Then my,(z) = — >0, z~ Y7 (w!) and
mw(z) = —N"1Tr(z = W)™t = =370 2~ HFD NI Tr W define convergent series for all large N.
For any € > 0, there exists L such that

Z UEDNIT W < &, Z z_(l+1)7(wl) <e
I=L+1 I=L+1
for all large N, while by Theorem 5.9, as N — oo
L
Z EONTI e W — 2D el = 0.
1=0
Hence lim sup y_, oo |mw (2) — my,(2)|< 2¢ a.s., and the result follows by taking e — 0. O

B.2 Constructing free approximations

We construct the spaces (A, 7,p1,...,pq) in Examples 5.5, 5.6, 5.7, and point the reader to the

relevant references that establish Lemma 5.14.

Lemma B.5. Rectangular probability spaces (A, 7, p1,. .., pq) satisfying the properties of Examples
5.5, 5.6, and 5.7 exist, such that in each example, A is a von Neumann algebra and 7 is a positive,

normal, and faithful trace.

Proof. In Examples 5.5 and 5.6, let (Q2,P) be a (classical) probability space and let A be the von
Neumann algebra of d x d random matrices with entries in L>(€Q,P), the bounded complex-valued
random variables on 2. (A acts on the Hilbert space H of length-d random vectors with elements
in L2(Q,P), endowed with inner-product v, w — E(v,w).) Defining 7(a) = N_lE[Zle Nyapr), T
is a positive and faithful trace. As a — E[a,.,| is weakly continuous and hence o-weakly continuous
for each r = 1,...,d, 7 is normal. Letting p,. € A be the (deterministic) matrix with (r,r) entry
1 and remaining entries 0, (A, 7,p1,...,p4) is a rectangular probability space, and 7(p,) = N,./N
for each r = 1,...,d. For Example 5.5, the element g € A may be realized as the random matrix
with (r,r) entry equal to X and all other entries 0, where X € L>(f,P) is a random variable with
standard semi-circle distribution on [—2,2]. For Example 5.6, the element g € A may be realized as
the matrix with (r1,r2) entry equal to X and all other entries 0, where X € L*°(Q,P) is the square
root of a random variable having the Marcenko-Pastur distribution (5.7) with A = N,,/N,,.

For Example 5.7, we may simply take (A, 7,p1,...,pq) to be the rectangular probability space of
deterministic N x N matrices from Example 5.1. (A is the space B(H) for H = CV and 7 is clearly
positive, faithful, and normal as H is finite-dimensional.) We may take the elements b;,...,b; € A

to be the original matrices By, ..., By. O
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The sub-x*-algebras D in the three examples above are isomorphic. They are also finite-dimensional,

hence o-weakly closed, so each is a von Neumann sub-algebra of A.

Proof of Lemma 5.14. For each r = 1,...,k, let (A", 7(") po. ... pai) be the space constructed
as in Lemma B.5 corresponding to Example 5.6 and containing the element g,, satisfying condi-
tions 1, 2, and 4. Let (A®FTD 7"+ 0 pop) and (ARF2) 7(E+2) 0 poy) be the spaces
constructed as in Lemma B.5 corresponding to Example 5.7 and containing the families {h,} and
{frs}, respectively, satisfying conditions 1, 2, and 3. D = (pg, ..., pax) is & common (up to isomor-
phism) (2k 4 1)-dimensional von Neumann sub-algebra of each A, and each 7(") restricts to the
same trace on D. Then the construction of the finite von Neumann amalgamated free product of
(AD ) (AF+2) 7(k+2)) with amalgamation over D [Voi85, Pop93] yields a von Neumann

algebra A with a positive, faithful, and normal trace 7 such that:

e A contains (as an isomorphically embedded von Neumann sub-algebra) each A", where A(")

contains the common sub-algebra D.

e Letting F: A — D and F(") : A") — D denote the 7-invariant and 7("-invariant conditional

expectations, F| 4= F(),
e 7 =7 oF for any r, so in particular, Tl g = (),

e The sub-algebras A, ... A¥+2) of A are free with amalgamation over D in the D-valued
probability space (A, D, F).

(For more details about the amalgamated free product construction, see the Introduction of [Dyk95]
and also Section 3.8 of [VDN92].) Since 7 restricts to 7(") on each A" conditions 1-4 continue
to hold for the elements p,., f.s, gr, b in A. The generated von Neumann algebra (D, g,)w- is
contained in A" and similarly for (D,hy,...,hgyw+ and (D, fi1, fi2,- .., fxk)w~, so D-freeness of
these algebras is implied by the D-freeness of the sub-algebras A("). The elements f,, g, h, have

bounded norms in the original algebras AM, ..., A%+2) and hence also in the free product. O
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