S&DS 602: Homework 9

Due Wednesday, November 6 at 2PM, via Gradescope

1. (a) Let F be the class of indicators of all half-spaces on R?, i.e. functions
f(z) =1{z"t > ¢} for some t € R?, ¢ € R.

Show that ve(F) =d + 1.

[Hint: Show that 0,ey,...,eq is shattered by F, where ¢; € R? is the i*" standard
basis vector. Conversely, for any zi,..., T4 € R?, there exist ai,...,aqs not all 0
such that a;xy + ... + agiorgro = 0 and a; + ... + agr2 = 0. Use this to show that
x1,...,Tqso is not shattered by F.]

(b) Let F be the class of indicators of all polygons on R?. Show that ve(F) = oo.

[Hint: Consider any set of points on the unit circle.]

2. Show that if F is any class of functions f : & — {0, 1} for which ve(F) = oo, then for
any ¢ € (0,1/2) and n > 1, there exists a probability distribution P on X" such that

3. (Contraction principle) (a) Let ' C R? be bounded, and let ¢ : R — R be 1-Lipschitz.
Show that

sup(t1 + ¢(t2)) + sup(ty — ¢(t2)) < sup(ts +t2) +sup(ts — t2)
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(b) Let ¢1,...,¢, : R — R be 1-Lipschitz, and let £q,...,¢, be ii.d. Rademacher
random variables. For any bounded 7" C R"”, show that

EsupZelgol i) < Esuszt.
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[Hint: Apply (a) conditional on all but one ¢;.|



(c) Let (X1,Y1),...,(X,,Y,) beiid., where X; € X and Y; € {0,1}. Let F be a class
of functions f : X — {0,1}. Using Rademacher symmetrization and (b), show that

Esup Y (1{/(X:) #Yi} ~ PIf(X) £Yi]) <2Esup Y =i (X0).
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. Let (X1,Y7),...,(X,,Y,) be i.i.d., where X;,Y; € [0,1]. Let
F={f:]0,1] = [0,1], f is 1-Lipschitz}.

Define

i=1
[« = argmin,» R(f), f:argminfefRn(f).

(You may assume these minimizers are unique, the latter with probability 1.) Show

~

that for a universal constant C' > 0, E[R(f)] < R(f.) + C//n.

[Hint: Show that Xy := R, (f)—R(f) is subgaussian with respect to d(f, g) = C”f\;g“w,
and apply Dudley’s inequality to bound Esupc = |R,(f) — R(f)|.]



