S&DS 242/542: Homework 2

Due Wednesday, January 29, at 1PM

1. Binomial MGF. Let X ~ Binomial(n,p). Derive a simple expression for the moment
generating function of X in terms of n and p.

2. Construction of the bivariate normal. Let Z; and Z, be two independent N(0, 1)
variables, and consider the bivariate normal vector (X, X3) given by

Xl = 01Z1 + d1Z2 + €1
X2 = C2Z1 + dQZQ -+ €9

where c1, ¢a,dy, do, €1, 65 € R are fixed constants.

Given any values py,ps € R, 07,05 > 0, and p € [—1,1], show how one may choose
c1,C2,dy,do, e1,e9 so that X; and X, have means p; and ps, variances o? and o2, and

correlation p.

3. Monte Carlo integration (based on Rice 5.21 and 5.22). For a given function
f :la,b] — R, suppose we wish to numerically approximate

b
1(f) = / f ().

A Monte Carlo approach to doing this is the following: Let g be the PDF of any continuous
random variable taking values in [a, b], where g(x) > 0 for all x € [a, b]. Generate independent
random draws X1, ..., X, from g. Then approximate I(f) by

. 1 < f(X;
BH=72 ﬁx;

~

(a) Show that E[L,(f)] = I(f). Assuming that Var[f(X;)/g(X;)] < oo, explain why
L,(f) — I(f) in probability as n — oc.

(b) Derive a formula for Var[l,(f)]. Show that for some ¢, € R, ¢u(L,(f) — I(f)) — N(0,1)
in distribution as n — oo.



(c) Consider concretely the task of approximating

I(f) = /O 1 cos(2mz)dz.

If g is the uniform distribution on [0, 1], provide an explicit form for the above value c¢,.
4. Simulating a sample median. Let Xi,..., Xgg Y (0,1). The sample median
Xmedian 18 the 50th largest value among X, ..., Xg9.

Compute Xegian for 5000 simulations of X7, ..., Xg9. What is the mean of X, cgian across
your simulations? What is the standard deviation? Plot a histogram of the 5000 values of
Xnedian — what does the sampling distribution of X, cgian look like?

Derive (analytically) the standard deviation of the sample mean X = X%=£%9 and com-
pare this with your simulated standard deviation of X cqian- According to your simulation,
is X median more or less variable than X? Include both your code and your histogram in your
homework submission.

If you are new to programming, the following will walk you through how to do this in R:

- Install R from https://www.r-project.org/. Launch R and select “New Document”
from the “File” drop-down menu.

- We will write our code in this document. First, let’s create a numeric vector of length 5000
that will save the results from the 5000 simulations. Call it X.median:

X.median = numeric(5000)
- To repeat a series of commands 5000 times, we’ll use a for loop:

for (i in 1:5000) {

}
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We can fill in any commands in the section above, and these will be executed once

for each value of i from 1 to 5000.

- Let’s fill in the ... section. We can simulate 99 independent samples from N (0, 1) using
the rnorm function in R, and save it to a temporary vector variable X:

X = rnorm(99, mean=0, sd=1)

(The mean and sd arguments indicate the mean and standard deviation of the normal dis-
tribution.) We can then use the median function in R to compute the sample median of the
values in X. We will save this as X.median[i], referring to element i of the numeric vector
we created above:



X.median[i] = median(X)

(Hence, in the first loop iteration the sample median is saved as X.median[1], in the second
iteration it is saved as X.median[2], etc.) Let’s put the above two lines of code inside the
for loop.

- After the for loop, we can now write some commands that compute and print the mean
and standard deviation of the values in X.median, and plot a histogram of these values:

print (mean(X.median))
print(sd(X.median))
hist(X.median)

- Let’s save our file as sample median.R. Then go back to the main R Console, and select
“Source File...” under the “File” drop-down menu. Select our file sample median.R, and
voila!  You should see the the mean and standard deviation of the 5000 sample medians
printed in the R Console, and a separate plot window displaying the histogram.

We'll use more built-in functions in R as we go. To see what a function does and how to
use it, type 7 followed by the function name in the R console to pull up the help page. For
example, entering

?median

into the R console pulls up a page about the median function used above.



