
-S602 : High-Dimensional Probability and Applications
HDP finds application to many fields :

· Statistics/ML : high-dimdala, parameter estimation
· CS : randomized algorithms, avagecase complexly
·

Engirly : multiaged systems, randomized codes
· Moth : combinatorial structures

,

Makor chairs
, high-dim geometry

This course
: common principles, methods

, techniques.
I

.
Concentration of measure

X.
-
Xn indpudent rivis. It -f(X- ↑) depends

"not too much" on any individual Xi
,

the it is

"typically close to" its expectation .

Ex : (CLT) X... Xniid, Ex=0, Va Xe = o

P[EXKt]->2(l- Elt)) as nX.
m

studed N(0,1) CDF

Goals : (1) Mon-asymptotic fail bonds



(2) Beyond sums of hid
.
V
.
V.

:

· sums of hid
.
Vectors and matrices

· U-statistics Ek(X, Xj)
· polynomials p (X Xn)
· bonded difaemus

(f(x... Xy , (n) - f(x -

, ximex))EC.
· Lipschitz functions

,
i
. e .
15-(X

... >)/l - C
.

II . S urandomuprema processes, Xe
If Exebect "sufficiently continuous, the size Xe
is controlled by "complexity" of T.

Examples :

4) Norms ofrandom restors and matrics

1 vila : Pulle 1 Mir, Allop=Mullalla MA

(2) Gaussim processes, e
.g.



Gaussin completly:Sup git ,gl
Min-cut :

Sup Ax (N
(3) Empirical risk minimization :

Gl(0, x) - Elox)

-Lecture1 : Chernoff bond
, subgamasian rivs Murtingale method

Exple : X
.... Xu E30, 1, did Bernoullilph &P.

CLT : P[tXi =q] = 1-E(/)en
for -pi laye n.

Cramer's Thu : PP[X =g]= e-nDSqlp)
/

D(qIp) = (1-q) ly +glyt, to gpil, loge
[CTylor exp for q =p.)I

Non-asymptotic boad, valid for all gip
?



D Chobysher/Marka inequality :

IP[EX=9] = IP[(EX-p)2 (g-p)]

E -[FEX-p)]<
(q -p)2 n(q -p)

② k"-moment :

P[tEX29] = PPIIEX-pl" =Ca-pli]
- EX-p/ Shap (for k(n)> 1)

[q -p)k but hander to boud,

③ Moment/comulant generating function :

↑ (x) := log ex (X= -p)

PPIEX =q] = P[eYEp]e
*Gp)] Exo

=
e

-Xn(q- p)(= xz(X p)
=

e
-n(x(q -p) - 4(b))

Here : 4(x) = log Ee ** - Xp = log (l-pipel)-yp.
x(q -p) - Y(x) = D(q(p) .

= PP[EX = q] = e
-

n
. D(qHp)

&



Abstracting this argument :

Than (Chaarf) bond) : X
+ Xn ind

,
Ex=0. Let 41.

g
Ee

Define the Fenchel-Leade transform ↑
*(t)= Xt-4().

↑

J

The IPIEXift] -e-utile for
my +20 .

Examples :

· X-Bern(p)-p . ↑(A) = log Aptpet) -Xp, 4%) = D(t+plp).
·

X-Pois(O) -0 . ↑(x) = O(e -- X -
,
4
*

(t) = (e) ly (1+) - t
·

X -N(o
,w . 4: 4):

Del : A menzro vir
. X is Subgrussian iFeed

(i
. e .

Y(x) = 2) for all XER .

Check : N(0
,
0%, Bernlph-p we subgaussion .

Priso -O is not.

(b -a)2Lemma (Hoeffdly) : If aXEb as
,
the X-EX is - subgamim

↑

Pror) : Assu WLOG EX=O ·

Define Xw/law IPEYEA]= ELIxea ebX] / le **.



=> ↑( = log Ee
*X

,

4(0) = 0

↑()= EX
,
4(0) : EX = 0.

4"()= EXCE=V
5 +() =.+Side = C""(s)dode- It de

Prop :If X is men-zero and oh sulguessin, the
-
thP[XIt]d2 zo Y + = 0

.

&32
Proof : 1P[Xit] se ** Fe** - -Xt +-

.

Pick o I
2

Prop : The following we equivalent :

(a) EK
,
38 st

. [t]sZe- XtzO

(b) EK: 30s
.

t. IXI0 := (EIXP) -K Xp :1 .

() EK> O St. Ee -I .

If EX = 0
,

the these are also equiche to /

(d) EKy30 sit. 4(1) = XKE XXED.



Proof : (a) (b) : [Lemma : If Z10 as
,

the IEE=PIECt]dt.
Pror) : z = : de=#Itz)dt

.
Take 12 on 6th sides.)

EIX = C:P[It]dt =1.PINIPSnO]puP"d
&-pudu-

(b) = (c) : e *X K
Apply ( !? (ke)" : Ee*** [ (IcKiN" -2 fr x : **

(20

(c) = (a) : IP[(NIt] = IPTeX is es]

= e-tX -ti
If EX=0 :

(b)= (d) : E exX : 1+ Ex

For kil : ((xX(k- /XX2+Elxx/k2)

=> Ee*- Ex Kn
128 [2k)!

Apply k"ze k !, (2) ! - (I k !) : EebXI CR
(d) = (a) : Apply previous prop ,

to X and - X. #



Def : IXI
:

: infSK30 : Ee XY12] is the Rubyassimnorm.

[Vershywin takes It to be definition ofsubgurssim if EX#0.]

Thu Choeffding's inequality) : If X... Xu we independent, EX: =0,
Xi is o Subgression, then Xi is -subgaussion.
Thus
, IP[Xist]-e fr all +zo,

Pur= *Enter
12/ 2

·

E

Cor : If atXib: as, the

IPTX-ENIt]-e- for all +10
.

ProvD Follows for Hrsffding's Lemma
. #

Exaple : X
..., Xn-Bernoullip) . The P [**-pIt] =e-Lat

!

(Cruder than the above Charffboad
, esp.

for
p
for from "

.)
-Aartingalemethod

How to show concentration of mentiner functions f(X
....
Xul ?

Idea : Write M:= [f(X... Xn) /X . -, Xi],



-(X Xn) - Ef(Xe Xn) = Mr-Mo= M. - Min
i= 1 um

i=2

Sadison is a matingale (writ. filtation 20(XX)
i. e

.

EIM:(1 = M
= -.

Than (Azuma-Hoeffdiy) : Suppose &Mili is a morthngale
adpled to E and 0::= M: -Mi-, satisfy
Ele +Wi/]e

a
.
S
,

(Wi is conditionally
-subgurisim)

.

The DirM-No is subasse, and

P[0: It]-e

Pror) : Exxo:= Elle o:/]]
- Te . Ele*]]

The by induction
, EDOse* and tall

-

band follows as before. Al



Corollay (McDiarmid's houded differences) : Let

II Di fllo = sup
X2
> Xin, Xithuxn

[Sup -(x , Xir, E, Xit Xn)
- inff(x.. X-E,XitiX]

If X, . ., Xo are independent, the

IP [f(X-X) - Eff(X -X)[t]-e-T
Proof : Take

6. = E[f(X... Xn)/X. Xi] -Elf(X- X)lXueXin]
·

HerDitt[inf-f(X... Xinz,YX) - ((X
, X)/X =X

:=Ai

-)(XXit, Yin Xn)--((XnXn)( XX.]
:= Bi

when A
,
Bi ne E -measurable

, IBi-Aild IID: flo as
Then O. is conditionally IID: flo

=> subgaussio by
Hoefully Lomma

,
and result follows from Azuma-Heffdy I



Exaple (Rademacher complexity) : Let E- In be i'd Radomaha

variables
,

i. e. IPIG=I =E
.

Let TERRY

f(dradn) = Sup st
Then ID

: flo = I s til, so
/

z

P[H(nan) -EfCadn)/u]dZe- det
Later in the course : Improve this to o = Supt- In

Example (U-statistic) : Let X
.. -,

Xn be iid
,
LiIRETR

With Ihllo = B
,
h(y) = h(x)· Conside

f(X
.. , Xn) = th(X) ·

The IID: -llo - sup + [/h(
, xi) - h(zx/X

.75 (2) jijti

-
> Hint)· IB

= I
(a)

So IP[1-(Yul -ESX
... Xa)(2+]=Ze

Mon on
this exaph later.



Example (Shamir, Spear'86) : Let G-E(mp) he an Erdosag :
graph, i. e. Itinj] =p indendently for all itjednub.
Let f(G) be the "chromatic number"- minimal # colors
needed to color all vertices sit

, no edge has I vales of
some color.

Let X
:
: all edges 1 + 52

, 322) ·

Xz : all edges 2-> 33. - n)
i

Xm = edge n
- 1 -> n.

Fixing all but Xi, f(G) smallest when X= = (0
, 0 -, 8)

largest when X = (bbw1)
,

and IIDifle = I.

=> P[/fIE)-EfCo))]e] = Ze
For any pt(0,1), as utro, -(G) =Ef(G) + Op().

[It is known Ef(G) = T .
]


